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Abstract. Let p1,p2, ... be the sequence of all primes in ascending order. Using explicit
estimates from the prime number theory, we show that if £ > 5, then

(Prt1 — D! (3(prg1 — 1)) pg,

which improves a previous result of the second author.
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1. INTRODUCTION

Let n be a positive integer. The sequence of products of n consecutive positive
integers is an important arithmetic sequence in number theory. There are many
interesting related problems (see for example [6]-[9]). In 1975, Erdés and Selfridge
in [9] proved that the product of two or more consecutive integers is never a power.
One can also refer to the results on the index decomposition of prime numbers of 7!
obtained by Erdds and Graham (see [7], [8]). For the past ten years, many scholars
such as Berend in [2], Chen and Zhu in [3], Le in [11], Luca and Stanica in [13],
Moree and Roskam in [14], Sdndor in [17]-[18] and others studied the arithmetic
of n! obtaining many important results.

Let pr be the kth prime. In 1999, Sandor in [17]-[18] set forward the following
conjecture:

Conjecture 1.1 ([17]). For every k > 5, the integer (p; — 2)!pi! is divisible by
(Pe41 — DL
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In 2000, Luca in [12] confirmed Séndor’s conjecture and proved the following
theorem.

Theorem 1.2 (Sandor-Luca theorem). When k > 5, we have
(1) (Pr1 = D (pr — 2)! pi!.

In 2002, Atanassov in [1] gave a further strengthening of Theorem 1.2 by proving
the following result.

Theorem 1.3. If k > 5, then
(2) (Pr1 — D | pe—1!pr!.

In this paper, using explicit estimates from the prime number theory we prove the
following result.

Theorem 1.4. If k > 5, we have
(3) (Pr1 — D! (3(prgr — 1) pil-

Remark 1.5. When k& > 5, we have %(pk+1 — 1) < pr—1. Therefore, Theo-
rem 1.4 improves Theorem 1.2 and Theorem 1.3. If % (pk+1 — 1) = p, where p is a
prime, then p || (3 (pr41 —1))!, where we use the notation d* || n to mean that d* | n
but d**1 { n. Then, we get

(P = D! (%(Pkﬂ — 1) pil.

Therefore, Theorem 1.4 shows that the best (smallest) answer to the question of what
is m such that (pr4+1—1)! | m!py!is m = 1 (pp41—1). For example, taking k = 22, we
have 82! | 41! 79!. Obviously, 41 cannot be replaced by any smaller positive integer
in the above divisibility relation.

We organize this paper as follows. In Section 2, we prove Theorem 1.4. In Sec-
tion 3, we prove a corollary to Theorem 1.4. Furthermore, setting

(Pry1 — 1)!

Q= B — L
Pk

we propose a problem concerning numbers k for which the prime factors of Qp

occupy an initial interval of primes. We suggest a conjectural answer and provide

some heuristic and numerical evidence in order to support it.
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2. ProOF OF THEOREM 1.4
When k > 5, formula (3) is equivalent to

(4) ok + Dk +2) . (Prs1 — 1) | (5(pegr — D)L

If pr, pry1 are two adjacent primes, then pyp+1, pp+2,...,pr+1— 1 are all composite
numbers and each of their prime factors p satisfies p < %(pk-u —1). Thus, for every
prime 2 < p < %(p;H_l — 1), we just need to prove that

(5) op((pk + )Pk +2) .. (prg1 — 1)) < vp((3(pry1 — 1)),

where v,(n) denotes the p-adic valuation of a positive integer n.

We assume that n, [ are positive integers such that | < %n Let p be a prime

satisfying 2 < p < n. Next, we prove that

(6) vp((2n—1+2)2n—1+43)...(2n —1)(2n)) < vp(n!), n > 30.
Writing

(7) n=ao+ap+...+as1p° " +ap®, 0<ag,a1,...,a5s <p, as =1,
we get

(8) 2n = 2a0 + 2a1p + ... + 2as_1p° "L + 2a,p°
=bo+bip+...+b_1p" " + b,

where 0 < bo, b1,...,b. < p and b, > 1. From (8), we have s < r < s+ 1 and then
inequality (6) is equivalent to

sHl o st op s+1 n
) >l -2 5 <)

p]

where |x] denotes the largest integer less than or equal to . Since | < in, and
[z + y] > |z +y| — 1, it follows that

n 2n —1 2n gn 2n
% % P P P
— L%(asps_j +...+as—j+1p+ a’S*j)J
_ 2(aspsfj + ...+ Gs—j4+1P + G’S*j) -1
=:Aj.
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Suppose that s > 4. When j < s — 2, we have

A;j > |5(asp® + as—1p)) — 2(asp® + as—1p) — 1 > 2.

When j = s — 1, we obtain

A; > 2a,) —2a5— 1> -1

Therefore, from (10) we get

2::[ 7+ E[H_ZJ Z::[ 2 z240-1-1=0

Thus, we conclude that inequality (9) holds.
If s =3, then A; > —1 and further

(11) A+ Ag+ Az + Ay
> |2(asp® + aop + a1) | — 2(asp® + azp +ay) — 1
+ [5(asp+az)| —2(azp+az) =1 -1-1
> |2(4as + 2a2)| — 2(4as + 2a2) + |2 - 2a3] —2-2a3 — 4 > 0.

So, (9) is verified for s = 3 also.
If s =2, when p > 7, we have

A+ As + As Lg(agp—kal)J—2(a2p+a1)—1—1—1
3

>
> |Bay| — 14az — 3 >0,

50 (9) holds. When p < 5, from (7) we get n < 125. For p = 2,3, 5, one can directly
Verlfy the validity of (9).
If s =1, by (7), we get n = a1p + ag. When a; > 4, since

Ar+ A2 > |3a1| =241 —-1-1210-8-2=0,
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it follows that formula (9) holds. When a; < 3, if p > 7, then (8) implies 2n =
2a1p + 2ag and r = s = 1. As ag < p, we then get

2] - 2 (2] < g - (B < (2 - 12

Thus, (9) also holds. When a; < 3 and p < 5, it follows from (7) that n < 20, which
contradicts the condition n > 30. Thus, if n > 30, then (9) holds.

Next, we show that

(12) Prr — Pk < §(Pry1 — 1) VE=T.

Notice that inequality (12) is equivalent to

(13) D1 < 3Pk — 3 VE>=T.

We first check (13) numerically for & € {7,8,9}, and then assume k > 10, so that

pr > 25. From [15], the interval (py, gpk) contains at least one prime number, the

smallest of them being px11. Consequently,
pr+1<$pr < 3o — 3,

as required.

Thus, pr+1 — pr < %(karl — 1). Therefore, we can take n = %(pkﬂ — 1) and
l = pry1 — pr and the inequality [ < %n is satisfied. If k£ > 18, then n > 30, so we
can apply (5) and obtain

(14) vp((3(rr1 — D)) = vp((Prs1 — V) (Prs1 —2) - (P — 1+ 2)(prg1 — 1+ 1))
= Up((Pr+1 — D)(Prt1 —2) - (pr + 2)(pr + 1)).

Thus, (4) is verified for k > 18. For 5 < k < 17, we verified (5) using Maple. This
completes the proof of Theorem 1.4. O
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3. A COROLLARY AND A PROBLEM
Let us recall the following result.

Lemma 3.1. Let p, be the nth prime. If n > 198, we have

loglogn — 2).

(15) n(logn +loglogn — 1) < p, < n(logn +loglogn — 1+ Toe

Proof. See (2) and (3) of [4]. O

Using Theorem 1.4 and the above prime number estimate (15), we can deduce the
following corollary.

Corollary 3.2. If k > 5, we have

(16) (Pr1 = DV 2y pa!-

Proof. From (15), when k > 198, we have

(17) P2k > (2k — 1)(log(2k — 1) + loglog(2k — 1) — 1)
> 1(k +1)(log(k + 1) + loglog(k + 1) — 3)
> 2 (pry1 — 1)

Then, from (3) we get (16).
For 7 < k < 198, using Maple, we can directly verify (16). This completes the
proof of Corollary 3.2. O

Remark 3.3. The referee pointed out that for the proof of Corollary 3.2, the
weaker upper bound p,, < n(logn + loglogn) valid for n > 6 (see [16], Theorem 3)
instead of the upper bound on p,, from (15) suffices.

Since for k > 7, |2k] < k — 1, we conclude that (16) improves (1) and (2).

Consider the standard decomposition

Op = (Prg1 — 1)!

o] = (pr +1)(pk +2) ... (Prt1 — 1).

Calculations show that there are only 35 values of k such that QJ; can be written
as the product of the powers of consecutive prime numbers when k& < 1000. For
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example, we have
Qs=2%-3-5-7-11,

Qo =2%-3%.52.7.11-13,
Qss =2%.32.5.72.11-13 17,
Qeas = 2°-3- 57,

Qo36 =2-3-5%-72.

Therefore, it is natural to ask the following question:

Problem 3.4. Are there infinitely many positive integers k such that
(18) Qr = p1"p3* ... p5”,

where s > 1 and oy, a9, ...,05 > 17

We offer the following conjecture.

Conjecture 3.5. There are infinitely many positive integers k verifying the con-
dition of Problem 3.4 but only finitely many for which px11 — pr > 2.

Below we offer some heuristics towards Conjecture 3.5. In what follows, we use
1, Ca, . .. for positive constants. Assume that k satisfies the condition of Problem 3.4.
Cramer’s conjecture asserts that py1 — pr = O((logk)?). We assume that it holds
in order to justify our heuristic. Then

Qr <ppi " = exp(O((log k)*)).

By the Prime Number Theorem

Qr > [] p = exp((1 +0(1))ps)

PEPs

as s — oo. Thus, ps < c1(logk)3. Letting P(m) be the maximal prime factor of m,
it follows that

P(m) < ¢1(log k;)3

holds for all m € [px + 1,...,px+1 — 1]. Thus, all such m are c;(log k)3-smooth.
Let ¥(x,y) be the function that counts the number of n < x with P(n) < y.
By [10], (1.14), we know that for fixed o > 1, the following estimate holds:

(z, (logz)®) = z'~H/ote) ag 2 — 0.
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Taking © = pp+1 and o = 3 + ¢ for any € > 0 small but fixed, and using the fact
that k < pr+1, we get

U (prs1,c1(logk)®) < W(prgr, (logpre1)*™e) < pllcﬁ/(gﬁ)“(l)
for k > co(e). Making e tend to 0 and k tend to infinity we get that

U (prt1,c1(logk)?) < piffro(l)

as k — oco. We interpret this as saying that the probability of a number m < pgy1
to be c; (log k)3-smooth is

2/3+0(1)

1
(19) kil = as k — oo.
Dk+1 pllcf’;“’(l)

Assume now that pgy1 — pr = 6. Then pr + 1, pr + 2, pr + 3, pr + 4 are all
in [px + 1,prr1 — 1] and are all ¢;(logk)3-smooth as k — oo. Assuming that the
events “n + i < x is y-smooth” are independent for i = 1,2, 3,4, it follows that the
“probability” that pj + i are all c;(log k)3-smooth for i = 1,2,3,4 is at most

4
1 1 i
Usto) | — d/3to()) WK
Di1 Drt1

The above number is smaller than p,;f{4 for large k£ and since the series

(20) > 5#/4

k>1 Pria

is convergent, we infer that there should be only finitely many instances of k satisfying
Problem 3.4 with pg4+1 — pr = 6. Assume next that py41 — pr = 4. Then

Qr = (k. + 1) (pr +2)(pk + 3) < Py = exp(3log prt1)-

Since Qr, = exp((1 4+ o(1))ps), we get that ps < (34 0(1))logk < (3 + o(1)) log pr+1
as k — oco. By a result of de Bruijn (see [19], Theorem 2), if we put

1nglog(l 4 )—l— Y

log x )
log = logy ’

Z_

= log(1
logy og( +

then
log U(z,y) = (1+o(1))Z
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uniformly as x and y tend to infinity. For us, taking = pr4+1 and y = (3 + o(1)) X
log pr+1 as k — oo, a quick calculation shows that

1
Z = (c3+ 0(1»%’ where ¢z = log(1 + 3) + 3log(1 + 1) = log 222

as k — oo. In particular, ¥(pg+1, (3+0(1)) logprt1) = pZ(J:

this by saying that the probability that m < pr41 has P(m) < (3 + o(1)) log pr+1 is

i as k — oo. We interpret

o(1)

1
k+1
8 = e as k — oo.
L P

Assuming again that n + i < x being y-smooth are independent events for i = 1,2
and taking n = pg, we get that the probability that both pr + 1 and pg + 2 are
(34 o(1)) log pg+1-smooth is at most

1 1 -2 1
P +o(1) pkjrr({( )

k+1

as k — oco. By the heuristic used at the convergence of series (20), it follows that
there should be only finitely many k with px1 — pr, = 4 satisfying Problem 3.4.

When py11 — pr = 2, then Q = pr + 1. So, instead of asking Problem 3.4, we can
reformulate the problem by saying:

Problem 3.6. Are there infinitely many numbers of the form
M =pit.. . pS

for positive s and «aq, ..., as such that both M — 1 and M + 1 are primes?

If the answer to Problem 3.6 is affirmative, letting k& be such that M — 1 = py,
then certainly M + 1 = pg41, therefore for this k£ we have that Q) = M satisfies the
requirement of Problem 3.4. To see why perhaps there are infinitely many solutions
to Problem 3.6, we just take any s, let ps; = p and search for numbers

M=p"...p%, ai,...,as€{1,2,...,a}

where a is some fixed number. By the Prime Number Theorem, M < exp((a+o(1))p)
as s — 00, SO

(21) log M < 2ap

as s — 0o. Also by the Prime Number Theorem, the “probability” that a number n
is prime is (1 4+ o(1))/logn as n — oco. Assuming that M — 1 and M + 1 being
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primes are “almost” independent events, that is, the probability of them being both
prime is some constant times ((1 4 0(1))/log M)? (an assumption backed up by the
Twin Prime Conjecture or the Bateman-Horn heuristics), we would get that the
probability that both M — 1 and M + 1 are primes is greater than

( 1 )2> < .
c > as 0,
\log M (ap)? P

with c5 = ic;l by (21). Now we vary (a1, ...,as) € [1,a] obtaining

a® =a"® = exp((loga + o(l))lozp)

choices for M as p — oo. Thus, the number of “twin primes” obtainable in this way
should be at least

cs exp((loga + o(1))p/ logp)
(ap)?

an amount which tends to infinity with p. For fun, we took p = 29, and a = 2

= cs exp((loga + o<1>>é ~ 2log(ap)),

obtaining 41 examples. The largest is
M = 181986654305686230 = 2-3%.5-72.112-13%2-17%.19% . 23 - 292,

When we increased a = 2 to a = 4 (keeping the same p), we got 13746 examples.
The largest one is

M = 9368998021767173907463983973766430000
=92%.34.5%. 74113 .13 173 . 19% . 234 . 292,
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