141 (2016) MATHEMATICA BOHEMICA No.1, 91-98

AN ORDERED STRUCTURE OF PSEUDO-BCI-ALGEBRAS

IvAN CHAJDA, Olomouc, HELMUT LANGER, Wien

Received December 16, 2013
Communicated by Miroslav Plos¢ica

Abstract. In Chajda’s paper (2014), to an arbitrary BCI-algebra the author assigned
an ordered structure with one binary operation which possesses certain antitone mappings.
In the present paper, we show that a similar construction can be done also for pseudo-
BClI-algebras, but the resulting structure should have two binary operations and a set of
couples of antitone mappings which are in a certain sense mutually inverse. The motivation
for this approach is the well-known fact that every commutative BCK-algebra is in fact
a join-semilattice and we try to obtain a similar result also for the non-commutative case
and for pseudo-BCl-algebras which generalize BCK-algebras, see e.g. Imai and Iséki (1966)
and Iséki (1966).
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1. INTRODUCTION

The concept of a BCl-algebra was introduced by Iséki [9] in order to study im-
plication fragments of non-classical logics. Pseudo-BCI-algebras were introduced by
Dudek and Jun [5] as a reasonable generalization of BCl-algebras which enables
an algebraic axiomatization of a larger class of logics including also fuzzy logics.
Hence, the structure of BCI-algebras and of pseudo-BClI-algebras plays an impor-
tant role in the study of these logics. The structure of BCI-algebras was already
treated by the first author in [1]. However, as pointed out in [4], [6] and [7], also
pseudo-BClI-algebras form an important tool for an algebraic axiomatization of im-
plicational fragments of non-classical logics and hence we are motivated to reveal
their structure. Moreover, the class of pseudo-BClI-algebras contains as a subclass
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the class of pseudo-BCK-algebras; thus we can follow the ideas of our paper [2]. In
fact, we try an approach for going from BCI-algebras to pseudo-BCI-algebras similar
to that used in [2] for going from BCK-algebras to pseudo-BCK-algebras, see [1]
and [4].

Our goal is to convert every pseudo-BCI-algebra into a structure containing two
binary operations each of them being similar to that of a directoid, see e.g. [3]. This
was suggested by the fact that every commutative BCK-algebra is in fact a join-
semilattice and directoids are the best approximation of semilattices in directed or-
dered sets where the existence of suprema is not necessarily assumed. Of course,
our pseudo-BCl-algebras need not be commutative and are considerably weaker
than BCK-algebras, thus one cannot expect that the corresponding structure will
be a semilattice or a directoid.

Moreover, contrary to the case of pseudo-BCK-algebras, see [2], these binary opa-
rations do not constitute common upper bounds of their operands. However, we
were successful in finding a structure with two binary operations similar to that of
a directoid and with a set of couples of unary operations, in fact antitone map-
pings, which are mutually inverse in a certain sense explained below. We show that
there is a one-to-one correspondence between a pseudo-BCl-algebra and the derived
structure in the sense that the given pseudo-BClI-algebra can be recovered from that
structure.

2. MAIN RESULTS

We start with the definition of a pseudo-BClI-algebra.

Definition 2.1 (see e.g. [7]). A pseudo-BCl-algebra is an algebra A = (A, —,
~, 1) of type (2,2,0) satisfying the following axioms:
(P1) (z = y) ~ ((y = 2) » (= 2)) = 1,

(P2) (z~y) = ((y~2) = (z~2) =1,
(P3) 1 -z =u,

(P4) 1~ z=u=z,

(P5) -y =y — =1 implies z = y.

We next show that © — y =1 if and only if x ~ y = 1.
Lemma 2.1. Let A = (A, —,~>,1) be a pseudo-BCl-algebra and a,b € A. Then
a—b=1Iifand only if a ~»b=1.

Proof. a = b =1 implies a~b=a~>(1~b)=(1—a)~ ((a—=b)~(1—0b))=1
according to (P1), (P3) and (P4), and ¢ ~» b= 1impliesa - b=a — (1 - b) =
(1~ a)— ((@a~b) = (1~ b)) =1 according to (P2), (P3) and (P4). O
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Remark 2.1. Lemma 2.1 implies that all the axioms of a pseudo-BCI-algebra
are self-dual, i.e. the following axiom also holds:

(P5) z ~»y=y~>x=1implies z = y.

This is the reason for the following duality principle holding for these algebras:

Theorem 2.1 (Duality principle for pseudo-BCl-algebras). If an assertion holds
for some expression in a pseudo-BCI-algebra A = (A, —, ~», 1) then the dual sentence
obtained by interchanging — and ~~ holds, as well.

In every pseudo-BClI-algebra one can define a partial order relation in a natural
way.

Definition 2.2. Let A= (A, —,~>, 1) be a pseudo-BCI-algebra. Define a binary
relation < on Aby x <y ifand only if z -y =1, z,y € A.

Lemma 2.2. Let A = (4,—,~,1) be a pseudo-BCl-algebra. Then (A, <) is
a poset.

Proof. Let a,b,c€ A. Thena wa=1—-(a—va)=1~1) = (1~ a) —
(1 ~ a)) = 1 according to (P2), (P3) and (P4) and hence < is reflexive. Because
of (P5), < is antisymmetric. If a < b < ¢ then @ - b = b — ¢ = 1 and hence
a—c=1lw(a—=c)=1w(1~(a—=c)=(@—=b)~(b—=>c)w(a—c)=1
according to (P1) and (P4), which implies a < ¢ showing transitivity of <. O

Due to Theorem 2.1 we have also z < y if and only if x ~~ y =1, 2,y € A.
Next we define two binary operations on any pseudo-BCl-algebra.

Definition 2.3. Let A = (A, —,~>, 1) be a pseudo-BCl-algebra. Define binary
operations Ll and Uon A by z Uy := (x > y) ~» yandz Uy := (x ~ y) — v,
x,y € A.

That these two operations need not coincide can be seen from the following

Example 2.1. On the four-element set A := {0,a,b,1} define two binary oper-
ations — and ~- as follows:

=10 a b 1 ~ 10 a b 1
0 1 1 11 0 1 1 1 1
a b 1 b 1 and a |0 1 b 1
b 10 a 1 1 b la a 1 1
110 a b 1 110 a b 1
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It can be easily checked that A = (A4, —,~,1) is a pseudo-BCl-algebra, but
al0=(a—0)~»0=bw~0=a#1=0—-0=(a~0)—0=aU0.
Now we list some properties of pseudo-BClI-algebras.

Lemma 2.3. Let A= (A, —,~,1) be a pseudo-BCl-algebra and a,b,c € A. Then
the following assertions (and their dual statements obtained by interchanging —
and ~ as well as L and U) hold:

(i) a<alb,
(ii) @ < b if and only if aLlb=1b,
(i) a < b impliessb—c<a—candc—a<c—b,
(iv) a <
(v) ((a—=b)~b) =>b=a—b,
(vi) a = (b~ ¢c)=b~ (a —0).

~
b implies allc < bl ¢,

Proof. Properties (iii), (v) and (vi) are proved in [5], Proposition 3.2.

(i) a~ (aUb)=a~ ((a =b) ~b)=(1—>a)~((a—=b~(1-=0b))=1
according to (P1) and (P3).

(ii) If a < b then @ — b =1 and hence alUb = (a — b) ~» b =1 ~» b = b according
to (P4). If, conversely, a Ub = b then a < aUb = b according to (i).

(iv) a < b implies b — ¢ < a — ¢ according to (iii) and hence a U c = (a — ¢) ~
¢ < (b— ¢) ~ ¢=0bUc according to (iii) and Theorem 2.1. O

Next we list some properties of LI. We remark that the dual statements obtained
by replacing U by U hold, as well.

Lemma 2.4. Let A = (A,—,~>,1) be a pseudo-BCl-algebra and a,b,c € A.
Then the following assertions hold:
(i) alUa =aq,
(ii) aUb="b and b a = a together imply a = b,
(i) (aUb)Ub=al(aUb)=alb,
(iv) (aUe)U((aUb)Uc) = (aUb)Uec,
(v) 1Ua=1.

Proof. (i) alUa= (a = a) ~ a =1~ a = a according to Lemma 2.2 and (P4).

(ii) Follows from Lemma 2.2 and from (ii) of Lemma 2.3.

(iii) According to (v) of Lemma 2.3 we have (a Ub) Ub = (((a = b) ~» b) — b) ~»
b= (a —b)~ b=aUb. The rest follows from (i) and (ii) of Lemma 2.3.
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(iv) We have a < alUb according to (i) of Lemma 2.3. This implies alle < (alUb)Ue
according to (iv) of Lemma 2.3. The rest follows from (ii) of Lemma 2.3.

(v)1uae = (1 = a) ~ a =a ~ a =1 according to (P3), Lemma 2.2 and
Theorem 2.1. g

Remark 2.2. Let us note that for a pseudo-BCl-algebra A = (A4, —,~»,1) the
derived structure (A4, Ll) is not a directoid in general because it need not satisfy the
identity y U (z Uy) = z Uy, see [3] for details. Moreover, 1 need not be the greatest
element in the derived ordered set (A, <) since x LU 1 need not be equal to 1. In fact,
this is just the case when A is a pseudo-BCK-algebra.

Example 2.2 (cf. [6]). Define binary operations — and ~~ on R? by
(@,y) = (z,u) = (z =z, (u—y)e™) and (2,y) v (z,u) = (z — 2, u —ye™")

((z,v), (z,u) € R?). Then it can be easily checked that A := (R%, —,~,(0,0)) is
a pseudo-BCl-algebra which is obviously not a BCI-algebra. Let (a,b), (c,d) € R2.
The algebra A is not a pseudo-BCK-algebra since

(a,b) = (0,0) = (—a, (=b)e™) # (0,0)

in case (a,b) # (0,0). Moreover, it can be easily checked that (a,b) U (¢,d) = (a,b).
This shows

(a,b) U ((e,d) U (a,b)) = (a,b) # (¢,d) = (¢,d) U (a,b)

in case (a,b) # (¢, d).
On each pseudo-BClI-algebra we define two unary operations as follows:

Definition 2.4. Let A = (A, —,~>, 1) be a pseudo-BCI-algebra. For every z € A
define unary operations f, and g, on A by f.(y) :=y — = and g,(y) := y ~ z for
all y € A.

Remark 2.3. Because of (iii) of Lemma 2.3 and Theorem 2.1, f, and g, are
antitone. Moreover, ¢, (fz(yUx)) =yUzx and f,(9.(yUx)) =yUx forall z,y € A
according to (v) of Lemma 2.3. If x < y then, by (i) of Lemma 2.4 and (iv) of
Lemma 2.3, we have x = z Uz < y U x. Hence, f, and g, are mutually inverse with
respect to those elements of [¢) := {z € A; x < z} which are of the form y U z or
yUwx.

We list some properties of the unary operations just defined.
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Lemma 2.5. Let A = (A, —,~, 1) be a pseudo-BCl-algebra and a,b,c € A. Then
the following assertions (and their dual statements obtained by interchanging —
and ~~ as well as U and U as well as f, and g,) hold:
(1) fa(a) =1 and fa(]-) =a,

(ii) fe(aUbd) =a —b,

(iil) go(fo(aUb)UD) = gp(fo(a b)) =alb,

(iv) folaLb) U foue((alic) U (5L e) = fiie((a i) Ui (bLI <)),
(V) foutie(@U ge(bU ) = .o (b U fula Li0)),

(vi) fol(ab)LIb) = fy(aib),

(vi)) ful(alib)Ua) = fulaLib).

Proof. (i) fu(a) = a = a = 1 according to Lemma 2.2 and f,(1) =1 —>a=a
according to (P3).

(ii) fo(aUb) = ((a = b) ~ b) = b =a — b according to (v) of Lemma 2.3.

(iii) go(fo(a L b) Ub) = gp(fo(a UDb)) = (a — b) ~ b = a Ub according to (v) of
Lemma 2.3 and (ii) of Lemma 2.5.

1v) fruc((alc)u (bUc)) =(alec) = (bUec)=((a = ¢c)~c) = ((b—c)~c) =
(b—=c)~((a—=¢c)~c)—=c)=(b—c)~ (a = c) according to (v) and (vi) of
Lemma 2.3 and (ii) of Lemma 2.5. Now (iv) follows from (ii) of Lemma 2.3, (P1),
(ii) of Lemma 2.5 and from Theorem 2.1.

(V) faeuey(alge(bUc)) =a — (b~ c) =b~ (a—c)= gs (aue)(bU fe(alc))
according to (vi) of Lemma 2.3, Theorem 2.1 and (ii) of Lemma 2.5.

(vi) fo((aud)Ud) =(alb) = b= fr(allb) according to (ii).

(vil) fo((aUb)Ua) = (aUb) = a = fu(aUb) according to (ii). O

Now we define the notion of a pseudo-BCI-structure which is similar to a semilat-
tice equipped with antitone mutually inverse mappings.

Definition 2.5. A pseudo-BCl-structure is an ordered sixtuple (A,LU,U,
(fr;z € A), (952 € A),1) where (4,,U,1) is an algebra of type (2,2,0) and
for any x € A, f, and g, are unary operations on A such that the following axioms
(and their dual formulations obtained by interchanging LI and U as well as f, and g.)
are satisfied:

(S1) zUy =y and y Uz = x together imply =z = y,

(S2) 1uz =1,

(S3) fo(z) =1and fo(1) ==,

(84) gy(fy(zLy) Uy) = gy(fy(z Uy)) =z Uy,

(S5) fylzUy)U fyu-((zU2)U(yU2)) = fyu-((zUz)U(yU=z)),
(86) fg (yUz)(x u gz(y U Z)) = gfz(xl_lz)(y U fz(x U Z))7

(S7) fy((zLy)Uy) = fy(zUy).
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To every pseudo-BCI-algebra we can assign a pseudo-BCl-structure.

Theorem 2.2. Let A = (A, —,~>,1) be a pseudo-BCI-algebra. Then S(A) :=
(A, U, U, (fo; 2 € A), (gz; 2 € A), 1) is a pseudo-BCl-structure.

Proof. Axioms (S1) and (S2) follow from Lemma 2.4 and (S3)-(S7) from
Lemma 2.5. g

Conversely, to every pseudo-BCI-structure we can assign a pseudo-BCl-algebra.

Theorem 2.3. Let S := (S,U,U, (fz;z € 9), (9252 € 5),1) be a pseudo-BCI-
structure. Define

z—=y:=fyleUy) and z~y:=gy(zUy)

for all x,y € S. Then A(S) := (S, —,~,1) is a pseudo-BClI-algebra.

Proof. Let a,b,c € S. If a — b = 1 then f,(aUb) = 1 and hence a b =
g(fo(a b)) = gp(1) = b according to (S3) and (S4). If, conversely, a LIb = b then
a— b= frlaUb) = f(b) = 1 according to (S3). Hence a — b = 1 if and only if
alb="0o.

(P1) We have (a — b) ~ b= gp(fo(a LUb) Ub) = a U b according to (S4),

((a—=b) ~b) = b= (alb) = b= fp((allb)Ud) = fp(aUb) = a — b according
to (S7) and

a— (b~ c)= fo.oue(@alge(bUc)) = g (aue)(bU fe(aUc)) = b~ (a — ¢)
according to (S6).

Now (alUc¢) = (bUc) = ((a = ¢) »¢c) = (b =¢) ~¢c)=(b— c) ~
(((a—¢c)~c)—=c)=(b—=c)~ (a—c).

From (S5) we conclude (a = b)U ((aUc) = (bUc¢)) = (aUe) — (bUc¢) which
implies (a = b) U ((b = ¢) ~ (a = ¢)) = (b — ¢) ~ (a — ¢), i.e., (P1) follows
by Theorem 2.1.

(P2) Follows by duality.

(P3) 1 = a= fo(1Ua)= fo(1) = a according to (S2) and (S3).

(P4) Follows by duality.

(P5) Ifa—>b=b—a=1thenallb=>band b a = a and hence a = b according
to (S1). O

Finally, we show that if we start with a pseudo-BCl-algebra, construct its cor-
responding pseudo-BCl-structure and then assign to this its corresponding pseudo-
BClI-algebra then we obtain the original one.
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Theorem 2.4. Let A=(A,—,~,1) be a pseudo-BCl-algebra. Then A(S(A))=A.

Proof. Put S(A) = (4,U,U, (fs;2 € A),(gs;x € A),1) and A(S(A)) = (A, =/,
~' 1) and let a,b € A. Then

a—"b=fylalub)=((a >b)~b)=>b=a—b

according to (v) of Lemma 2.3. The equality a ~~' b = a ~~ b follows by duality. O
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