
148 (2023) MATHEMATICA BOHEMICA No. 2, 237–242
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Abstract. Let p ≡ 1 (mod 8) and q ≡ 3 (mod 8) be two prime integers and let
l 6∈ {−1, p, q} be a positive odd square-free integer. Assuming that the fundamen-
tal unit of Q

(√
2p

)

has a negative norm, we investigate the unit group of the fields
Q
(√
2,
√
p,
√
q,
√
−l

)

.
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1. Introduction

Let k be a number field of degree n (i.e., [k : Q] = n). Denote by Ek the unit group

of k that is the group of the invertible elements of the ring Ok of algebraic integers

of the number field k. By the well known Dirichlet’s unit theorem, if n = r1 + 2r2,

where r1 is the number of real embeddings and r2 the number of conjugate pairs of

complex embeddings of k, then there exist r = r1+r2−1 units ofOk that generate Ek

(modulo the roots of unity), and these r units are called the fundamental system of

units of k. Therefore, it is well known that

Ek ≃ µ(k)× Z
r1+r2−1,

where µ(k) is the group of roots of unity contained in k.

One major problem in algebraic number theory (more precisely in the theory

of units of number fields which is related to almost all areas of algebraic number the-

ory) is the computation of the fundamental system of units. For quadratic fields, the

problem is easily solved. An early study of unit groups of multiquadratic fields was es-

tablished by Varmon in [7]. For quartic bicyclic fields, Kubota (see [6]) gave a method

for finding a fundamental system of units. Wada in [8] generalized Kubota’s method,

creating an algorithm for computing fundamental units in any given multiquadratic
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field. However, in general, it is not easy to compute the unit group of a number field,

especially for number fields of degree more than 4. Actually, in the literature there

are only a few examples of computation of the unit group of a given number field k of

degree 16 (see [3], [4], [5]). Let εl denote the fundamental unit of the quadratic field

Q
(
√
l
)

. The main goal of this paper is the determination of the seven generators of

the torsion-free subgroup of Ek for an infinite family of number fields k of degree 16

of the form L = Q
(√

2,
√
p,
√
q,
√
−l

)

, where p ≡ 1 (mod 8) (with N(ε2p) = −1) and

q ≡ 3 (mod 8) are two prime integers and l 6∈ {−1, p, q} is a positive odd square-free
integer. Before stating our main result, we need to fix some notations. Let q(k) be

the unit index of a multiquadratic number field k and ηl = ζ6 or −1 according to

whether l = 3 or not. Let L+ denote the maximal real subfield of L.

Finally, the letters x and y (or v and w) denote two integers such that ε2pq =

x + y
√
2pq (or εpq = v + w

√
pq). By [2], Lemma 3.4, (x − 1), p(x− 1) or 2p(x+ 1)

(respectively, (v − 1), p(v − 1) or 2p(v + 1)) is a square in N. The main theorem of

this paper is the following.

Theorem 1.1. Let p ≡ 1 (mod 8) and q ≡ 3 (mod 8) be two primes. Assume

furthermore that N(ε2p) = −1. Put L = Q
(√

2,
√
p,
√
q,
√
−l

)

. Then

(1) If x− 1 and v − 1 are squares in N and q(L+) = 6, we have:

EL =
〈

ηl, ε2, εp,
√
ε2q,

√
εpq,

√
ε2εpε2p,

√√
εq
√
ε2q

√
εpq

√
ε2pq,

√

−εαp
√
εq

1+γ√εpq
α
〉

,

where α, γ ∈ {0, 1} such that α 6= γ and α = 1 if and only if lεp
√
εq
√
εpq is a

square in L+.

(2) If p(x− 1) and 2p(v + 1) are squares in N and q(L+) = 6, we have

EL =
〈

ηl, ε2, εp,
√
εq,

√
εpq,

√
ε2pq,

√
ε2εpε2p,

√

εp
√
ε2q

√
εpqε2pq

〉

.

(3) If 2p(x+ 1) and p(v − 1) are squares in N and q(L+) = 6, we have

EL =
〈

ηl, ε2, εp,
√
ε2q,

√
εpq,

√
ε2pq,

√
ε2εpε2p,

√

εp
√
εq
√
εpqε2pq

〉

.

(4) If x− 1 and p(v − 1) are squares in N, then

EL =
〈

ηl, ε2, εp,
√
εq,

√
εpq,

√
ε2pq,

√
ε2εpε2p,

√

−εαp
√
ε2q

1+γ√ε2pq
α
〉

,

where α, γ ∈ {0, 1} such that α 6= γ and α = 1 if and only if lεp
√
ε2q

√
ε2pq is a

square in L+.

(5) If x− 1 and 2p(v + 1) are squares in N, then

EL =
〈

ηl, ε2, εp,
√
εq,

√
εpq,

√
ε2pq,

√
ε2εpε2p,

√

−εαp
√
ε2q

1+γ√ε2pq
α
〉

,

where α, γ ∈ {0, 1} such that α 6= γ and α = 1 if and only if lεp
√
ε2q

√
ε2pq is a

square in L+.

238



(6) If p(x− 1) and (v − 1) are squares in N, then

EL =
〈

ηl, ε2, εp,
√
ε2q,

√
εpq,

√
ε2pq,

√
ε2εpε2p,

√

−εαp
√
εq

1+γ√εpq
α
〉

,

where α, γ ∈ {0, 1} such that α 6= γ and α = 1 if and only if lεp
√
εq
√
εpq is a

square in L+.

(7) If 2p(x+ 1) and (v − 1) are squares in N, then

EL =
〈

ηl, ε2, εp,
√
ε2q,

√
εpq,

√
ε2pq,

√
ε2εpε2p,

√

−εαp
√
εq

1+γ√εpq
α
〉

,

where α, γ ∈ {0, 1} such that α 6= γ and α = 1 if and only if lεp
√
εq
√
εpq is a

square in L+.

(8) If 2p(x+ 1) and 2p(v + 1) are squares in N, then

EL =
〈

ηl, ε2, εp,
√
εq,

√
ε2q,

√
ε2pq,

√
ε2εpε2p,

√

−√
εpq

1+γ√ε2pq
α
〉

,

where α, γ ∈ {0, 1} such that α 6= γ and α = 1 if and only if l
√
εpq

√
ε2pq is a

square in L+.

2. Some preparations for the proof of Theorem 1.1

We start by collecting and fixing some notations which will be very useful for the

next section. The technique which we shall use is based on the following lemma.

Lemma 2.1. Let K0/Q be an abelian extension such that K0 is real and β is

a positive square-free algebraic integer of K0. Assume that K = K0

(√−β
)

is a

quadratic extension of K0, which is abelian over Q. Assume furthermore that i =√
−1 6∈ K. Let {ε1, . . . , εr} be a fundamental system of units of K0. Without loss

of generality, we may suppose that the units εi are positives. Let ε be a unit of K0

such that βε is a square in K0 (if it exists). Then a fundamental system of units

of K is one of the following systems:

(a) {ε1, . . . , εr−1,
√−ε} if ε exists, in this case ε = εj1

1
. . . εj1r−1

εr, where ji ∈ {0, 1}.
(b) {ε1, . . . , εr} else.

P r o o f. See [1], Proposition 3. �

As it is stated in the above lemma, the unit group of L comes from that of L+

(the maximal real subfield of L). However, this is not easy and demands some

technical computations and eliminations, as we will see bellow. We need to define
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the following morphisms: Let τ1, τ2 and τ3 be the elements of Gal(L+/Q) defined by

τ1(
√
2) = −

√
2, τ1(

√
p) =

√
p, τ1(

√
q) =

√
q,

τ2(
√
2) =

√
2, τ2(

√
p) = −√

p, τ2(
√
q) =

√
q,

τ3(
√
2) =

√
2, τ3(

√
p) =

√
p, τ3(

√
q) = −√

q.

Note that Gal(L+/Q) = 〈τ1, τ2, τ3〉 and the subfields k1, k2 and k3 are fixed by

〈τ3〉, 〈τ2〉 and 〈τ2τ3〉, respectively. With these notations we have the following tables
which we shall use frequently (cf. [2], Tables 1 and 2):

ε ε2 εp
√
εq

√
ε2q

ε1+τ1 −1 ε2p −εq 1
ε1+τ2 ε22 −1 εq ε2q
ε1+τ3 ε22 ε2p −1 −1
ε1+τ1τ2 −1 −1 −εq 1
ε1+τ1τ3 −1 ε2p 1 −ε2q
ε1+τ2τ3 ε22 −1 −1 −1

Table 1. Norm maps on units.

ε Conditions ε1+τ2 ε1+τ1τ2 ε1+τ1τ3 ε1+τ2τ3 ε1+τ1

(x− 1) is a square in N −1 −ε2pq −ε2pq ε2pq 1√
ε2pq p(x− 1) is a square in N 1 ε2pq −ε2pq −ε2pq 1

2p(x+ 1) is a square in N −1 −ε2pq ε2pq −ε2pq 1
(v − 1) is a square in N −1 1 1 εpq −εpq√

εpq p(v − 1) is a square in N 1 −1 1 −εpq −εpq
2p(v + 1) is a square in N −1 −1 1 −εpq εpq

Table 2. Norm maps on units.

3. Proof of Theorem 1.1

The proof of our main result is very long, so in this section, we shall prove some

items and clarify the techniques used therein. A patient reader can proceed analo-

gously and prove the rest. Let us start with the first item:

(1) Assume that the conditions of the first point hold. According to [2], Theo-

rems 3.3 and 3.5, a fundamental system of units of L+ is
{

ε2, εp,
√
εq,

√
ε2q,

√
εpq,

√
ε2εpε2p,

√√
εq
√
ε2q

√
εpq

√
ε2pq

}

.

Therefore, according to Lemma 2.1, we should find an element χ, if it exists,

which is in L+ such that

χ2 = lεa2ε
b
p
√
εq

c√ε2q
d√εpq

e√ε2εpε2p
f
√√

εq
√
ε2q

√
εpq

√
ε2pq

g

,
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where a, b, c, d, e, f and g are in {0, 1}. Now we use the norm maps from L+

to its biquadratic subfields. These norms are given by Tables 1 and 2.

⊲ Let us start by applying NL+/K1
= 1 + τ2, where K1 = Q

(√
2,
√
q
)

. By

Tables 1 and 2, we have NL+/K1

(√
εq
√
ε2q

√
εpq

√
ε2pq

)

= εqε2q. Thus,

NL+/K1

(√√
εq
√
ε2q

√
εpq

√
ε2pq

)

= (−1)s
√
εqε2q,

and similarly NL+/K1

(√
ε2εpε2p

)

= (−1)vε2, for some s and v in {0, 1}.
Therefore, we have:

NL+/K1
(χ2) = l2ε2a2 (−1)bεcqε

d
2q(−1)e(−1)fvεf2 (−1)gs

√
εqε2q

g

= l2ε2a2 εcqε
d
2q(−1)b+e+fv+gsεf2

√
εqε2q

g > 0,

Therefore b + e + fv + gs = 0 (mod 2). By [2], Lemma 3.2, εq and ε2q are

squares in K1, but ε2, εq
√
ε2q and ε2εq

√
ε2q are not squares in K1. Thus, we

have f = g = 0 and so b = e. It follows that

χ2 = lεa2ε
e
p

√
εq

c√ε2q
d√εpq

e.

⊲ Let us apply NL+/K2
= 1 + τ1 with K2 = Q

(√
p,
√
q
)

. So

NL+/K2
(χ2) = l2(−1)aε2ep (−1)cεcq1(−1)eεepq = l2ε2ep (−1)a+c+eεcqε

e
pq > 0.

Thus a+c+e = 0 (mod 2). Note that by [2], Lemmas 3.2 and 3.4, εq and εpq
are not squares in K2 but their product is. So c = e. Therefore a = 0 and

χ2 = lεep
√
εq

e√ε2q
d√εpq

e.

⊲ Let us now apply NL+/K3
= 1 + τ2τ3, with K3 = Q

(√
2,
√
pq
)

. We have

NL+/K3
(χ2) = l2(−1)e(−1)e(−1)dεepq = l2εepq(−1)d > 0.

Thus d = 0 and

χ2 = lεep
√
εq

e√εpq
e.

By applying the other norms, we deduce nothing new. So the first item by

Lemma 2.1 holds.

(2) Assume that the conditions of the second point hold. According to [2], Theo-

rem 3.10, a fundamental system of units of L+ is
{

ε2, εp,
√
εq,

√
εpq,

√
ε2pq,

√
ε2εpε2p,

√

εp
√
ε2q

√
εpqε2pq

}

.

So we consider

χ2 = lεa2ε
b
p
√
εq

c√ε2q
d√εpq

e√ε2εpε2p
f
√

εp
√
ε2q

√
εpqε2pq

g

,
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where a, b, c, d, e, f and g are in {0, 1}. We shall proceed as in the previous item.
⊲ Let us start by applying NL+/K1

= 1+ τ2, where K1 = Q
(√

2,
√
q
)

. We have:

NL+/K1
(χ2) = l2ε2a2 (−1)bεcqε

d
2q(−1)e(−1)fvεf2(−1)gs

√
ε2q

g

= l2ε2a2 εcqε
d
2q(−1)b+e+fv+gsεf2

√
ε2q

g > 0,

Thus, we have f = g = 0 and so b = e. It follows that

χ2 = lεa2ε
e
p

√
εq

c√ε2q
d√εpq

e.

⊲ Let us apply NL+/K2
= 1 + τ1 with K2 = Q

(√
p,
√
q
)

. So

NL+/K2
(χ2) = l2(−1)

a
ε2ep (−1)

c
εcq1ε

e
pq = l2ε2ep εepq(−1)a+cεcq > 0.

Therefore a = c = 0 and χ2 = lεep
√
ε2q

d√εpq
e.

⊲ Let us now apply NL+/K3
= 1 + τ2τ3, with K3 = Q

(√
2,
√
pq
)

. We have

NL+/K3
(χ2) = l2(−1)e(−1)d(−1)eεepq = l2(−1)dεepq > 0.

Thus d = e = 0. So the second item by Lemma 2.1 holds.

Using the same techniques, a patient reader can construct a detailed proof for

the rest.
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