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Abstract. We obtain several fuzzy differential subordinations by using a linear operator

I
n,α
m,γf(z) = z +

∞∑

k=2
(1 + γ(k − 1))nmα(m+ k)−αakz

k. Using the linear operator In,αm,γ , we

also introduce a class of univalent analytic functions for which we give some properties.
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1. Introduction

Let D ⊂ C,H(D) be the class of holomorphic functions on D and denote by Hn(D)

the class of holomorphic and univalent functions on D. In this paper, we denote by

H(U) the class of holomorphic functions in the open unit disk U = {z ∈ C : |z| < 1}

with ∂U = {z ∈ C : |z| = 1} the boundary of the unit disc. For a ∈ C and k ∈ N, we

denote

H[a, k] = {f ∈ H(U) : f(z) = a+ akz
k + ak+1z

k+1 + . . . , z ∈ U},

Ak = {f ∈ H(U) : f(z) = z + ak+1z
k+1 + . . . , z ∈ U} with A1 = A,

and

S ={f ∈ A : f is a univalent function in U}.

Denote by

K =
{

f ∈ A : ℜ
(

1 +
zf ′′(z)

f ′(z)

)

> 0, z ∈ U

}

the class of convex functions in U.
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Definition 1.1 ([7] and [13]). Let f and g be analytic functions in U. We say

that f is subordinate to g, written f ≺ g, if there exists a Schwarz function w,

which is analytic in U with w(0) = 0 and |w(z)| < 1 for all z ∈ U, such that

f(z) = g(w(z)). Furthermore, if the function g is univalent in U, then we have the

following equivalence:

f(z) ≺ g(z) ⇔ f(0) = g(0) and f(U) ⊂ g(U).

In order to introduce the notion of fuzzy differential subordination, we use the

following definitions and propositions:

Definition 1.2 ([10]). Assume that Y be a nonempty set. An application F :

Y →[0, 1] is called fuzzy subset. A pair (B,FB), where FB : Y →[0, 1] and

(1.1) B = {x ∈ Y : 0 < FB(x) 6 1} = sup(B,FB),

is called fuzzy set. The function FB is called membership function of the fuzzy set

(B,FB).

Proposition 1.1 ([14]).

(i) If (B,FB) = (U ,FU ), then we have B = U , where B = sup(B,FB) and U =

sup(U ,FU).

(ii) If (B,FB) ⊆ (U ,FU ), then we have B ⊆ U , where B = sup(B,FB) and U =

sup(U ,FU).

Let f, g ∈ H(D). We denote

(1.2) f(D) = {f(z) : 0 < Ff(D)f(z) 6 1, z ∈ D} = sup(f(D),Ff(D))

and

(1.3) g(D) = {g(z) : 0 < Fg(D)g(z) 6 1, z ∈ D} = sup(g(D),Fg(D)).

Definition 1.3 ([14]). Let z0 ∈ D and f, g ∈ H(D). The function f is said to be

fuzzy subordinate to g, written f ≺F g or f(z) ≺F g(z), when following conditions

are satisfied:

(i) f(z0) = g(z0),

(ii) Ff(D)f(z) 6 Fg(D)g(z), z ∈ D.

Proposition 1.2 ([14]). Assume that z0 ∈ D and f, g ∈ H(D). If f(z) ≺F g(z),

z ∈ D, then

(i) f(z0) = g(z0),

(ii) f(D) ⊆ g(D), Ff(D)f(z) 6 Fg(D)g(z), z ∈ D, where f(D) and g(D) are defined

by (1.2) and (1.3), respectively.
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Definition 1.4 ([16]). Assume thatΦ: C
3×U → C and h ∈ S with Φ(a, 0, 0; 0) =

h(0) = a. If p is analytic in U with p(0) = a and satisfies the second order fuzzy

differential subordination

FΦ(C3×U)Φ(p(z), zp
′(z), z2p′′(z); z) 6 Fh(U)h(z),(1.4)

i.e. Φ(p(z), zp′(z), z2p′′(z); z) ≺F h(z), z ∈ U,

then p is called a fuzzy solution of the fuzzy differential subordination. The univalent

function q is called a fuzzy dominant of the fuzzy solutions for the fuzzy differential

subordination if

Fp(U)p(z) 6 Fq(U)q(z), i.e. p(z) ≺F q(z), z ∈ U

for all p satisfying (1.4). A fuzzy dominant q̃ that satisfies

Fq̃(U)q̃(z) 6 Fq(U)q(z), i.e. q̃(z) ≺F q(z), z ∈ U

for all fuzzy dominants q of (1.4) is said to be the fuzzy best dominant of (1.4).

The integral operator Kαm : A → A is defined for α > 0 and m > −1 as follows

(see Komatu [12] with p = 1):

K0
mf(z) = f(z) = z +

∞
∑

k=1

ak+1z
k+1

and

(1.5) Kαmf(z) =
(m+ 1)α

Γ(α)zm

∫ z

0

tm−1
(

log
z

t

)α−1

f(t) dt.

It can be easily verified that

(1.6) Kαmf(z) = z +
∞
∑

k=1

( m+ 1

m+ k + 1

)α

ak+1z
k+1.

El-Ashwah et al. (see [9] with p = 1) introduced the linear multiplier operator In,αm,γ :

A → A given as:

I0,0
m,γf(z) = f(z),

I1,α
m,γf(z) = Iαm,γf(z) = (1− γ)Kαmf(z) + γz(Kαmf(z))

′

= z +

∞
∑

k=1

(1 + γk)
( m+ 1

m+ k + 1

)α

ak+1z
k+1,

I2,α
m,γf(z) = Iαm,γ(I

1,α
m,γf(z))

= z +
∞
∑

k=1

(1 + γk)2
( m+ 1

m+ k + 1

)α

ak+1z
k+1,

399



in general,

(1.7) In,αm,γf(z) = Iαm,γ(I
n−1,α
m,γ f(z)) = z +

∞
∑

k=1

(1 + γk)n
( m+ 1

m+ k + 1

)α

ak+1z
k+1,

α > 0, m > −1, γ > 0, n ∈ N0.

It is easily verified from (1.7) that

(1.8) z(In,αm,γf(z))
′ = (m+ 1)In,α−1

m,γ f(z)−mIn,αm,γf(z)

and

(1.9) γz(In,αm,γf(z))
′ = In+1,α

m,γ f(z)− (1− γ)In,αm,γf(z).

By specializing the parameters m, γ, α and n, we obtain the following operators:

I0,δ
c,γf(z) = Kδc,1f(z) (see [11]);

I0,α
a−1,γf(z) = Lαaf(z) (see [4] and [5]);

I1,α
c,0 f(z) = Pαc f(z) (see [12] and [17]);

I1,1
c,0 f(z) = Lcf(z) (see [6]);

I1,α
1,0 f(z) = Iαf(z) (see [8]);

In,0m,γf(z) = Dn
γf(z) (see [1]);

In,0m,1f(z) = Dnf(z) (see [18]).

Also, we note that

(1.10) I−n,α
m,γ f(z) = z +

∞
∑

k=1

( 1

1 + γk

)n( m+ 1

m+ k + 1

)α

ak+1z
k+1.

From (1.7) and (1.10) we observe that the operator In,αm,γf(z) is well defined from

n ∈ Z = {0,±1,±2, . . .}.

By using the linear operator In,αm,γf(z) defined by (1.7), we will derive several fuzzy

diferential subordintions for this class.

Definition 1.5. A function f ∈ A belongs to the class MF
m,γ(n, α, η) for all

η ∈ [0, 1), n ∈ N0, m > −1, γ > 0 and α > 0 if it satisfies the inequality

F(In,α

m,γf)′(U)(I
n,α
m,γf(z))

′ > η, z ∈ U.
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2. Preliminary

To prove our results, we need the following lemmas.

Lemma 2.1 ([13]). Let ψ ∈ A and G(z) = z−1
∫ z

0
ψ(t) dt, z ∈ U. If

ℜ(1 + zψ′′(z)/ψ′(z)) > −
1

2
, z ∈ U,

then G ∈ K.

Lemma 2.2 ([15], Theorem 2.6). Assume that h is a convex function with

h(0) = a and ν ∈ C
∗ = C \ {0} with ℜ(ν) > 0. If p ∈ H[a, n] with p(0) = a,

Φ: C
2 × U → C, Φ(p(z), zp′(z); z) = p(z) + ν−1zp′(z) is analytic function in U and

FΦ(C2×U)

(

p(z) +
1

ν
zp′(z)

)

6 Fh(U)h(z), i.e. p(z) +
1

ν
zp′(z) ≺F h(z), z ∈ U,

then

Fp(U)p(z) 6 Fq(U)q(z) 6 Fh(U)h(z), i.e. p(z) ≺F q(z), z ∈ U,

where

q(z) =
ν

nzν/n

∫ z

0

h(t)t−1+ν/n dt, z ∈ U.

The function q is convex and it is the fuzzy best dominant.

Lemma 2.3 ([15], Theorem 2.7). Let g be a convex function in U and let ψ(z) =

g(z) + nγzg′(z), where z ∈ U, n ∈ N and γ > 0. If

p(z) = g(0) + pnz
n + pn+1z

n+1 + . . .

is holomorphic in U and

Fp(U)(p(z) + γzp′(z)) 6 Fψ(U)ψ(z), i.e. p(z) + γzp′(z) ≺F ψ(z), z ∈ U,

then

Fp(U)(p(z)) 6 Fg(U)g(z), i.e. p(z) ≺F g(z), z ∈ U;

this result is sharp.

For the general theory of fuzzy differential subordination and its applications, we

refer the reader to [2], [12]–[14], [16].

The objective of the present section is to obtain several fuzzy differential subor-

dinations associated with the integral operator In,αm,γ by using the method of fuzzy

differential subordination.
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3. Main results

Assume that η ∈ [0, 1), n ∈ N0, m > 0, α, γ > 0 and z ∈ U are mentioned through

this paper:

Theorem 3.1. Let k be a convex function in U and suppose that h(z) = k(z) +

zk′(z)/(λ+ 2). If f ∈ MF
m,γ(n, α, η) and

(3.1) G(z) = Iλf(z) =
λ+ 2

zλ+1

∫ z

0

tλf(t) dt,

then

(3.2) F(In,α

m,γf)′(U)(I
n,α
m,γf(z))

′ 6 Fh(U)h(z), i.e. (In,αm,γf(z))
′ ≺F h(z),

implies that

F(In,α

m,γG)′(U)(I
n,α
m,γG(z))

′ 6 Fk(U)k(z), i.e. (In,αm,γG(z))
′ ≺F k(z);

this result is sharp.

P r o o f. Since

zλ+1G(z) = (λ+ 2)

∫ z

0

tλf(t) dt,

by differentiating, we obtain

(λ+ 1)G(z) + zG′(z) = (λ+ 2)f(z)

and

(3.3) (λ + 1)In,αm,γG(z) + z(In,αm,γG(z))
′ = (λ+ 2)In,αm,γf(z),

and also by differentiating (3.3) we obtain

(3.4) (In,αm,γG(z))
′ +

1

(λ+ 2)
z(In,αm,γG(z))

′′ = (In,αm,γf(z))
′.

By using (3.4), the fuzzy differential subordination (3.2) becomes

(3.5) F(In,α

m,γf)′(U)((I
n,α
m,γG(z))

′ +
1

(λ+ 2)
z(In,αm,γG(z))

′′)

6 Fh(U)

(

k(z) +
1

(λ+ 2)
zk′(z)

)

.
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We denote

(3.6) q(z) = (In,αm,γG(z))
′ → q ∈ H[1, n].

From (3.6) in (3.5) we have

(3.7) F(In,α

m,γf)′(U)

(

q(z) +
1

(λ+ 2)
zq′(z)

)

6 Fh(U)

(

k(z) +
1

(λ+ 2)
zk′(z)

)

,

by applying Lemma 2.3, we have

Fq(U)q(z) 6 Fk(U)k(z), i.e. F(In,α

m,γG(z))′(U)(I
n,α
m,γG(z))

′ 6 Fk(U)k(z),

then (In,αm,γG(z))
′ ≺F k(z), k is the fuzzy best dominant. �

Theorem 3.2. Consider h(z) = (1 + (2η − 1)z)/(1 + z), η ∈ [0, 1), λ > 0 and Iλ

is given by (3.1). Then

(3.8) Iλ(MF
m,γ(n, α, η)) ⊂ MF

m,γ(n, α, ζ),

where

(3.9) ζ = 2η − 1 + (λ+ 2)(2− 2η)

∫ 1

0

tλ+2

t+ 1
dt.

P r o o f. The function h is convex and using the same technique as in the proof

of Theorem 3.1, we obtain from the hypothesis of Theorem 3.2 that

Fq(U)

(

q(z) +
1

(λ+ 2)
zq′(z)

)

6 Fh(U)h(z),

where q(z) is defined in (3.6). By using Lemma 2.2, we obtain that

Fq(U)q(z) 6 Fk(U)k(z) 6 Fh(U)h(z)

implies that

F(In,α

m,γG)′(U)(I
n,α
m,γG(z))

′
6 Fk(U)k(z) 6 Fh(U)h(z),

where

k(z) =
λ+ 2

zλ+2

∫ z

0

tλ+1 1 + (2η − 1)t

1 + t
dt = (2η − 1) +

(λ + 2)(2− 2η)

zλ+2

∫ z

0

tλ+1

1 + t
dt.

Since k is convex and k(U) is symmetric with respect to the real axis, we conclude

(3.10) F(In,α

m,γG)′(U)(I
n,α
m,γG(z))

′
> min

|z|=1
Fk(U)k(z) = Fk(U)k(1),

and ζ = k(1) = 2η− 1+ (λ+2)(2− 2η)
∫ 1

0
tλ+2/(t+ 1)dt. From (3.10), we conclude

that we have the inclusion in relation (3.8) and hence the proof of the theorem is

complete. �
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Theorem 3.3. Assume that k is a convex function in U, k(0) = 1, and let h(z) =

k(z) + zk′(z). If f ∈ A and satisfies the fuzzy differential subordination

(3.11) F(In,α

m,γf)′(U)(I
n,α
m,γf(z))

′ 6 Fh(U)h(z), i.e. (In,αm,γf(z))
′ ≺F h(z),

then

(3.12) FIn,α

m,γf(U)

In,αm,γf(z)

z
6 Fk(U)k(z), i.e.

In,αm,γf(z)

z
≺F k(z),

and this result is sharp.

P r o o f. By denoting

q(z) =
1

z
In,αm,γf(z) =

1

z

(

z +

∞
∑

k=2

(1 + γ(k − 1))n
( m

m+ k

)α

akz
k

)

= 1 +

∞
∑

k=2

(1 + γ(k − 1))n
( m

m+ k

)α

akz
k−1,

we obtain that q(z) + zq′(z) = (In,αm,γf(z))
′. Then

F(In,α

m,γf)′(U)(I
n,α
m,γf(z))

′ 6 Fh(U)h(z)

→ Fq(U)(q(z) + zq′(z)) 6 Fh(U)h(z) = Fk(U)(k(z) + zk′(z)).

Applying Lemma 2.3, we have

Fq(U)q(z) 6 Fk(U)k(z) → FIn,α

m,γf(U)

In,αm,γf(z)

z
6 Fk(U)k(z),

we get
In,αm,γf(z)

z
≺F k(z),

and this result is sharp. �

Theorem 3.4. For h ∈ H(U), h(0) = 1, which satisfies ℜ(1+zh′′(z)/h′(z)) > − 1
2 ,

if f ∈ A and verifies the fuzzy differential subordination

(3.13) F(In,α

m,γf)′(U)(I
n,α
m,γf(z))

′
6 Fh(U)h(z), i.e. (In,αm,γf(z))

′ ≺F h(z),

then

(3.14) FIn,α

m,γf(U)

In,αm,γf(z)

z
6 Fk(U)k(z), i.e.

In,αm,γf(z)

z
≺F k(z),

where

k(z) =
1

z

∫ z

0

h(t) dt.

The function k is convex and it is the fuzzy best dominant.
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P r o o f. Let

q(z) =
In,αm,γf(z)

z
= 1 +

∞
∑

k=2

(1 + γ(k − 1))n
( m

m+ k

)α

akz
k−1, q ∈ H[1, 1],

where ℜ(1 + zh′′(z)/h′(z)) > − 1
2 . From Lemma 2.1, we have that

k(z) =
1

z

∫ z

0

h(t) dt

is a convex function which satisfies the fuzzy differential subordination (3.13). Since

k(z) + zk′(z) = h(z)

is the fuzzy best dominant, we have q(z)+zq′(z) = (In,αm,γf(z))
′, then (3.13) becomes

Fq(U)(q(z) + zq′(z)) 6 Fh(U)h(z).

By applying Lemma 2.3, we have

Fq(U)q(z) 6 Fk(U)k(z) → FIn,α

m,γf(U)

In,αm,γf(z)

z
6 Fk(U)k(z),

and we obtain that
In,αm,γf(z)

z
≺F k(z).

�

Putting h(z) = (1 + (2β − 1)z)/(1 + z) in Theorem 3.4, we obtain the following

corollary:

Corollary 3.1. Let h = (1 + (2β − 1)z)/(1 + z) be a convex function in U with

h(0) = 1, 0 6 β < 1. If f ∈ A and verifies the fuzzy differential subordination

F(In,α

m,γf)′(U)(I
n,α
m,γf(z))

′ 6 Fh(U)h(z), i.e. (In,αm,γf(z))
′ ≺F h(z),

then

k(z) = 2β − 1 +
2(1− β)

z
ln(1 + z),

and the function k is convex and it is the fuzzy best dominant.

4. Conclusion

All the above results give us information about fuzzy differential subordinations

for a linear operator In,αm,γ . We give some properties for the class M
F
m,γ(n, α, η) of

univalent analytic functions.
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