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Abstract. We consider solutions of quasilinear equations u; = Au"" + u? in RY with the

initial data ug satisfying 0 < ug < M and | llim ug(z) = M for some constant M > 0. It
xTr|—0o0

is known that if 0 < m < p with p > 1, the blow-up set is empty. We find solutions u that
blow up throughout RY when m > p>1.
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1. INTRODUCTION

We consider the nonlinear diffusion equation:

up = Au™ + uP, zeRN t>0,
(1.1)

u(z,0) = ug(z) >0, =RV

with m > p > 1 and ug € C(RY) for N > 1. This problem is known to admit a local
time solution (see [6], [8]), but it may cease to exist in a finite time. We say that the
solution of (1.1) blows up in finite time if there is some T' = T'(ugp) < oo such that

(1.2) lim sup [Ju(-, )| oo vy = 00
AT

and T'(ug) is called the blow-up time of the solution u with the initial value ug. We

define the blow-up set by

B(ug) = {a e RV limstt;pT lu(z,t)| = oo}.
r—a,
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Each element of B(ug) is called a blow-up point of u. We say that the solution u
of (1.1) blows up only at space infinity if, in addition to (1.2), B(up) = . In this
case, the global blow-up profile u(x,T) := tli_}rg u(x,t) is defined for every z € RV,
Let us recall known results on the blow-up at space infinity. Lacey in [5] considered
a one-dimensional problem u; = Au+ f(u) on the half-line and constructed examples
of solutions that blow up only at space infinity. He also obtained results of the global
blow-up profile. Giga and Umeda in [4] considered the equation u; = Au+u? on RY
and showed that the blow-up at space infinity occurs if the initial data ug satisfies

O0<up<M and lim wg(x)=M

|| —o0

for some constant M > 0. Shimojo in [12] considered semilinear heat equations
on RY and calculated the shape of global blow-up profile of solutions at the blow-up
time. It is also proved that such blow-up is always complete, that means that the
solution cannot extend as a weak solution after blow-up time.

For the case 0 < m < 1, the heat conductivity mu™~! becomes small as v in-
creases. Hence, we can see that diffusion is very slow when v is large. Thus, the
blow-up at space infinity must occur as the result for semilinear heat equation of [3].
This is proved by Seki for 0 < m < 1 < p (see [10]). He also discusses the gen-
eralization of the nonlinearity of the form w; = Ak(u) + f(u) including the case
0 < m <1 < p. On the other hand, if m > 1, diffusion is very fast when w is just
as large. Hence, the speed of heat propagation, from the space infinity to the origin
near the blow-up time, becomes much larger compared to the semilinear problem.
Thus, a natural question is: “If m € (1,00) is sufficiently large, does the blow-up
only at space infinity fail or not?”. Partial answer of this problem was obtained by
Seki-Suzuki-Umeda (see [11]). Their result implies that if 1 < m < p, the blow-up
only at space infinity occurs. Motivated by these results, we consider the following
problem: Can the blow-up be confined to space infinity even if diffusion is so large
that m >p > 17

In this paper, we give a partial answer to this problem and show that the total
blow-up, which means that B(ug) = RY, occurs.

Theorem 1.1. Let p > 1 and m —p > 2(p — 1)/N. Then problem (1.1) has a
total blow-up solution with the initial value ug € C(RY) satisfying

(1.3) 0<up<M and lim wg(x)=M

|z|— 00
for a certain positive constant M € R.
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This paper is organized as follows. In Section 2, we discuss the condition m —p >
2(p — 1)/N of Theorem 1.1 from the point of asymptotic expansion. The rigorous
proof of Theorem 1.1 is given in Section 3 by constructing backward self-similar
solution.

Remark 1.1. For problem (1.1) with nonnegative initial data satisfying the

condition ‘ 1‘im ug(x) = 0, it is known that if p > m > 1, the blow-up set reduces to
Tr|— 00

finite number of points (see [1], [13]). For 1 < p < m, total blow-up occurs (see [2]).
There is also a third possibility, B(ug) is a bounded domain for p = m. See also
Mochizuki and Suzuki [7] for higher dimensional problem. They consider the case
when the support of the initial data is compact, and that the support of the solution
remains bounded if p > m and it spreads out the whole space if p < m at the blow-up
time. The precise behavior of such solutions in one dimensional case is considered in
the book [9].

2. FORMAL ASYMPTOTICS

We shall explain why the condition m —p > 2(p — 1)/N yields total blow-up.
We will achieve that by a formal asymptotic calculation. Let f(u) = P, then the
solution of the ODE

(2.1) U =fU), UO0)=M, M>0

is written as U(t) = (T (M)—t), where ¢(s) := ks~/P~1) and k := (p—1)~1/ =1,
Here T' = T'(M) is the blow-up time for the initial data U(0) = M. Substituting
t =0 gives M = (T (M)). Furthermore, by a simple calculation, we have

(2.2) P(s) = —flp(s),  lim p(s) = oo

Let us consider (1.1) with initial data wo(z) = M — eqo(x), where ¢ is a positive
function satisfying | llim go(z) =0 and € > 0 is a small constant. The first approxi-
Tr|—0o0

mation at space infinity must be the flat solution ¢(7" — ). In order to calculate the
second term, we shall consider a formal outer expansion

oo

u(z,t) = Z u (z, t)et

=0

and substitute this into u; = Ak(u) + f(u), where k(u) = v™. Then

) = Ak(u®) + f(u®),
u = K () AuD £+ f (@)D
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Observing the initial condition at space infinity, we assume u(?)(z,t) = (T —t) as
the first approximation of the solution, hence

(2.3) ut? = K ((T — 1)) Au® + f(o(T — t)ul®.
Let g(z,t) = e®*2¢q be a solution of q; = k'(p(T — t))Aq with the initial condition

q(z,0) = go(z) € L*(RY). In other words,

q(z,t) = e®D2q, (1) = /0 K (p(T — 7)) dr.

Here we employ the notation
(e qo)(@) == | Gl —y,s)a(y)dy
R
where G is the fundamental solution of the heat equation in R :

=l

G(z,s) = mexp( s )

Then the solution of (2.3) is represented as u")(z,t) = —f(o(T — t))q(x,t). This
can be easily checked from the following calculation.

1 _ df(p(T 1))
ug? = — (T — 1))g: — —q
= —f(e(T —1))q + f'(o(T — 1)) (T — t)q
= —f(e(T = 1))k (p(T — 1)) Aq — f'(e(T — 1)) f(p(T —1))q

=K (o(T = 1)) Au'™ + f'(o(T — t))u™,

where we applied (2.2) and substitute s = T — ¢. By a formal asymptotic expansion,
together with (T —t) = — f(p(T —t)) again, we get

u(@, t) = (T —t) —ef (p(T = t))q(x,1) + O(e*) = p(T — t +eq(x, 1))

provided that |x| is sufficiently large so that T'— t > q(x,t). We shall dis-
cuss a sufficient condition for this approach. Note that ®(¢) is proportional to
(T — t)e=m)/p=1) _ pp=m)/(p=1) " which implies ®(T) = oo if m > p. Assume, for
simplicity, that the support of ¢¢ is compact. Then by applying the inequality

1
H < —————— dz,
xSEuRI:I)V |q(xﬂ )| (4n¢(t))N/2 /[RN QO(x) €z
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we get the following sufficient condition for T' — ¢t > ¢(z, t):
T =t O((T — yNe=P/CE=0)) — O@(1)~N/2) > g(x,1).

Since we are interested in what happens as ¢ — T, we need the restriction below,
which appeared in Theorem 1.1.

N(m - p) & m—p>3(p—1).

1 -~ -7
S 2p-1) N

Under this condition, we obtain the following approximation:
u(z,t) = (T —t +ee®®D2qy) ift =T

provided that |z| is sufficiently large so that T — ¢ > ¢(z,t). Here a ~ b means that
there exist two constants ¢y, ca > 0 such that cia < b < cga, where a and b are two
positive functions. Taking a limit ¢t — 7" and regarding e®(M)2¢q = 0, we expect that
the total blow-up occurs when m — p > 2(p — 1)/N. On the other hand, the above
formal calculation suggests that m—p < 2(p—1)/N yields the blow-up only at space

infinity, and the global profile must be
(2.4) u(z, T) ~ p(ee®DPqy) if t ~T.

Note that ®(T) < oo if m —p < 2(p — 1)/N. This conjecture (2.4) is proved
rigorously in [12] for the semi-linear problem (m = 1), by constructing suitable
sub-super solutions.

3. TOTAL BLOW-UP FOR QUASILINEAR EQUATION

Our aim of this section is to construct a backward self-similar total blow-up solu-
tion of problem (1.1) with the initial value ug € C(RY) satisfying (1.3).

Assume the solution u of (1.1) blows up in finite time and let T > 0 be its blow-up
time. We introduce a simple change of variable as described in Section 2:

(3.1) u(z,t) = (T — t + h(z,t)).

From this and 1ir% ©(s) = oo, we can see that the blow-up of the solution u(z,t)
5—>

for (1.1) as t — T corresponds to the extinction of the solution h(z,t) ast — T. By
a simple calculation together with (3.1) and (2.2),

Op(T —t+h)=¢"(T—t+h)(he = 1), [flp(T —t+h)=—¢ (T ~t+h).
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By substituting (3.1) into Au™ = m(m — 1)u™ 2|Vu|? + mu™ 1 Au, we have

Ap™(T —t+h)
=m(m—1)™ (T —t + h)|¢/(T — t + h)Vh|?
+mep™ N T —t+ h) (¢ (T — t + h)Ah + ¢" (T — t + h)|Vh|?)
=m(m —1)e™ (T —t+ h)|¢'(T —t + h)Vh|?
+me™ T —t 4+ h)(Ah — £ (p(T — t + h))|Vh|*)' (T —t + h).

Here we apply the relation ¢”(s) = —f'(¢(s))¢’(s), which can be shown by differ-
entiating (2.2). Substituting (3.1) into (1.1) and dividing it by ¢'(T' — t + h), we
obtain

(T —t+h)

b =mg™ (T =t + h) (Ah+ ((m — 1) e

— J((T —t+ 1)) [VhI).
Applying ¢/(s)/ip(s) = —s~/(p—1) and f'(p(s)) = ps~"/(p—1), we get the equation

mlim_l

(T —t 1 h)m—D/G-D

(m+p—1)|Vh|? )

(3.2) he = - 1)(T—t+h)

(an-

with the initial data h(-,0) = ¢~ (ug) — 7.

Next we introduce new space and time variables and a function
h(z,t)
T-t’ T-t
where 8 := (m —p)/(2(p—1)) and h is the solution of (3.2). By the chain rule,
together with

w(y,o) == = (T —t)’z, o=log

yt(xa t) = _egﬁy(‘x7t>a y;c(% t) = 6750-7 Ut(t) = eU,
we obtain
hi(x,t) = 0,((T — thw(y, o)) = =By - Vw(y,0) + w,(y,0) — w(y, o)

and
Vh(z,t) = e BHVuw(y, o), Ah(z,t) = e~ D7 Aw(y, o).

Substituting these into (3.2), we have

_ﬂy : Vw(y, U) + We (yv U) - ’U)(y, U)

m—1

— mK o((m=1)/(p=1)=(28+1))c
(1 +w(y, 0))tm=1/(=1)
% (Aw(y O') _ m+p— 1 |Vw(ya0)|2)
’ -1 1+w(y,o)/
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Therefore, the function w satisfies the rescaled equation

m—1

mkK ( m+p—1|Vuw|?

(3.3) Wy = —(1 Fw)2A p—1 1+w

)—i—(ﬂy'Vw—i—w)

for y € RV and s > 0. We can easily see that
(3.4) lim [le”“w(-,0)| @~y =0 if and only if B(ug) = RV,
ag—00

The simplest example of a solution of (3.3) is a constant w = 0, which corresponds to
a flat solution u(x,t) = U(t) of the original problem (1.1). Here U(t) is the solution
of (2.1). Another typical example is the self-similar solution. In our case, it has the
form h(x,t) = (T —t)g((T — t)’x), where g = g(y) satisfies

_mAp—1|Vg?  (1+9)*

. A
(3:5) g p—1 1+4g mrm1

(By-Vg+g)=0
with y = (T'—t)%z. In other words, a solution A is self-similar if its rescaled function
w(y, o) is independent of o. If we assume that g(y) is a radial function, g = g(r) is
the solution of the following ordinary differential equation:

N-1 m+p—1 g2 1+ g)2+t
(36) grr + gr - p gr ( g)_l

r p—1 1+4g mK™

(3.7) 9(0) = pu, g:(0)=0,

(ﬂrgr + g) =0,

where r = |y| and p > 0 is a constant.

Let us note that equation (3.6) has a trivial solution g = 0, as well as the spatially
homogeneous solution g = —1. Let us also note that problem (3.6)—(3.7) admits a
solution g(r) with asymptotic behavior:

p(l+ @)t

o 2
(3.8) g(r)=p prm—iNy +o(r*) asr—0.

This asymptotics is obtained by solving an approximated ordinary differential equa-

tion:
(1+p)>t

g g0 forr=~0,

9rr +

which comes from the even symmetric assumption ¢,(0) = 0 and ¢(0) = .
We must find a value p with the corresponding solution of the above problem
(3.6)—(3.7) that is nonnegative and decreasing at space infinity.

Proposition 3.1. Let p > 1 and m —p > 2(p — 1)/N. Then problem (3.6)—(3.7)
has a strictly positive monotone solution satisfying g(oco) = 0 if u > 0 is sufficiently
small.
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If we assume this Proposition, by (3.1), the corresponding solution u of prob-
lem (1.1) is written in the form:

us(z,t) = o((T = t)(1+ g((T = t)’x))), B> 0.

Combining this with (0) = oo, we obtain us(z,T) = oo for any x € RY. Thus
B(us(+,0)) = RY. Furthermore, condition (1.3) of the initial value can be easily
checked and our result is obtained. Now we shall prove the existence of strictly
positive solution g = g(r) for problem (3.6)—(3.7).

Lemma 3.1. Let g = g(r) be the solution of problem (3.6)—(3.7). If g > 0 on an
interval [0, Ry), then g is strictly decreasing on [0, Rp).

Proof. Define
ro = sup{r > 0: g is strictly decreasing on [0, r]|}

and assume rg < Ry. Then the definition of r¢ implies g,(r¢) = 0 (both g,(r9) > 0
and g,(ro) < 0 easily lead to a contradiction) and (3.6) implies g, (r9) < 0. This in
turn means that g is strictly decreasing on a right neighborhood of ry, a contradiction
with the definition of ro. Hence ry > Rg. O

By Lemma 3.1, one can distinguish the following two cases:

(a) g > 0on [0,00) and g is strictly decreasing on [0, 00).

(b) There exists R € (0,00) such that g > 0 on [0, R) and g(R) = 0. This implies
that g is strictly decreasing on [0, R); thus, by continuity, it is strictly decreasing
on [0, R]. In particular, g.(R) < 0.

Now we exclude the second case (b) using the following lemma.

Lemma 3.2. Assume that BN > (1 + p)?#*1. Let g = g(r) be the solution of
problem (3.6)—(3.7). Then g > 0 on [0, 00).

Proof. The decay rate of the solution is given by the solution of 5rg, +g = 0,
which is the dominant term of the ODE (3.6). Thus, we introduce a function

(3.9) vi= —%: [0, R) — [0, 00).

By the definition of R, the function v is a nonnegative function and is well-defined.
Assume that R < oo. Then case (b) of Lemma 3.1 implies that 1ir%v(r) = oo.
r—
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Differentiating (3.9) and using (3.6), we get

vy = 6; (gm« + gr) + 57“(%)2

” ” 2 -1 2 1 26+1
:5(N_2)g_+6r(g_) _m+p prg;  Br(l+g) (1— )
g g p—1 g(l+yg) mkm !
-1 2 1 26+1
(ol mreol o v GO,
r  pBr p—1 1+gpr mr™
-1 2 1 26+1
7“ Cp—1 1+4g/pr mrm~1

From (3.8) and (3.9), we see that

1 28+1
%ﬁ +o(r?) asr— 0.

vo(r) =
We will use this asymptotics in order to estimate the function v from above. Next we
shall check that the function (r) := B(1 + u)?*1 /mk™~1Nr? is a super-solution of
the above ODE provided that

1+t m+p—1 g
1 1< BN
(3.10) o A+ p—1 1+g

for all » € [0, R). In fact, under condition (3.10), we get

B T m+p—1 g \02 pBr(l+g)?*! _

g N—2——(1—7—)——71—

o+ ( )7“ p—1 Br mr™—1 (1-7)
_Ni(l_(1+g)2f5+1)_(1_m+p—1 g _/BN(1+g)2/5+1)
I (1+ p)2o+t p—-1 1+g (1+ 241/ Br

-1 1 28+1
_(1_m+p g _5N( +9) )_20.
p—1 1+4g (1 4+ p)?8+1) Br

Here we used the relations 7, = 27/r together with

pr(l+¢)* ™ Nov(1+g)*H!
mrm—1 o (14 p)2e+L

and the inequality g(r) < u for » € [0, R]. Condition (3.10) is satisfied because

the function g is nonnegative on [0, R) and BN > (1 + u)??*!. Therefore, by the

comparison argument, v < T for all » € [0, R) and lim v(r) < T(R) < oco. This
r—ri

yields a contradiction. ([

295



Proof of Proposition3.1. Let p > 1and m—p > 2(p—1)/N, then SN > 1. By
Lemma 3.2, problem (3.6)—(3.7) has a positive solution if we choose p > 0 sufficiently
small such that BN > (1 + u)?#*1. Lemma 3.1 implies that this solution is strictly
decreasing. Furthermore, since there exists no positive spatially homogeneous solu-
tion of equation (3.6), we obtain g(co) = 0. Hence we obtain the result. O

Acknowledgements. Masahiko Shimojo was supported by JSPS KAKENHI
Grant-in-Aid for Young Scientists (B) (No.16K17634). Amy Poh Ai Ling was sup-
ported by the Research Grant for Encouragement of Students, Graduate School of
Natural Science and Technology, Okayama University. Our gratitude goes to Pro-
fessor Hiroshi Matano of Tokyo University for his valuable comments. In addition,
the authors would like to express thanks to anonymous reviewers for their fruitful
suggestions.

References

[1] V. A. Galaktionov: Asymptotic behavior of unbounded solutions of the nonlinear equa-
tion up = (uug)z + u” near a “singular” point. Sov. Math., Dokl. 33 (1986), 840-844;
translated from Dokl. Akad. Nauk SSSR 288 (1986), 1293-1297.

[2] V. A. Galaktionov, S.P. Kurdyumov, A.P.Mikhailov, A.A.Samarskii: Unbounded so-
lutions of the Cauchy problem for the parabolic equation u; = V(u’Vu) + u”. Sov.
Phys., Dokl. 25 (1980), 458-459; translated from Dokl. Akad. Nauk SSSR 252 (1980),
1362-1364.

[3] Y. Giga, N. Umeda: Blow-up directions at space infinity for solutions of semilinear heat
equations. Bol. Soc. Parana. Mat. (3) 23 (2005), 9-28; correction ibid. 2/ (2006), 19-24.

[4] Y. Giga, N. Umeda: On blow-up at space infinity for semilinear heat equations. J. Math.
Anal. Appl. 316 (2006), 538-555.

[5] A. A. Lacey: The form of blow-up for nonlinear parabolic equations. Proc. R. Soc. Edinb.,
Sect. A 98 (1984), 183-202.

[6] O.A. Ladyzenskaja, V. A. Solonnikov, N.N. Ural’ceva: Linear and Quasilinear Equa-
tions of Parabolic Type. Translations of Mathematical Monographs 23. AMS, Provi-
dence, 1968.

[7] K. Mochizuki, R. Suzuki: Blow-up sets and asymptotic behavior of interfaces for quasi-
linear degenerate parabolic equations in RN . J. Math. Soc. Japan 44 (1992), 485-504.

[8] O.A. Oleinik, A.S. Kalasinkov, Y.-L. Chou: The Cauchy problem and boundary prob-
lems for equations of the type of non-stationary filtration. Izv. Akad. Nauk SSSR,
Ser. Mat. 22 (1958), 667-704. (In Russian.)

9] A. A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, A.P. Mikhailov: Blow-up in
Quasilinear Parabolic Equations. De Gruyter Expositions in Mathematics 19. Walter
de Gruyter, Berlin, 1995.

[10] Y. Seki: On directional blow-up for quasilinear parabolic equations with fast diffusion.
J. Math. Anal. Appl. 338 (2008), 572-587.

[11] Y. Seki, N. Umeda, R.Suzuki: Blow-up directions for quasilinear parabolic equations.
Proc. R. Soc. Edinb., Sect. A, Math. 138 (2008), 379-405.

[12] M. Shimojo: The global profile of blow-up at space infinity in semilinear heat equations.
J. Math. Kyoto Univ. 48 (2008), 339-361.

296

ZbIMR

2bIJMR

ZbIMR]doi
ZbIMR]doi
ZbIME]doi

zbI MR do
zbIME]doi

2bIJMR

ZbIMR]doi
ZbIMR]doi
ZbIME]doi
ZbIME]doi


https://zbmath.org/?q=an:0629.35061
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0852454
https://zbmath.org/?q=an:515.35045
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0581597
https://zbmath.org/?q=an:1173.35531
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2242285
http://dx.doi.org/10.5269/bspm.v23i1-2.7450
https://zbmath.org/?q=an:1106.35029
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2206688
http://dx.doi.org/10.1016/j.jmaa.2005.05.007
https://zbmath.org/?q=an:0556.35077
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0765494
http://dx.doi.org/10.1017/S0308210500025609
https://zbmath.org/?q=an:0174.15403
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0241822
http://dx.doi.org/10.1090/mmono/023
https://zbmath.org/?q=an:0805.35065
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1167379
http://dx.doi.org/10.2969/jmsj/04430485
https://zbmath.org/?q=an:0093.10302
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0099834
https://zbmath.org/?q=an:1020.35001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1330922
http://dx.doi.org/10.1515/9783110889864.535
https://zbmath.org/?q=an:1144.35030
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2386440
http://dx.doi.org/10.1016/j.jmaa.2007.05.033
https://zbmath.org/?q=an:1167.35393
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2406697
http://dx.doi.org/10.1017/S0308210506000801
https://zbmath.org/?q=an:1184.35078
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2436740
http://dx.doi.org/10.1215/kjm/1250271415

[13] R. Suzuki: On blow-up sets and asymptotic behavior of interfaces of one-dimensional
quasilinear degenerate parabolic equations. Publ. Res. Inst. Math. Sci. 27 (1991),

375-398. MR]doi

Authors’ addresses: Amy Poh Ai Ling (corresponding author), Department of Mathe-
matics, Faculty of Science, Okayama University, 3-1-1 Tsushimanaka, Kitaku, Okayama City,
700-8530, Japan, and Meiji Institute for Advanced Study of Mathematical Sciences, Meiji
University, 4-21-1 Nakano, Nakano Ward, Tokyo City, 164-8525, Japan, e-mail: amypoh.al@
okayama-u.ac.jp; Masahiko Shimojo, Department of Applied Mathematics, Faculty of Sci-
ence, Okayama University of Science, 1-1 Ridaicho, Kita Ward, Okayama City, 700-0005,
Japan, e-mail: shimojo@xmath.ous.ac. jp.

297


https://zbmath.org/?q=an:0789.35024
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1121244
http://dx.doi.org/10.2977/prims/1195169661

