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1. INTRODUCTION

In a previous paper [9], we defined a new method of integrability, named weak
McShane integrability, for functions defined on a o-finite outer regular quasi Radon
measure space (S, %, T, u) into a Banach space X. In the same paper we studied its
relation with the Pettis integral, and proved that a function from S into X is weakly
McShane integrable on each member of ¥ if and only if it is Pettis and weakly
McShane integrable on S. We also proved that if a function is weakly McShane
integrable on S, then it is Pettis integrable on each member of an increasing sequence
of measurable sets of finite measure with union S. Moreover, it can be seen from
our methods that for weakly sequentially complete spaces or for spaces that do not
contain a copy of ¢y, a weakly McShane integrable function on S is always Pettis
integrable. Moreover, in the same paper, a class of functions which are weakly
McShane integrable on .S but not McShane integrable on S is also presented.

In [1], Di Piazza and Marraffa proved the multiplier theorem for the McShane
integral, that is, if f: S — X is McShane integrable on S and h € L*°(S,R), then
the function hf: S — X is McShane integrable. The proof of this result uses the
usual approximation techniques and the Cauchy criterion. In the spirit of these
results, it is natural to address the following question:
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If f: S — X is a weakly McShane integrable function on S and h € L*(S,R),
does hf: S — X have to be weakly McShane integrable on S? If the answer is no,
what are the conditions for i f becoming weakly McShane integrable on S?

In the present work, we give a positive answer to above question. More generally,
it will be shown that if h € L*(S,R), f: S — X is weakly McShane integrable
and integrably bounded function on S and X is w*-separable, then the function
hf: S — X is weakly McShane integrable on S (see Theorem 3.1). Our proof makes
use of the Vitali-Lebesgue convergence theorem for the Pettis integral and the diag-
onal process.

2. PRELIMINARIES

In the sequel, X stands for a Banach space, whose norm is denoted by ||-||, and X*
stands for the topological dual of X. The closed unit ball of X* is denoted by Bx-.
By w, we denote the weak topology of X, and by w* the weak topology of X*.
Let (S,%, 1) be a positive measure space. By X; we denote the collection of all
measurable sets of finite measure. By L} (u) we denote the Banach space of all
(equivalence classes of) Y-measurable and p-integrable real-valued functions on €,
equipped with the classical norm || f||1 := [¢|f|dp, and by L*°(S, R) the set of all
real-valued, bounded almost everywhere on S functions. If h € L>°(S, R), we denote
[hlloc = inf{M > 0: |h| < M p-a.e}. A function f: S — X is said to be scalarly
integrable (or Dunford integrable) if for every z* € X* the real-valued function
(z*, f) belongs to Li(p). In this case, for each E € ¥ there is 23 € X** such that

@) = [ @ pran

The vector z7} is called the Dunford integral of f over E. In the case where 23 € X
forall E € X, f is called Pettis integrable and we write (Pe)- fE f du instead of 23 to
denote the Pettis integral of f over E. If f: S — X is a Pettis integrable function,
then the set {(z*, f): #* € Bx+} is relatively weakly compact in L}(u) (see [8],
page 162). A function f: S — X is said to be integrably bounded if the real-valued
function || f|| is a member of L (u).

Definition 2.1 ([4], Definition 246A). A subset H of Li(u) is uniformly inte-
grable if for every € > 0 we can find a set E € ¥y and an M > 0 such that

/(|h| — M1g)Tdu<e forevery h € H,
s

where (|h| — M1g)" := max(|h| — M1g,0).
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Theorem 2.1 ([4], Theorem 246G). A subset H of L} (u) is uniformly integrable
if and only if
(1) sup|f, hdu‘ < oo for every p-atom (in the measure space sense (see [4], 2111)),
heH

and every A € ¥,
(2) for every € > 0 there are E € Xy and n > 0 such that UF hdu‘ < ¢ for every
h € H and for every F' € ¥ with u(FNE) < 7.

Remark 2.1 ([4], Corollary 246I). Note that when (5,3, 1) is a probability
space, (1) and (2) may be replaced with

lim sup |h|dp = 0.

A0 heH /{tES: |h(£)| >}

Remark 2.2. Note that if f: S — X is a scalarly integrable and integrably
bounded function, then the set {(z*, f): * € Bx~} is uniformly integrable.

The following well known result, which is the Pettis analogue of the classical Vitali

convergence theorem, will play a key role in this work (see [6], [8]).

Theorem 2.2. Let f: S — X be a scalarly integrable function satisfying the
following two conditions:
(i) {(z*, f): o* € Bx-} is uniformly integrable,
(ii) there exists a sequence (f,) of Pettis integrable functions from S into X such
that

lm [ (a%, fn)du = / (", fydu

for each z* € X* and each E € X.
Then f is Pettis integrable and

w- lim (Pe)—/ frndu = (Pe)—/ fdu
for all E € X..
Condition (i) may be replaced with
()" {(z*, f): ¥* € Bx-} is relatively weakly compact in L(u) (see [4], Theo-
rem 247C).

Let (S,%,u) be a o-finite positive measure space and 7 C ¥ a topology on S
making (S,7,%,u) a quasi-Radon measure space which is outer regular, that is,
such that

wE) =inf{u(G): ECG, GeT}, EeX.
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For an extensive study of quasi-Radon measure spaces, the reader is referred to [5],
Chapter 41. A partial McShane partition is a countable (may be finite) collection
{(Ei,ti) }ier, where the E;’s are pairwise disjoint measurable subsets of S with finite
measure and ¢; a point of S for each i € I. A generalized McShane partition of S is

an infinite partial McShane partition {(F;,t;)};>1 such that ,u(S\ U Ei) =0. A
i=1

gauge on S is a function A: S — T such that t € A(¢) for every t € S. For a given A
on S, we say that a partial McShane partition {(F;,t;)}ier is subordinate to A if
E; C A(t;) for every i € I. A sequence (PZ) of a generalized McShane partitions
of S is said to be adapted to the sequence of gauges (A, ) if P2 is subordinate to A,
for each m > 1. Let f: S — X be a function. We set

n

on(f,Poc) =Y il Ei) f(t:)

i=1

for each infinite partial McShane partition Poo = {(E;, ;) }iz1-
From now on, (S,7,X, i) is a o-finite outer regular quasi-Radon measure space.

Definition 2.2 ([3]). A function f: S — X is McShane integrable (M-integrable
for short) with McShane integral w if for every £ > 0 there is a gauge A: S — T
such that

limsup |0y (f, Peo) — | < €

n— oo

for every generalized McShane partition P., of S subordinate to A. We set w :=
(M)- /. o fdp.

For the properties of McShane integrable functions on a quasi-Radon measure
space we refer to [2], [3], [4].

Remark 2.3. For the sake of comparison with the weak McShane integral it
is interesting to observe the two following sequential formulations of the preceding
definition.

A function f: S — X is M-integrable with McShane integral w if and only if
there is a sequence of gauges (A,,) from S into 7 such that

lim sup  limsup|lon(f, Ps) — @] =0,
MO P €l (D) n—00
where T (A,,) denotes the collection of all generalized McShane partitions of S
subordinate to A,,.

Equivalently,
lim limsup ||o,(f,P2) —w| =0
Mm—00 n—oo

for every sequence (PZ) of generalized McShane partitions of S adapted to (A,).

16



Before proceeding further, we list below some basic properties of the McShane
integral that will be needed in this work. They are borrowed from [3].

Theorem 2.3. Let f: S — X be a function.

(1) If f is M-integrable, then the restriction f|, is M-integrable (with respect to
the o-finite outer regular quasi-Radon measure space (A, ANT, ANY, p4)) for
every A C S.

(2) Let E € X. Then [ is M-integrable on E if and only if f|g is M-integrable,
and in this case the integrals are equal.

(3) Suppose X = R. Then f is M-integrable if and only if it is Lebesgue integrable,
and the two integrals are equal.

Definition 2.3 ([9]). We say that a function f: S — X is weakly McShane
integrable (WM-integrable for short) on S with weak McShane integral w if there
is a sequence of gauges (A,,) from S into 7 such that the property
(%) lim limsup [{(*, o, (f, PR)) — (", w)| =0

M—00 n—oo
holds for every z* € X* and for every sequence (PZ) of generalized McShane parti-
tions of S adapted to (A,,), that is, P2 is subordinate to A,, for each m > 1.

We set @ = (WM)- [4 fdp.
> f is said to be W.M-integrable on a measurable subset E of S if the function 1g f

is WWM-integrable on S. We set (WM)- [, fdu := WM)- [(1gfdp.
> f is said to be WM-integrable on ¥ if it is W.M-integrable on every measurable

subset of S.

According to [9], Proposition 3.2, () may be replaced with

lim sup  limsup [(z*, 0n(f, Pxo)) — (¥, )| =0 Va* e X7,

M0 P €lloe (Ar) N—00

where Il (A,,) denotes the collection of all generalized McShane partitions of S
subordinate to A,,.

In the next theorems we list basic properties of the weak McShane integral that
will be needed in this paper. They are borrowed from [9].

Theorem 2.4. Let f, g: S — X be two functions and E € X.

(1) If f and g are WM-integrable on S and « is a real number, then af + g is
W M-integrable on S and

(WM)—/Saf+gdu: a(WM)—/Sfdu—i— (WM)—/Sgdu.
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(2) If f is WM-integrable on S and if f = g p-a.e., then the function g is WM-
integrable on S and

(WM)- /5 gdu = (WM)- /5 fdu.

(3) The function 1gf is VYWM-integrable on S if and only if the restriction f|g is
W M-integrable on E, and the two integrals are equal.

(4) If f is WM-integrable on E, then it is scalarly integrable on FE (that is, (z*, f)
is Lebesgue integrable on E for all x* € X*), and we have

[E<x*7f>du= <fc*,(WM)-/Efdu> Vot e X*.

As a consequence of Corollary 4.3 of [9], note that a function f which is WM-
integrable on S need not to be Pettis integrable; therefore not YW M-integrable on X.

However, we have:

Theorem 2.5 ([9], Theorem 4.2 and Corollary 4.1). Let f: S — X be a function.
Then the following statements are equivalent:
(i) f is WM-integrable on 3.
(ii) f is WM-integrable on S and the set {{z*, f): * € Bx-} is uniformly inte-
grable.
(iil) f is W M-integrable on S and Pettis integrable.

3. THE MULTIPLIER FOR THE WEAK MCSHANE INTEGRAL

In this section we present our principal result in which we characterize the multi-
plier of the weak McShane integral:

Theorem 3.1. Let f: S — X be a WM-integrable function on S and h €
L*(S,R). If

(i) f is integrably bounded, and

(ii) X is w*-separable,
then hf is W.M-integrable on S.

Proof. The proof of Theorem 3.1 involves the following lemma.

Lemma 3.1. Let f: S — X be a function. If
(i) there exists an increasing sequence (Sy) in Xy with union S such that 1g, f is
W M-integrable on S for each k > 1,
(if) f is integrably bounded,
then f is W.M-integrable on .
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Proof. Aseach function 1g, f is W M-integrable on S, then by Theorem 2.4 (4) it
is scalarly integrable on S. Therefore by Remark 2.2 the set {(z*, 1g, f): 2* € Bx~}
is uniformly integrable. It follows from Theorem 2.5 that each 1g, f is WM-
integrable on X, therefore Pettis integrable. Condition (ii) also gives that the set
{{z*, f): =* € Bx+} is uniformly integrable. On the other hand,

dn [t rspau=gin [ @ pau= [ e
for all z* € X* and FE € ¥. Then we can invoke Theorem 2.2, which shows that f
is Pettis integrable. By virtue of Theorem 2.5, it is enough to prove that f is WM-
integrable on S. Using again the W.M-integrability of 1g, f on S and the fact that
each real-valued function 1g\g, || f|| is Lebesgue integrable (i.e. McShane integrable,
see Theorem 2.3 (3)), we obtain the existence of a sequence (AK),,>1 of gauges
from S into T such that

(3.1) lim lim sup

m—r oo n—o00

(5" 0u (15,1, P2 — (", V00 [ fdu>‘—0,

(3.2) lim limsup

m—r oo n—

ou(Lsvs, 171 PI) — /S y |f|du} —0

for every z* € X* and for every sequence (P2) of McShane partitions of S adapted
to (AF ). For each m > 1 define the gauge A,, from S into T by

=) akw), tes
k=1

and let (P2) be a sequence of generalized McShane partitions of S adapted to (A,,).
Let z* € X* be arbitrary fixed. Then by the triangle inequality we have

<:C*7Jn(1skf,'PO"g)>—/ L f) du‘
S\Sk
ou(LsyseFIL P + ‘ / dﬂ‘

<

an<15\sk||f||,7>£>—/ ||f||du‘+2/ 11 .
S S\ Sk

k

and hence, by (3.2),

lim sup lim sup
m— o0 n—oo

(o1, P2 - [

S

@ f) du\ <2 ishan
\Sk S\ Sk
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This inequality together with (3.1) entails

<w*70n(f,7’2.3)>—< Por [ fdu>‘

(", 0n(1g, f, PX) /

Sk

lim sup lim sup
m—roo n—oo

< lim sup lim sup
m—0o0 n— oo

du‘

+ lim sup lim sup
m—r o0 n—oo

<x*70n(15\5kfa7)£)> _/S\S <x*af> d‘LL‘

< 2/ 1] du
S\Sk

for every k > 1. This yields, by letting k¥ — oo in the above inequality, to

sl P2 = (P [ fdu>‘ 0,

because (Sk) is an increasing sequence with union S and || f|] is positive and integrable
(condition (ii)). Then f is W.M-integrable on S and

lim sup lim sup
m—o0 n—oo

(WM)- [3 fdu = (Pe)- /S fdu.

O

Proof of Theorem 3.1.
Case 1: p is finite. Without loss of generality we can assume that h is bounded, see
Theorem 2.4 (2). Then by [7], Theorem 11.35, there is a sequence (hy,) of real-valued

simple functions such that
lim ||hx — k|| = 0.
k—o0

Let M :=sup ||k — hlloc + ||]|co. Then
k>1

(3-3) 1P (@) F (O < M@,
(3.4) 1Pk (8) £ (8) = (&) F O] < [[r = Pllool [ f (D]

forall k > 1 and for all t € S. Let p > 1. For each k£ > 1 we consider the set A
defined as

NN

A= {te S sup () (1) — hi() (O] < - ).

i>k D
By virtue of inequality (3.4), it is clear that p* (S\ U Ak) = 0. Let B, € X be

E>1
such that Ay C By and p(Bg) = p*(Ak) (By is a measurable envelope of Ay, that

(
is, Ay C By and pu(E N By) = p*(E N Ay) for every E € ¥). So we have
1

Lol S () ~ h(DF )] < ae
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(the exceptional set depends on z*). Since X is w*-separable (condition (ii)), we
must have

(3-5) L [[h(6)f(t) = he @) F D) < ]—1) Vi e S\ N with u(N) = 0.

Since by (ii) f is integrably bounded, the same is true by (3.3) for hyf. Moreover,
Theorem 2.4 (1) shows that hy f is W .M-integrable on S, therefore by Remark 2.2 and
Theorem 2.5 it follows that the set {(z*, hyf): z* € Bx-} is uniformly integrable
for each & > 1. Using again Theorem 2.5 we obtain that each function hyf is
WM-integrable on ¥ and so Pettis integrable. On the other hand, inequality (3.4)

implies
‘/<x*,hkf>du—/<w*7hf>du‘ < / (& b f) du— (*, B )] dp
E E S
< |Ih —hnoo/ 171 dy
S
for all z* € X* and E € X. Then

lim <x*,hkf>du:/<a:*,hf>du
k—o0 E E

for all * € X* and E € X. Since the set {(z*,hf): #* € Bx«} is uniformly
integrable by inequality (3.3), then, by virtue of the Theorem 2.2, we have that hf
is Pettis integrable and

(3.6) (Pe)—/Ehf dp = w- le%(Pe)— /E hpfdp VYE€ZX.

Using again the W M-integrability of hif on ¥ and the fact that each real-valued
function 1g\p,||f|| is Lebesgue integrable (i.e. McShane integrable, see Theo-
rem 2.3 (3)), we obtain the existence of a sequence (AF),,~; of gauges from S
into 7 such that

(3.7)  lim limsup

m—00 p—oco

@ onlm b P2) = (" VM) [ g >‘ v

k

(3.8) lim lim sup

m—r oo n—o00

Un(ls\Bkllfll,P;Z)—/ ||f||du‘ =0
S\ By

for every z* € X* and for every sequence (P2) of McShane partitions of S adapted
to (AF)). For each m > 1 we define the gauge A, from S into 7 by

Ap(t) = ﬁ Ak (1), tes.
k=1
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Let (PZ) = ({(E™,t")}i>1)m>1 be a sequence of generalized McShane partitions

of S adapted to (A,,). Let a* € X* be arbitrary fixed. Then, by the triangle

inequality, we have

(x*,0n(1,hf, P2)) — /B (x*,hf) du‘

< |<(E*, Un(lBk hfa ng» - <{E*, Un(lBk hkfv Pg)”

+le ontimns. Py - [ <x*,hkf>du\
; /Bk<x*,hkf>du—/Bk@*,hﬁdu‘
& 3 B (), S E)) — o ) S )
+ (e (Lo hif, P - <x WM [ g du>‘
By

+ ||h—hk||oo/s||f||du
w(S)

p
+lh= il [ 151 by (3.4) and (3.5),

VA
+

<l‘*,hkf> dﬂ‘

(& on(Lp i f, PT)) — /

By

and

@ ol b D)~ [ ) du‘

S\ By,

< locora(Lovs [ £, P + \ [ du‘
S\ By

< lAlloo

onltamI71PD = [ a2 [l

By letting, respectively, n — oo and m — oo in the above two inequalities, and
together with (3.7) and (3.8), we get

@ onmh P}~ [ (o ng) du‘

By

lim sup lim sup
m—0o0 n— oo

S
< M8 )+||h—hk|\oo/|\f|\du
p S
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and

lim sup lim sup
m—roo n—oo

(@ on(Ls\phf, PT)) — /

(z*,hf) du‘
S\Bs

<2lhlle [ 1l
S\Bs
consequently,

lim sup lim sup
m—0o0 n— oo

o) = [ ) du'

< limsup lim sup limsup|{(z*, o, (1, hf, P2)) —/ (", hf) du‘
k—o00 m— 00 n—oo By,
+ lim sup lim sup lim sup|(z*, 0, (1s\ B, A.f, Po)) —/ (", hf) du‘
k—00 M—00 n—00 S\ Bk

(5)

<22
p

Since klim w(S\ Br) = 0 and the function ||f|| is positive and integrable, by the
—00

arbitrariness of p > 1 we get

lim sup lim sup
m—r o0 n— oo

(01, P2 = [ (7 hp) | =0
for all * € X*. Thus, hf is W.M-integrable on S and

(WM)—/Shfdu: (Pe)-/shfdu.

Case 2: p is o-finite. Let (S;);>1 be a sequence in Xf such that S = |J S;. Set
i=1

Clearly, (S})k>1 is a non-decreasing sequence in ¥y with union S. By condition (i),
we can invoke Theorem 2.5, which shows that each function 1g; f is VWM-integrable
on S. Equivalently, Theorem 2.4 (3) shows that f| s; is WM-integrable on S
then by case 1, the restriction (hf)s; = his; fis; is WM-integrable on S, and
equivalently by Theorem 2.4 (3), 1, hf is WM-integrable on S and by remarking
that hf is integrably bounded (since ||h(¢)f ()] = RO FE)] < [Rlleollf@)]), we
show that hf is WM-integrable on S, in view of Lemma 3.1. (]
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To close this section we would like to mention the following problem:

Problem. Let f: S — X be a McShane integrable in the limit function on S and
h € L*(S,R). Does hf: S — X have to be McShane integrable in the limit on S?
If the answer is no, what are the conditions for A f becoming McShane integrable in
the limit on S7

Recall that a function f: S — X is said to be McShane integrable in the limit on S
with McShane integral in the limit w if for every ¢ > 0 there is a gauge A: S — T
such that

limsup [(z*, on(f, Poo)) — (2", w)| < €

n—oo

for all #* € By~ and for every generalized McShane partition P, of S subordinate
to A. We set w := (ML)- [ fdu (see [10]).
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