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Abstract. We investigate the effect of admitting signed measures as a datum at the scalar
Chern-Simons equation

—Au+e'(e"—1)=p inQ

with the Dirichlet boundary condition. Approximating p by a sequence (un)nen Of L
functions or finite signed measures such that this equation has a solution u., for each n € N,
we are interested in establishing the convergence of the sequence (un)nen to a function u
and describing the form of the measure which appears on the right-hand side of the scalar
Chern-Simons equation solved by u¥.
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1. INTRODUCTION

The main purpose of this paper is to understand the phenomenon caused by ad-
mitting signed measures on the convergence and stability of solutions of the scalar
Chern-Simons problem

—Au+e¥(e*—1) = in Q,
) { (" =1)=n

u=20 on 0f),

where Q C R? is a smooth bounded domain and p is a finite signed Borel measure
(equivalently, a Radon measure) on €. By the solution of (CS), we mean a function
u e W) such that e*(e* — 1) € L*(€2) and u satisfies the equation in the sense
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of distributions,

—/uA(p—l-/e“(e“—l)go:/(pdu Vo e Cr(Q).
Q Q Q

In two dimensions the energy functional associated to the equation (CS), namely

E(u)—%/ﬂ|w|2+/ﬂ(e%u—eU)—/Quu,

achieves its minimun on Wy*(Q) for every u € LP(Q), 1 < p < co. Thus the scalar
Chern-Simons equation always has a solution with the datum p € LP(2) for any
1 < p < oo (see [9], Chapter 3). The existence in the case of the datum u € L1(Q)
can be obtained by an approximation using the L°° data (see [5], Corollary 12;
[9], Chapter 4). An important result in the proofs below is the characterization by
Véazquez (see [12]) of measures for which (CS) has a solution: y is a good measure
for (CS) (that is the Dirichlet problem (CS) has a solution) if and only if for every
r € €2, one has

(L1) n({z}) < 2

For measures satisfying the above inequality, the procedure is similar to the
LY(Q) case as we can see in [1], Theorem 1, and [9], Chapter 14. On the other
hand, p charges a common mass a with the density larger than 2n. The Poisson
problem

—Av =210, in £,
v=20 on 0N

has a solution v € L'(§2), whose mean on circumferences in a certain neighourhood
of a behaves like the fundamental solution

1
|z —a|

v(x) ~ log

By the comparasion principle (see [3], Corollary B.2, and [9], Chapter 14), we have
u = v. Then by using the Jensen inequality (see [2], Problem 4.9), we obtain e* ¢
LY(Q), i.e. u is not a solution of (CS) in the above sense. The detailed proofs are
presented in [1], Section 5 and [12], Section 5.

We now rewrite p in an appropriate way, which allows us to easily identify it as
a good measure or not. We note that the total mass of y is finite, consequently, the
set of massful points is countable. Thus, we write

0o
= Zaiéam
i=1
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where T is the non-atomic part @, i.e. i({z}) = 0 for all x € €, the points a; are
distinct and d,, is the Dirac measure at a;. Hence the largest measure p* < p for
which (CS) has solution is described by

o0
w=n-+ Z min {o, 21} g, .
i=1

The set of points for which (1.1) fails is clearly finite, then the measure u is cut off
exactly on the finite set

A={aecQ: p({a}) > 2n} C {a1,aq,...},

i.e. the measure . — p* is supported on A, and

" ({a}) = min{p({a}), 27}.

In virtue of Vazquez’s result mentioned before, the problem

(CS7)

—Au*+e* (e* —1)=p* inQ,
u* =0 on 0f}

has a unique solution u* € L'(Q) which, by the maximum principle, is the largest
subsolution of (CS).

An interesting question arises when we force the problem to have a solution by
an approximate scheme and we wonder what happens with the convergence of the
sequence of solutions.

Let M(2) be the vector space of (finite) measures in € equipped with the norm

Il = () = / dlpl.
Q

We recall that the sequence (up)nen in M(2) converges to p in the weak-* sense
in M(Q), if for every continuous function ¢: Q — R such that ¢ = 0 on 91,

lim Cdpy, = / Cdu.
Q Q

n—oo

We denote this convergence by g, — p in M(Q).
Let (u,) be a sequence of measures such that g, — p in M(f2), and let u, be the
solution of

—Auy, + e (e — 1) =p, in Q,
(©5.) { ( )=h

Up =0 on Jf).

237



Passing to a subsequence (uy, ), we will show that the latter converges in L(f2) to
a limit u# € L(), this limit solves

CS#
( ) u# =0 on 0f

{ —Au# 4" (e —1) = p# inQ,

for a measure p# < p, which is called a reduced limit or a reduced measure of
(tn). This definition was originally introduced in [8]. In general, this measure is not
unique, as we will see in an example in Section 4. This measure has the property

ek (eUnk — 1) & e (e“# -1 +7 in M(Q)
for a nonnegative measure 7 with support on A. Hence, we will establish a close

relationship between the measures p* and p# by the formula p# = p* — 7. By
naming the points of A as ry,7s,...,7m, we obtain

m
p# =t =Y iy,
=1

for positive constants ¢;’s.
In [10], we have focused on approximating the datum p by nonnegative measures.
We proved that in this situation one always has

(1.2) .

As a consequence, the reduced measure for the scalar Chern-Simons problem depends
only on the measure p (which might not exist from the beginning) and the sequence
of approximated solutions converges to the largest subsolution of (CS). Thus we have
the surprising fact that the limit of a sequence of solutions is independent of how the
datum is approximated.

Here we carry out the study of the problem (CS) for signed-measures. The main
novelty in this case is that the equality (1.2), in general, does not hold anymore.
In fact, we show that any measure obtained from p* by a subtraction of a linear
combination of Dirac measures with positive coeficients can be produced as a reduced
limit. Hence we characterize all the reduced limits for the Chern-Simons equation.

At the end of the paper, we give an example of sequences of measures (u,, ) and (v,,)
such that ji,,v, — p in M(Q) and the respective reduced limits are different. The
key point is that by handling the convergence speed of v, and v, to pu* and p—,
respectively, different resulting Dirac measures are produced.
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2. PRELIMINARY RESULTS

We start by stating an order relation between the measures u# and p*.

Proposition 2.1. Let (u,) be a sequence of good measures such that ji, — y in

M(Q). Then
Pt <t < p

for all reduced limits u# of ().

Proof. Let u# be areduced limit of (1, )nen, that is, there exists a subsequence
(tn, )xen of the sequence of solutions of (CS,,) converging to the solution of (CS#).
We start with proving that

w# < p.

Recall that u,, € W,"'(Q) and that for every ¢ € C°(Q),

(2.1) —/unkAap—f—/e“”k(e“”k —l)gp:/gpdun.
Q Q Q

Notice that the nonlinear term in the equation verified by w,, is bounded from below,
for every t € R,

efle —1) > —1.

If the test function satisfies ¢ > 0, then by Fatou’s lemma (see [2], Lemma 4.1),

/ e’(e" — 1) < lim inf/ ek (e"e — 1)
Q Q

k—o0

As we let k tend to infinity in (2.1), we get

/gpdu#:—/u&p—k/e”(e“—l)gpé/gadu.
Q 0 0 Q

Since this property holds for every ¢ € C2°(£2) such that ¢ > 0, we deduce that
u# < . Finally, since p* is the largest good measure less than or equal to p (see [8],
Theorem 1, and [9], Proposition 17.9) we achieve

*

p# <k,

finishing the proof. O
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In what follows, we give a lemma based on the Brezis-Merle inequality (see [4],
Theorem 1, [9], Proposition 11.7), which plays an important role in the proofs of
Theorems 3.1 and 3.5 below.

Lemma 2.2. Let (u,) be a sequence of good measures in M(?), and let u,, be
the solution of (CS,,). Suppose that the sequence (i, )nen is such that p, X pin
M () and also that the sequence of solutions (u, )nen converges to u in L'(§2). Then
there exists a measure 7 € M () such that u solves (CS#) with

M#ZM—T.

Moreover, 7 is supported on the set A = {z € Q: p({x}) > 2n}, thus there exist
finitely many points 11,72, ...,7m € 2 and c1, 3, ..., ¢y € R satisfying

m
T = E ciém.
i=1

Proof. By a standard property of elliptic equations with absorption term
(see 9], Lemma 14.2), for every n € N,

(2:2) le® (e =Dl < llinllre),

whence (e (e — 1))pen is bounded in L(€2). Passing to a further subsequence if
necessary, we may assume that there exists a finite measure 7 € M(Q) such that

(2.3) ek (etmk — 1) D e¥(e" — 1) +7  in M(Q)

and u,, converges to u a.e. in 2. Thus, u satisfies the scalar Chern-Simons problem

—Au+e“le*—1)=p—7 inQ,
u=20 on 0f).

Let A = {r1,...,rn} be as above, where each r; €  satisfies u({r;}) > 2n
Since p is a finite measure, the set A is finite. To finish the proof, it remains to
show that 7 is supported on A. In what follows, we use arguments similar to those
contained in [10], Theorem 1.1.

Let N(p,}) be the Newtonian potential generated by !,

1 d
N @) = 5= [ tor = i),
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where d > diam 2. Given b € Q and r > 0, we write the Newtonian potential of p,, as

N(pzy) = N L, m) + Nt Loy, @)
Assume for the moment that there exist € > 0 and m € N such that for every n > m,
(2.4) (B, (b)) < 27— <.

By the Brezis-Merle inequality (see [4], Theorem 1, and [9], Proposition 11.7), there
exist p > 1 and C; > 0 such that for every n > m,

+
| €2N (ke L) ey < Ch1.

Since the functions N(u;} [o\B, (b)) are harmonic in B,(b) and have a uniformly
bounded L' norm in B, (b), consequently, the sequence (N (u;} [0\ 5, (»))) is uniformly
bounded in B, /5(b). We conclude that there exists C> > 0 such that for every n > m,

(2.5) [CaE2

| Lo(B, )2(0) < Ca.

Note that if b € Q\ 4, i.e. u({b}) < 2x, then p*({b}) = max {u(0), u({b})} < 2.
Thus, there exist € > 0 and r > 0 satisfying (2.4). Indeed, let € > 0 and R > 0 such
that

p*(Br(b)) < 2n -
Then, by weak convergence of the sequence (), given 0 < r < R and 0 < € < € the
property (2.4) is ensured for n large enough (see [6], Section 1.9).
Let U,, be the solution of the linear Dirichlet problem

{ —AU, = pf inQ,

(2.6)
U,=0 on Of).

By the comparison estimate (see [3], Corollary B.2, and [9], Chapter 14), for every
n € N, we have
U, < U, in Q.

By the weak maximum principle (see [9], Proposition 6.1), U,, < N () in Q. Hence,
up < N(uf) in Q.

It follows from (2.5) that the sequence (e""(e"" — 1))pen is uniformly bounded in
LP(B,/5(b)). Since uy, — ua.e. in B, /5(b), by Egoroff’s theorem (see [6], Theorem 3)
we obtain

ek (e —1) — e¥(e" — 1) in Ll(BT/Q(b)).

We deduce that 7 = 0 in B, /5(b). Since b € Q\ A is arbitrary, we conclude that 7 is
supported on A. O
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We also need a result obtained as a particular case of [7], Lemma 8.1.

Lemma 2.3. Let u be a Radon measure and f € L'(f2). Then

—Au+e¥(e* —1) = in €,
e { ( )=p

u=f on 0f2

has solution if and only if (2.7) has solution with (u*, f*) and (u~, f~) as data.

3. REDUCED LIMIT

Combining Proposition 2.1 and Lemma 2.2 we get the first of the two characteri-
zation results for reduced limits.

Theorem 3.1. Let (u, )nen be a sequence of good measures in M(Q2) and let .,
be the solution of (CS,,). If the sequence (jin )nen is such that u, — pu in M(Q) and
the sequence (uy)nen converges to u in L'(Q) then there exists a Radon measure
7 > 0 such that u solves (CS*) with

(3.1) ut = -

Moreover, T is supported on the set A = {x € Q; u({x}) > 2xn}, so that there exist
finitely many points r1,79,...,7m € Q and c1, ¢, ..., ¢y = 0 satisfying

m
T= E CiOr,; .
i=1

Proof. Let (un)nen be the sequence of solutions of (CS,,). Using Lemma 2.2,
we obtain that there exist ¢y,c2,...,¢, € R and rq,72,..., 7, € Q such that

—Au+e¥e*—1)=pu—7 inQ,
u=20 on 0

m

with 7 = ) ¢;0,,. Since u — 7 is a reduced limit of p, then u — 7 < p by Proposi-

i

=1
tion 2.1. Therefore, 7 > 0 and this concludes the proof. O

The next two technical lemmas will allow us to compute reduced limits in partic-
ular situations. They also play role in important steps of the proof of the second
characterization theorem.
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Lemma 3.2. Let (uy)nen be a sequence in M(Q2) such that p,, = 7 — v, with
Vp = 0 for each n € N and v,, = v in M(Q). If 7({z}) < 2r for all z € Q then
(t4n)nen has a unique reduced limit given by

(r—v)# =1—-1

Proof. Let (fn, )ken be a subsequence of (uiy)nen. Since (17 — vy, )T < 771, by
passing to a subsequence if necessary, it follows from the Banach-Alaoglu-Bourbaki
theorem (see [2], Theorem 3.16) that there exists x € M(Q) such that (1—v,, )" = &
in M(Q). Since k < 77 and 77 is a good measure, by [10], Theorem 1, (T — v, )"
has k for its unique reduced limit. On the other hand, due to the boundedness from
above of the exponential function, the reduced limit of —(7 — v, )~ is unique and
equal to its weak limit —(7 — v)~. Therefore, the conclusion follows from [8], Propo-
sition 7.3, which ensures that (1,,) has a reduced limit p# if and only if () and
(—p;, ) have reduced limits ufﬁ and u?, respectively, and, moreover, u# = uf + u?.

O

Lemma 3.3. Let (un)nen be a sequence of good measures with p, = v, — T,
7>0and 7({z}) =0 forallz € Q. If v, = v and v;7 = vt in M(Q) then (fi,)nen
has a unique reduced limit given by

(v—1)# =v*—1.

Proof. Let u# be a reduced limit of (u,), i.e. there exists a subsequence
(tn, )ken of (uy) converging in L'(€)) to a function u which solves (CS#). By
Lemma 2.2,  — 7 is concentrated on the set A = {x € Q: ut({z}) > 2n}.

We first prove that (v* — 7) < p#. If p € Q satisfies v+ ({p}) < 27 then

p*({p}) = u({p}) = (v* = 1)({p}).

On the other hand, if v*({p}) > 2r, we take o < 2n/v"({p}) and consider the

solutions of
{ —Av, + e (e —1)=av, — 7 inQ,

v, =0 on 0f).

By the comparison principle (see [3], Corollary B.2, and [9], Chapter 14), vy, < tn,
for all k£ € N. Since av™({p}) < 2n, using a comparison result for reduced limits
(see [8], Theorem 7.1), we obtain

(v = 7)({p}) = (v = 7)*({p}) < ¥ ({p}).
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Since a < 2n/v T ({p}) is arbitrary, 21 < pu# ({p}), whence

(v* =1 ({p}) = 22 < 1* ({p}).

But p# differs from p = v — 7 only on the set A and we obtain the desired inequality.
For the reverse inequality, we need the following property for mutually singular
measures 1 and o (see [8], Theorem 8)

(1 + p2)™ = pi + 3.
From 7({z}) = 0 for all = € Q, it follows

(v—m)* = (ﬁ—l— Zbiéqi — T) =T+7)+ Zmin {b;,2n}dy, = v* — T,
i=1

i=1

oo
where we decomposed, as before, v into nonatomic and atomic parts, v =T+ Y b;dg, .
i=1

Applying Lemma 2.1, we have
pt < (v —7).

Thus we conclude that the reduced limit has necessarily the form v* — 7. O

We now show that the unique form that can be assumed by reduced limits is that
one expressed in (3.1). The proof is based on the Cantor diagonal argument. The
result was previously announced in [10] without proof.

Theorem 3.4. Let yp € M(Q), ¢1,...,¢m = 0 and rq,..., ry € Q. Then there

exists a sequence (p,) C C°(Q) such that pi,, — p in M(Q). If u,, is the solution of
(CS,.), then (u,) converges to the solution of (CS#) where

pt =t — Em:cz'ém-
=1

m
Proof. We rewrite the expressions for > ¢;0,, and the atomic part of u in
i=1
order that the sums share the same sequence of Dirac measures

o0 (o) m o0

!/ /
E a;dp, = g a;0q, and E Ci0p, = E c;0g;-
i=1 i=1 i=1 i=1
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The first k points ¢; are r; € {p;: i € N}, the next m — k points ¢; are the r; which
do not belong to {p;: ¢ € N}, and the last ¢; are the p; which do not appear in
{r1,...,7m}. We now define

o0 (o)
fin. = 0c * T+ Y bioe(@ — i) = > diorjon(® — g — (1/n)er),
i=1

i=1
where e; = (1,0) and fori =1,...,m,
o a; +¢; ifaj > 2n, i c if a} > 2m,
;= =
2n+ ¢, if af < 2m, 2n—a} + ¢ if a; < 2m,

and b, = aj if i > m. Since py, e € C5°(2), the Dirichlet problem

—Aup o + eV (et —1) = pp . in Q,
Unpe = 0 on 9

has a solution u, . Let (ex) be a sequence converging to zero. Due to Lemma 3.3,
(Un,e,, )ken converges to the solution w,, of the scalar Chern-Simons equation with
the datum

[ee] (o] 1
pit 3 min (b 2540y, = L diorja, (v -a—~e).

1= 1=

For each n € N, we take k,, satisfying

[,k — tnllL1@) <

S|

Applying Lemma 3.2, we deduce that (uy)nen converges to the solution of the scalar
Chern-Simons problem with the datum

o+ i min {b;, 21}dy, — i dibq, -
i=1 i=1

According to the choices of b; and d;, we have min {b;,2n} = 2 and 2r — d; =
min {2r,a;} — ¢,. Then

o0 o0 o0 o0 m
n+ Z min {b;, 27}, — Z didg, =i+ Z min {27, a; }d,, — Z Cibg, = pr— Z ci0r;.

i=1 i=1 i=1 i=1 i=1
Therefore, the conclusion follows from taking 1, = fin ,, - O
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If we consider the set consisting of all reduced measures for (CS), we then easily
see that it is not itself a vector space, but it is closer under addition.

As a final result we obtain the independence of reduced limit with respect to the
approximating sequence in signed-measure framework whenever the convergence of
positive and negative parts is also taken as hypotheses.

Theorem 3.5. Let (1, )nen be a sequence of good measures in M(Q2) and let .,
be the solution of (CS,,). If the sequences (i, )nen and (u,, )nen are such that

ph =t and p, oo,

then (uy,)nen converges in L1(2) to the solution of (CS*).

Proof. By estimate (2.2) and the triangle inequality,

| Al pme) < 2|nll amco)-

Since the sequence (pn)nen is bounded in M(Q), the sequence (Auy)nen is also
bounded in M(2). From Stampacchia’s linear regularity theory (see [11], Theo-
rem 9.1, and [9], Proposition 5.8), the sequence (uy)nen is bounded in Wol’q(Q) for
every 1 < ¢ < 2. By the Rellich-Kondrachov compactness theorem (see [2], The-
orem 9.16), there exists a subsequence (uy, )ken converging to some function u in
L'(Q2) and a.e. in Q. By Lemma 2.2, u solves

{—Au—f—e“(e“—l)—u—T in €,

u=20 on 0},
m

where 7 = > ¢;0p,, C1,C2,...Cm € Ry 1,79, .. T € A and
i=1

A={zeQ: u({z}) > 2n}.

If the set A is empty, the conclusion of the theorem follows with u* = u. We may
assume that A is nonempty, so that

A={x,...,2},

where the points z; € ) are distinct.
In view of Lemma 2.3, we can consider the solutions of

(3.2)

—Av, +evn (e — 1) = pt  in Q,
v, =0 on 0.
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Using the known result for nonnegative measures (see [10], Theorem 1.1), (v,) con-
verges to some function v € L(f2) satisfying

—Av+e¥(e’ —1) = (ut)* inQ,

v=20 on 0f).
Given i € {1,...,1}, let » > 0 be such that B,(z;) N A = {z;}. By the comparison
estimate between the solutions vy, of (3.2) and u,, of (CS,,) (see [9], Chapter 14), for

every n € N, we have

Up < U, 1n Q.

From

U v,,_]_ivv_l_’_—i-_ -1—*7
{e (e ) —e(e’ = 1)+ pu" = (u") i M),

etk (e — 1) Det(e — 1)+ 71

it follows that
(e =) +7<e (e = 1) +pt — (u).

Evaluating both sides at the set {x;}, we get
m({zi}) < (0" = (")) {zi}).

Therefore,

p{z}) —r({@i}) = p" ({2i}) = (0" = WD) {2i}) = (") ({2i}) = 27 = p*({2:}).

On the other hand, by Vazquez’s nonexistence result (see [12], Section 5, and [1],
Section 5), we also have (u — 7)({z;}) < 2n. We conclude that

(b —7)({wi}) = 2n = p*({2:})

forevery i € {1,...,1}. Besides, p = p* in Q\{xz1,...,2;}. Hence u is the solution u*
of (CS*). Since the measure u* does not depend on the taken subsequence of (uy,)
and the solution of (CS*) is unique, we deduce that the whole sequence (un)nen
converges in L'(Q) to the solution u* of (CS*). O

The particular case p, = o, * u, where g, is a mollifier sequence such that
supp ¢, C By/n, stated in [3], Theorem 11, is then extended for the larger class
of sequences of measures fulfilling the conditions given in the above theorem.
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4. A NON-UNIQUENESS EXAMPLE

To illustrate the existence of multiple reduced limits for the Chern-Simons equa-
tion, we will construct two sequences of measures converging in the weak-* sense to
zero with different reduced limits.

Theorem 3.5 implies that u, = (—1/n)dy has zero as reduced limit. We now
consider the solution u,, j, of the scalar Chern-Simons equation with the datum

1
HUn,k = 4n96k (:L‘) - 4n91/n (1[: - (Ea 0))7

where (gx) is a sequence of positive numbers converging to zero. By Lemma 3.3,
(un,k) converges to the solution u, of (CS,) with

pn = 2100 — 4701 /n (a: — (%,0))

as k goes to infinity. Applying Lemma 3.2, we have that the solution u, of (CS,)
converges to the solution of the scalar Chern-Simons equation with the datum

o= —2E50.

Thus, using Cantor’s diagonal argument, we take v,, = i, , , where k,, is chosen in

order to have g

[unk, = tnllLi(sy) < 7
Therefore, for p, = —(1/n)do and v, = 4ngyy, (v) — 4101 /n(x — (1/n,0)) (for an
appropriate subsequence (k) of integer numbers), the corresponding solutions wu,,
and v, converge to the solution of the scalar Chern-Simons equation with 0 and
—2mdy as data, respectively.

5. CHERN-SIMONS SYSTEM

The authors have also approached the approximation scheme in [10] for the Chern-

Simons system
—Au+e’(e*—1)=p inQ,

—Av+4ee"—1)=v inQ,
u=v=0 on 02
with nonnegative measures. An additional hypothesis p({z}),v({z}) < 4n for all

x € Q is necessary to ensure the stability of the solutions, i.e. if yt,, — p and v,, — v
in M(f) then the pair of the solutions (u,,v,) converges in L'(2) x L'(Q) to a
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solution of the Chern-Simons system with prescribed data. In a future work, we will
precisely elaborate the results for the system with signed measures as we intend to
investigate the general case when the measures p and v are not restricted on unitary
sets by the value of 4n.
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