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Abstract. We study the existence and nonexistence of positive solutions of the nonlinear
equation

Q) —Apyu = Ak(z)u? £ h(z)u" in Q, uw=0ondQ,
where Q € RN, N > 2, is a regular bounded open domain in RY and the p(z)-Laplacian

Apieyu = div(|VulP ™ 2 V)

is introduced for a continuous function p(xz) > 1 defined on Q. The positive parame-
ter A induces the bifurcation phenomena. The study of the equation (Q) needs generalized
Lebesgue and Sobolev spaces. In this paper, under suitable assumptions, we show that some
variational methods still work. We use them to prove the existence of positive solutions to

the problem (Q) in WO1 P (x)(Q). When we prove the existence of minimal solution, we use
the sub-super solutions method.

Keywords: variable exponent Sobolev space; p(z)-Laplace operator; concave-convex non-
linearities; variational method
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1. INTRODUCTION

Let Q@ ¢ RN, N > 2, be a bounded regular open domain in RY and consider the
following problem involving the p(z)-Laplace operator with the Dirichlet boundary

condition:
—Apyu = Ak(z)u? + h(z)u” in Q,
(1.1) u>0 in €,
u=20 on 012,
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and
—Apyu = Ak(z)u? — h(z)u” in Q,
(1.2) u>0 in €,
u=20 on 012,

where p(z) : Q — R is a continuous function,
Apoyu = div(|VulP D2 vu),

A a positive parameter and, h and k are two functions in L>(€2). This type of partial
differential equations with p(z)-Laplacian attracted many and many researchers in
the last century because of their importance and their applications. They describe
various physical phenomena. For example, they model the electro-rheological fluids,
which is an important category of non-Newtonian fluids (see [18]). They are used in
image restoration (see [6]), elasticity (see [24]) and the process of filtration throughout
porous media (see [4]). The perception of such physical models has been made easier
by the deployment of many mathematics research such as [1], [2], [5], [7], [10], [15],
[20], [21], [22], [23] and the references therein.

The study of the problem (1.1) goes back to 1994 when Ambrosetti et al. in [3]
considered the problem

—Au = u?+u" in §,

(1.3) u >0 in €,
u=0 on 052

for

(1.4) D<g<l<r<2t -1,

where 2* is the critical Sobolev exponent given by

2N
(1.5) 2*={ N-2
00 if N <2.

it N> 2,

After that, the problem (1.3) was generalized by Radulescu and Repovs in [17] for
concave-convex nonlinearities. They studied the solvability of the problem

—Au = Mk(z)u? £ h(z)u” in Q,
(1.6) u>0 in Q,
u=0 on 0N
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for ¢ and r satisfying the condition (1.4) and, h(z) and k(z) being positive functions
verifying

(1.7) e&;seglf k(x) >0 and e&;seglf h(z) > 0.

Later, Saoudi in [19] considered the problem (1.6) with the p-Laplace operator

—Apu = —div(|VulP~2Vu)

for
(1.8) 0<g<p—1<r<p—1,
where
= N——p ifp< N,
00 ifp>N

was the corresponding critical Sobolev exponent.
In this paper, we consider (1.1) and (1.2) where p(z) is a function satisfying

min p(z) > 1.
zeQ

In order to introduce our result, let

pT =supp(z) and p~ = inf p(x),
z€Q z€Q

and through this paper, we suppose that

(1.9) 0<g<p —1<pt—1<r<p*(x)-1,
where
N
_Np(z) if p(z) < N,
(1.10) p*(z) ={ N —p(x)
o0 otherwise

is the critical Sobolev exponent. We consider the following definition of solutions
(weak solution).

Definition 1.1. We say that v € Wol’p(m)(ﬂ) is a weak solution of (1.1) if
(1.11) / IVulP) 2V - Vpdr = )\/ k(m)quodx—l—/ h(z)u"pdx
Q Q Q
for all p € C°(Q).
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C(€) denotes the space of all C° real functions with the compact support
included in Q. In a similar way, we define the weak solution for the problem (1.2).
In the next section, we define the variable exponent Sobolev space WO1 P (z)(Q) and
we give some of its properties that will be used later. Our main results follow.

Theorem 1.1. Suppose that the positive functions h and k satisfy the condi-
tion (1.7) and q and r satisfy (1.9). Then there exists a positive number \* such that:
(i) If 0 < A < X*, then the problem (1.1) has a positive minimal solution uy.
(ii) If A = X*, then the problem (1.1) has a positive solution.
(iii) If A > A\*, then the problem (1.1) does not have a nontrivial solution.

For the problem (1.2), we will prove the following theorem.

Theorem 1.2. Assume that the positive functions h and k verify the condi-
tion (1.7) and q and r satisfy (1.9). Then there exists a positive real \* such that:
(i) If A > A*, then the problem (1.2) has a positive solution.
(ii) If A < A*, then the problem (1.2) does not have a nontrivial solution.

2. PRELIMINARIES

Let © be an open bounded subset of R, N > 2. When we have to deal with
equations involving p(z)-Laplace operator, we can use variable exponent Lebesgue
spaces LP(*)(Q) introduced by Orlicz, see [16]. Many studies were carried out, see
for example [24], [25] and the references therein. For further properties and details
on the space LP(*)(Q), we can refer to [3], [14]. For the variable exponent Sobolev
spaces WHP(@)(Q), we refer to [8], [9], [11], [12], [14].

First, let

C+ () = {p(z) € C(Q): p(x) > 1 for all z € Q}.

For p(z) € C (), we define the generalized Lebesgue space LP(*)(Q) as
(2.1) LP@)(Q) = {u: Q — R: u is measurable and / lu(z)|P®) dx < oo},
Q

endowed with the norm (Luxemburg norm)

()
(2.2) Ul p(z) = inf{)\ >0: / ‘@‘p dz < 1}.
Q

The space LP(*)(Q) is a Banach space and it is reflexive if and only if 1 < p~ <
pt < co. When pt < oo, C.(2), the space of continuous real functions with compact
support included in Q is dense in LP(*) ().
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Also, we have an important embedding result. If p; and po are two functions in
C, (Q) such that p; < p in €, then there exists a continuous embedding

LP2@)(Q) — L@ ().

Now, for k being a positive integer number and p(z) € C.(Q), the generalized
Sobolev space is

(2.3) WhPE(Q) = {u € LP®(Q): DY € LP@)(Q) for all |a| < kY,
N

where a = (a1, ..., ay) is the multi-index, || = Y «; is the order of o and
i=1

olely

D%y =
aq Qg anN
0x{"0xy” ... 0z

is the derivative in the distribution sense.
On WFP®)(Q), we consider the norm

ulk,p(z) = Z |D%ul o) () -

laf <k

We denote by Wol’p(m)(Q) the closure of C(Q) in W1?(#)(Q) and we endow it by

the norm

(2.4) Hqu(x) = |Vu|p(w)'

An important tool when we deal with variable exponent Sobolev spaces is the func-
tion g: LP*®)(Q) — R defined by

ofu) = / @ da,
Q

which possesses the following properties

_ +
N _

(2.6) |u|p(x) <1l= |u|z(z) <o(u) < |u|£(z)a

(2.7) [tn = ulpzy = 0 & o(up —u) = 0.

The following result generalizes the Sobolev embedding theorem.

Theorem 2.1 ([14]). Let 2 C RN, N > 2, be an open regular bounded domain
in RN and assume that p,r € C(Q) are such that p(z) < r(x) < p*(z) for allx € Q.
Then there exists a continuous embedding Wol’p(x)(Q) — L"®),

Also, the embedding is compact if r(x) < p*(z) for a.e. x € Q.
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3. PrOOF OF THEOREM 1.1

In Theorem 1.1 (i), we want to prove the existence of the minimal solution, for
this we use the sub-super-solutions method.

Definition 3.1. We say that v € Wol’p(x)(ﬂ) is a sub-solution of (1.1) if
(3.1) —Apyu < Me(z)u? +u”.

In the same way, a function u € Wg’p(x)(Q) is called a super-solution of (1.1) if
u > 0 in Q and the reverse inequality holds in (3.1).
Let

(3.2) A" :=sup{\ > 0: (1.1) has a solution}
and the energy functional Ey be given by

(3:3) Ea(u) = /Q ]ﬁlvuvf’(’”)dm—L k(z)utt dz —

g+1 /g

1
r+1

/ h(z)u" dz
Q

on the Sobolev space Wol’p(x)(Q).

Proof of Theorem 1.1. (i) The proof will be given in several steps.
Step 1. (There exists Ao such that for all 0 < A < A\ the problem has a solution.)
Consider the eigenvalue Dirichlet problem

— Ay i = Me(2)@?  in Q,
(3.4) p(x) (2)
oo =0, >0 in Q.

For g satisfying (1.9), there exists A 1 such that for all 0 < A < Xg,1, the problem (3.4)
has a positive solution @y, see [13]. Let u, = €y, then

~ Dyt = Ak(2)e! ™ 1as.
For ¢ € (0,1) sufficiently small and ¢ < p~ — 1, we have
(3.5) Me(2)eP @7 1ad < Me(2)etad < Me(2)etad + h(x)e" b,

and so u, is a sub-solution of the problem (1.1).
Now, let v be the positive solution to the problem

(3 6) —Ap(x)v =A+1 in Q,
' vlga =0, v>0 inQ.

Let

(3.7) F(u) = Me(z)u? + h(z)u”



Consider uy = Tv(x), where T is a real number such that
(3.8) —Ap)liy = F(TM) > F(Wy),
where M = max{1, ||v]ls}. We have —A, )Ty = TP@~1(A + 1) and
(3.9) F(uy) = Me(2)T? + h(z)T™v" < Aey TIM + coT"M"

with ¢1 = ||k||L~ and ca = ||h||L=. So, it is enough to look for T such that

(3.10) A+ 12 AT M9+ cT™ P M™ when T > 1,
A1 AT P M9 4 TP " when 1> T,
because
TP@= YN +1)>TP “Y(A+1) whenT >1,
TP YA+ 1) > TP "'(A+1) when 1> T.
Let
3.11) . MNATIHI=P" L BT"1=P"  when T > 1,
' AT ATt L BT hen 1> T,

where A = c1M?, B = coM" and (7)) is a continuous function.

3.12 li T)= 1 T) =

(3.12) 50+ #(T) T #(T) = oo,

sinceq+1—p  <0<r+1—-—p andg+1—pt <0<r+1—pt, sop reaches
its a minimum in [0, 00). For A small enough, an elementary computation points out
that the function ¢ reaches its minimum at Ty = CAY("=9 where C is a positive

constant and
C=(AB ' (r—pt+1)(p* —q—-1)"H2.

Then, there exists g 2 such that for 0 < A < Ag 2,

uy(z) = Thv

is a super-solution of problem (1.1). Let Ay = inf{\o, 1, Ao,2}. Consider A € (0, Ao). In
order to prove that u, < %y, we use the fact that @ is bounded and for ¢ sufficiently
small, we have

(3.13) —Apaytty < Me(2)eP@ 7109 < Nk(2)TL < —Apa)Tn.
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By the weak comparison principle, we conclude that u, < ux and then (1.1)
has a solution u between the sub-solution and the super-solution. So, the set

= {A > 0: (1.1) has a weak solution} is not empty and A\* := sup{\ > 0:
(1.1) has a weak solution} exists in (0, 00).

Step 2. (A is an interval containing (0,A*).) Let A € A and X be such that
0 < N < A. Since A € A, the problem (1.1) has a positive solution for this value A
which is a super-solution for the equation (1.1) when A is replaced by \'. However,
u, = €1, is a sub-solution for some 0 < v < Ag,; for € small enough. As in Step 1,
by the inequality (3.13) and the comparison principle, we have u, < uwy and so the
problem (1.1), when A is replaced by A, has a positive solution and then X € A.
So T is an interval containing (0, \*).

Step 3. (For A € (0,\*), the equation (1.1) has a minimal solution.) Since A\ €
(0, A*), then the problem (1.1) has a positive solution U. U is a super-solution
o (1.1). Consider u, = e, for some 0 < v < X and € small enough such that u, is
a sub-solution for the problem (1.1) and u, < U.

Let up = u, and consider the monotone iterative scheme

(3.14) { —Ap@yUun = Me(z)ud_y +h(z)ul,_; inQ,
Up =0 on O0f).

We obtain from the weak comparison principle that (u,) is a nondecreasing sequence
and ug < w3 < ... < U. So the sequence (u,) is uniformly bounded in Wol’p(x)(Q)
and converges to a solution uy of (1.1). We remark that the construction of the
sequence (u,,) does not depend on the super-solution U and so any solution v of the
equation of (1.1) can be considered as a super-solution. We have uy < uy < v and
then u) is the minimal positive solution.

(ii) Step 1. (N\* is a finite real.) Let A € (0, A*) and uy be a minimal solution of
the problem (1.1). Put

U ={xeQ: ur(z) 21}, Qa={zecQ: uxr(r) <1}

By density, we can take ¢ = u, ? as a test function in the weak formulation of (1.1)
and we obtain

(3.15) /|Vuk|p(”) Vuy - Vu)\qda:—/\/k ul” qu—l—/h Vlde
/\/k qqu>)\C’/qudm
—ACIQlN 1.
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Using Poincaré inequality and by the Young inequality with v € (0, 1), the first term
on the left-hand side of (3.15) may be estimated as

/ |V [P =2V uy - Vuy ! dx
Q
= q/ [Vup [P@ oy 97" da
Q

< q</ (py*l/(P(z)*l)|VUA|P(I))(P(I)71)/p(z)(,yu;q—1)1/p(m) d{E>
Q

<q</ D) =1 1/0)-1) gy o) dx+/ et dx)
o p) o p(z)

< Cl/ |Vu)\|p(””) dx + Cg/ u;\qfl dx.
Q Q
Moreover,

/|Vu,\|p(”)_2Vu,\-Vu;qda:SCl/ |Vu>\|p(’”)dx+02/ uy 7 da
Q Q

1 951

—l—Cl/ |Vu,\|p(”)da:+02/ u;q_ldx
QQ QQ

=112 +1l34.

On one hand, by using (2.5) we get

+ N N
I, o< Cl“u)\”g(x) + C'z/Q u’;(x) dz < C1||u,\||£(x) + C2||u)\||£(x).

1

On the other hand, using (2.6)we obtain

II374 g Cl”u)\||z(7m) + CQ/ u;rfl dz (—’I" 1< —q— 1)

Qo

(=r=1)/p(x)
) (—r— 1< p(a))

< C1HU)\||£(_I) + Oy (/Q u’;(x) dz

2
< Cillualll iy + Colluall iy s
where Cy, Cy are positive constants. So, we have

p+

/Q [Vuy PO =2V, - Va4 de < c(llually

T luallZ, + sl

for some constant ¢ > 0. From the inequality (3.15), we deduce that A* < oco.
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Step 2. (The problem (1.1) has a solution when A = A*.) Let {A;}ren be a
sequence such that A\ T A* as k — oo. Since Ay € (0, \*), there exists up = uy,,
a weak positive solution to (1.1) for A = A, and uy > uy, = 0. We claim that
the sequence (u) is bounded in Wol’p(m)(Q). Indeed, if it is not bounded, then
llullp(z)y — 00 up to a subsequence. So, we get

1 1
EA(U)> [ull? gy = Crllullits = Collullyi1,

where C; and C5 are positive constants. By using (1.9) and since the embeddings
Wol’p(m)(Q) — L"T(Q) < L7 (Q) are continuous, for [ull,) > 1 we get

1 1
(3.16) EA(U)> lullp iy — Kallullyy — Kallullyf),

where K, Ko are positive constants. So, if |||, — oo, then Ex(u) — oo. Thus,
up to a subsequence,

(3.17) Ey, (ur) - 00 as k — oo.

On the other hand, wuy is a solution for the problem (1.1) with A = A;. We know
that the equation (1.11) remains true for u € Wol’p(x)(Q) by density. Taking uj as a
test function in (1.11), we obtain

(3.18) /|Vuk|p(’”)dx:>\k/k( Ju q+1dx+/ h(z)u r+1dx
Q Q Q

And so,

E), (ug) /|Vuk|p(x) dx — (,\k/ k(x q+1 dx+/ h(z 7"+1 ) <0,

which contradicts (3.17). Then the sequence (uy) is bounded in Wol’p(z)(Q). By the
generalized compactness Sobolev embedding, there exists an element u € VVO1 P (x)(Q)
such that

(3.19) up —u in Wol’p(m)(Q) (weakly) as k — oo,

(3.20) up —u in LI(Q) as k — oo,

(3.21) up = u  a.e. in as k — oo.

We get

(3.20) / |Vul[P® 2Ty - Vo dz = )\*/ k(z)ulpdx +/ h(x)u"p da
Q Q Q
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for any ¢ € Wol’p(x)(ﬂ). If u is not nonnegative, we can take |u| and by the com-
parison principle, the solution is positive. So for A = A*, the problem (1.1) has a
positive solution.

(iii) By the definition of A*, there is no solution for the problem (1.1) for all A > \*
and this accomplishes the proof of Theorem 1.1. O

4. PROOF OF THEOREM 1.2

Recall that the norm in L*(2), when 1 < s < 00, is given by

1/s
lulls == </ |u|5ds> .
Q

Consider Jy: Wol’p(m)(Q) — R given by

1 A
—— |VuP® dz — —— [ E(z)u? de +

1) J/\(U)_/Qp(m) q+1 Jgo

/ h(z)u"t d.
r+1 Jq
Let

A :={A > 0: (1.2) has a nontrivial solution}.

The proof of Theorem 1.2 will be also given in several steps.
(i) Step 1. (A is a nonempty set.) Let A > 0. For u € Wol’p(x)(ﬂ) and for
lullpezy > 1, we have

1 - +1 1
Ta(w) = —lfully, = Crllull 1 + Callul:
where C; and C; are positive constants. From (1.9) and continuous embedding
theorems, we have

(4.2) Ta(w) > [l = Kl
where K is a positive constant. Then Jx(u) — oo as |lul|,) — oo and the func-
tional J is coercive. The lower semi-continuity of the norms induces the lower semi-
continuity of the functional J.

Let (u,) be a minimizing sequence of Jy in Wol’p(z)(Q), which is bounded in
WO1 P (z)(Q), since J is coercive. With no loss of generality, we can suppose that
(un,) is nonnegative, converges pointwise and converges weakly to u in WO1 P (x)(Q).
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Furthermore, using the boundedness of (uy,,) in W1 -p(@) () and the weak lower semi-
continuity of the norm ||-||,), we obtain
Jx(u) < lim inf Jy(uy).
n—oo
Consequently, u is a global minimizer of Jy in WO1 P (x)(Q) and u is nonnegative.
Step 2. (The function u introduced in Step 1 is a nontrivial solution of (1.2) for

some A > 0.) We have J)(0) = 0 and we claim that J(u) < 0. To prove the claim,
consider

4. _ p(w ) . / a+1l gy — |
(4.3) M {wEWO q—|—1 k(z)|w|T™ dz =

and let I be the functional defined on M by
(4.4) I(w) = / | Vul? () e+ / h(@) |+ de.
o p(z)

Since M is a weakly closed subset of W1 p(@) (), we have a minimizing sequence (v,)
of I in M. By the continuous embedding theorem and the condition (1.9), the func-
tional I is coercive. So the sequence (v,,) is bounded in Wl’p(x)( Q). Since W ’p(x)(Q)
is reflexive, up to a subsequence, (v,) converges weakly to some v € W1 P (x)(Q).
But M is weakly closed in W1 p(x)(Q), therefore v € M, and by the weak lower
semi-continuity of J, we have I(v) < 1inrri>ior<1>f J(v,) and I(v) = min{I(w): w € M}.
That is

4. gy =1
(1.) — [ i o
and
1
(4.6) I(v):/ﬂ—|Vv|pdx+? h(a) o[ da.

Let ¢ := I(v). Then Jy(v) = ¢— A < 0 for any A > c. So, there exists v € Wol’p(x)(Q)
such that Jy(v) < 0. Thus Jy(u) < 0 and this completes the proof of Step 2.

Step 3. (There exists a positive real number A\* such that the problem (1.2) has a
positive solution for all A > A*.) In the beginning, let A* := inf A. As a consequence
of Step 1, A* € (0,00). Let A > A*. X is not a lower bound of A and so there exists
w € A such that A* < p < A. Since p € A, the functional J,, has a nontrivial critical
point u, € W1 p(x)(Q) and the function u, is a sub-solution of the problem (1.2)
(ie. (1.2),).

Let us consider the minimization problem
(4.7) inf{Jy(w): we W™ (Q) and u, < w}.
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As in Step 2, there exists a nonnegative function wy, the critical point of the func-
tional Jy such that uy > u,. Since u, is nontrivial, the function u is a nonnegative,
nontrivial solution of the problem (1.2). By the maximum principle (see [10]), uy is
positive.

(ii) This is due to the definition of A\*. O

5. CONCLUSION

Problems with the Laplace operator need many methods to be solved and this de-
pends on the nonlinearities of the problem. Since the p-Laplace operator is nonlinear,
when we deal with problems involving this operator, the study of the solvability be-
comes more difficult.

Here, with the p(x)-Laplace operator, it is not easy to investigate the existence
and the nonexistence of the positive solution and to perform one step, we can need
more than one method. As perspectives, we can study the problems (1.1) and (1.2)
when the growths of the solutions are variables.
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