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Abstract. We consider certain class of second order nonlinear nonautonomous delay
differential equations of the form

a(t)x" + b(t)g(z, m') + c(t)h(x(t — r))m(x/) = p(t, x, x/)
and
(a(t)xl)' + b(t)g(z, x') + c(t)h(z(t — r))m(x/) = p(t, z, x/),

where a, b, ¢, g, h, m and p are real valued functions which depend at most on the arguments
displayed explicitly and r is a positive constant. Different forms of the integral inequality
method were used to investigate the boundedness of all solutions and their derivatives.
Here, we do not require construction of the Lyapunov-Krasovskii functional to establish
our results. This work extends and improve on some results in the literature.

Keywords: boundedness; nonlinear; differential equation of third order; integral in-
equality
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1. INTRODUCTION

The qualitative behaviour of solutions of differential equations with and without
delay has been extensively studied by many researchers. The surge interest in this
area in over five decades is evidenced by numerous research papers on the subject
and lots of published books. For example, we refer to the works of Bellman and
Cooke [6], Driver [14], El'sgol'ts [16], El'sgol’ts and Norkin [17], Gopalsamy [19],
Hale [22], Kolmanovskii and Myshkis [25], Krasovskii [27]. The expositions of Adams
and Olutimo [1], Ademola et al. [2], Burton and Hatvani [11], Burton and Hering [12],

Afuwape and Omeike [3], Gabsi et al. [18], Mahmoud and Tung [30], Olutimo and
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Adams [34], Omeike [35], Omeike et al. [36], Remili and Beldjerd [40], [41], Tung [43],
[44], [46], [47], [49]-[51], Tun¢ and Erdur [52], Tun¢ and Tung [53]-[55], Yao and
Wang [60] among others are important contributions in this regard.

It is important to note that differential equations with delay play significant role
in the research field of various applied sciences such as control theory, electrical net-
works, population dynamics, environmental science, biology and life science (see [15]).
Several authors have considered work on second order nonlinear delay differential
equations. For instance, in [63], Zhang considered the retarded Lieénard equation

o + f(z)a" + g(a(t — h)) =0

in which h is a nonnegative constant and g, f are continuous with f(z) > 0 for all
x € R. The author obtained conditions for the boundedness and global asymptotic
stability results. Furthermore, in [64], Zhang examined the same equation and gave
results on the uniform boundedness, uniform ultimate boundedness and oscillation
of solutions. Moreover, Peng (see [38]) studied the second order nonlinear system
with delay

2(t) + f(x(t), 2" (1)) + g(2(t), 2’ ()9 (x(t — 7)) = p(t),

where f, g, p are continuous functions, ¢ is a differentiable function, 7 is a positive
constant, and gave four theorems on the stability of zero solution, the boundedness
of solutions, the existence of periodic solutions, and the existence and uniqueness of
stationary oscillation. Also, in [48], Tung established some results for the stability
and the boundedness of solutions of nonautonomous differential equations of second
order with a variable deviating argument of the form

2 (t) + f(tx(t), 2" ()2 (8) + b(B)g(x(t — 7(1))) = q(t),

where 7(t) is variable deviating argument; f, b, ¢ and ¢ are continuous functions in
their arguments on R3, R, R and [0, o), respectively.

Ogundare et al. in [32] considered second order nonlinear differential equations of
the form

o +a(t)f(z,2') + g(z(t — 7)) = p(t, z,2'),

where a, f, g and p are continuous functions that depend (at most) only on the
arguments displayed explicitly and 7 € [0,h], 7 > 0. The authors obtained results
for the global asymptotic stability, boundedness and ultimate boundedness of the
solutions, respectively.

However, Athanassov (see [5]) considered the boundedness of all solutions and
their first derivatives for the second order nonlinear differential equations

(a(t)2’)' + () f (x,2") + c(t)g(x)h(z') = p(t, z,2")
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and
a(t)z” +b(t) f(z, 2") + c(t)g(x)h(z") = p(t, z, "),

where a, b, ¢, f, g, h, and p are real valued functions which depend at most on the
arguments displayed explicitly. These forms of nonlinear differential equations have
been extensively investigated by several authors. Majority of the results obtained re-
quire the use of energy (Lyapunov) functions while few considered the use of integral
inequalities as a viable tool in establishing boundedness results.

The motivation for this work comes from the work by Athanassov (see [5]), where
the author made use of two forms of the second mean value theorem for integrals
and Stieltjes integral inequalities to investigate the boundedness of a class of second
order nonlinear nonautonomous differential equations. It can be observed that the
investigation of qualitative behaviour in nonlinear differential equations with delay
has been carried out by several authors (see Yao and Wang [60]) who made use of
Lyapunov-Krasovskii functionals to obtain their results. The challenge now is using
the notions employed by Athanassov (see [5]) in the investigation of a certain class
of second order nonlinear nonautonomous differential equations with delay in which
to the best of our knowledge this approach is new.

In this paper, we consider the second order nonlinear nonautonomous differential
equations with delay

(1) a(t)x” +b(t)g(z, ") + c(t)h(z(t — r))m(z") = p(t,z,2'),
(2) (a(t)’) +b(t)g(z,2") + c(t)h(z(t —r))m(z") = p(t, z,2"),

where a, b, ¢, g, h, m and p are real valued functions which depend at most on
the arguments displayed explicitly and r is a positive constant. It is assumed that
solutions of the class of delay differential equations being considered exist, a, b, ¢, g,
h, m and p are continuous in their respective arguments (see Rao [39]). This work
extends and improves on the paper by Athanassov (see [5]) and some references listed
below. It also gives an alternative approach to the study of qualitative behaviour of
solutions for a certain class of second order nonlinear delay differential equations.

2. NOTATION AND PRELIMINARIES

First, we give some basic information for a general nonautonomous differential
system with delay (see Burton [9], Burton and Markay [13], Tung [45], see also
Kolmanovskii and Myshkis [25], Kolmanovskii and Nosov [26], Krasovskii [27] and
Yoshizawa [61]).
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Consider the general nonautonomous differential system with delay
(3) ()= f(t,z), zm(s)=2(t+s), —-r<s<0, t=0, '=—

where f: [0,00) X Cyg — R™ is continuous and maps bounded sets into bounded
sets, and f(¢,0) = 0. Here, (C,|||) is the Banach space of continuous functions
¢: [-7,0] = R™ with supremum norm, o is a nonnegative constant, Cg is the open
H-ball in Cy = {p € (C[-r,0],R™): ||¢|| < H}.

Standard existence (see Burton [9]) shows that if ¢ € Cy and ¢ > 0, then there
is at least one continuous solution z(t,tg, @) on [to, to + «) satisfying (3) for t > ¢,
zt(to, p) = ¢ and « being some positive constant; if there is a closed subset B C Cy
such that the solution remains in B, then a@ = co. In addition, |-| denotes the norm
in R™ with |z| = max |z].

1<i<n

However, in this paper we use the following notation: R is the real line, R and I
are intervals (0, 00) and [0, 00), respectively, and || is the absolute value. Moreover,
C(X,R) and C'(X,R) denote the sets of R-valued functions defined on the set X
that are continuous and continuously differentiable with respect to each variable,
respectively. L'(X) is the set of Lebesgue integrable functions on X. It is assumed
that all solutions of (1) and (2) are continuous (for instance, see [5], [57]).

The following lemmas are two forms of the second mean value theorem for integrals
which will be useful in the proofs. For example, one can refer to Hildebrandt [23]
and Athanassov [5].

Lemma 1. If u € L'[ay, 1] and v is a positive, bounded and nonincreasing
function on [ay, B1], then there is a number § € [a1, $1] such that
5

B
/ u(n)v(n)dn = v(oq + 0)/ u(n) dn.

1 a1

Lemma 2. If u € L'[ay,31] and v is a positive, bounded and nondecreasing
function on [ay, B1], then there is a number § € [a1, $1] such that

B1 B1
/ u(n)v(n)dn = v(B1 — 0)/5 u(n) dn.

1

The following generalization of Gronwall’s inequality for Riemann-Stieltjes inte-
grals is a modification of a result given by Jones [24], see also Athanassov [5].
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Lemma 3. Let u, v, w be real valued functions defined and continuous on [, $1].
Let u, v be nonnegative and let w be nondecreasing on |a1, f1]. If

u(t) < e+ / u(n)v () du(n)

1

for some positive constant ¢, then

u(t) < cexp (/at o(n) dw(n)> for all t € [ar, Bi].

1

Lemma 4. If, for t € o, f1], u(t) is real valued, continuous, of bounded varia-
tion, and if u(t) > 0, then

B1
| s dutn) = ogu(s) - logu(an).

3. MAIN RESULTS

The following are the basic assumptions used to formulate the results:
(i) a,b,c e C(I,R™);
(ii) g € C(R%,R), h € C(R,R), m € C(R,RT), p € C(I x R, R);
(iii) g(x,y)y > 0 for all (z,y) € R?, y 7$ 0;
(iv) H(z) — oo as |z| — oo, where H(z) = [ h( 0
(V) My )—)ooas |y|—>oo where M (y) = [/ T/m
(vi) fot ft Lh(x(s)y(s)y(r)dsdr < B for all (z,y) € [R2 and r, B are constants;
(vii) There is a nonnegatlve function e(t) € L'(I) such that |p(¢,z,y)y| < e(t)m(y)
for all (t,z,y) € I x R2,
(viii) There are positive constants o and k such that y%/m(y) < aM (y) for all |y| >
and a nonnegative function e;(t) € L'(I) such that |p(t z,y)| < ey(t) for all
(t,z,y) € I x R?.

Remark 5. The assumptions (i) and (ii) guarantee the local existence of so-
lutions of (1) and (2), (iii) is standard in the case when a(t) = b(t) = c(t) = 1,
m(z’) = 1 and h(z(t — 1)) = h(x), t > r (see [4], [5], [8], [66]). The assump-
tions (iv) and (v) have been used by a number of papers to establish boundedness
and continuability theorems (see [5], [10], [20], [28], [59]). In (vi), the double inte-
grals are bounded by a constant. Moreover, the condition (vii) is a generalization of
a condition by Legatos (see [5], [29]). The first part of (viii) is less restrictive than
bounding m from above and below or asking y?/m(y) < aM(y) for all y (see [5],
[10], [33], [37]) and this does not contradict the assumption (v). The second part
of (viii) generalizes a condition by Tejumola (see [5], [42]).
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Now, we state and prove theorems on the boundedness of solutions for the non-
linear delay differential equation

(4) 2+ b(O)g(a,a’) + c(Dh(a(t — r))m(a’) = p(t,x, ')

which is a special case of the equation (1) when a(t) = 1. This can be re-written as:
let ' =y, then

5) o +b)g(x,y) + ct)h(z)m(y) / B (2(s))y(s) ds = p(t, . 7).

The results obtained are then related to the equivalent system for the equation (1)
as corollaries.

Theorem 6. Suppose that the conditions (i)—(vi) hold and ¢() is nondecreasing
on I. Then any solution x(t) of (5) is bounded. If, in addition, ¢(¢) is bounded from
above on I, then y(t) is also bounded.

Proof. Let z(t) and y(t) be solutions defined on [0, ¢], respectively. Multiply-
ing (5) by y(t)/(c(t)m(y(t))) and integrating both the sides of the resulting equation
from O to ¢, we have

ey [ e [

/ mG@) ¢ +f Omy) + [ e d
_ bt "(2(s () dsdr t|p(7‘,l‘(7’),y(7’))y(7‘)| -
f L ety asar < [T 0

The integral in the second term on the left is nonnegative because of (i)—(iii) and by
Lemma 1 it follows that there is § € [0, ¢] such that

y(7) - e "(z(s))y(s)y(r)dsdr
/mym)y, dr+/h nar— [ [ W) asa
1 [ bttt

m(y(T)) '

Applying (iv)—(vii), then

1 1 o[>
@(M(y@)) — M(y(0))) + H(x(t)) — H(x(0)) = < c—/o e(r)dr.

Moreover, (i) leads to the estimate

1

1 o0
H(o(t) < H(a0) + = M((0)) < Ha(0) + 6 + (M<y<o>> +[Tem df).

The right-hand side of the last inequality is a constant independent of ¢, say K, and
therefore (iv) implies that x(¢) is bounded on I.

308



We now suppose that ¢(t) < ¢g on I. Substitute x(¢) and y(t) into (5), multiply
both the sides by y(¢)/m(y(t)) and integrate from 0 to ¢. By (i)—(iii), we obtain

/t y(T)y/(T)d +/ ( )g (l‘(T),y(T)) (T) dT—l—/t C(T)h(l‘(T))y(T)dT

m(y(7))
[ owetmmra [ B2

The integral in the second term on the left is nonnegative because of (i)—(iii) and by
Lemma 2 there exists 6 € [0,¢] such that

t v t —c(t sdr
o )y () d”"”/ Ma(m)y(r)dr / / Jy(r) dsd
/ (. a(r). vl
m(y(r)) '

Applying (iv)—(vii), then

M(y(t)) = M(y(0)) + c(t)(H (z(t)) — H(z(5))) — c(t)B < /OOO e(r)dr.
Since ¢(t)H (z(t)) is nonnegative on I, we have

M(y(t) < M(y(t)) + c(t) H(x(t))
< M(0)) + c(t) H(x(6)) + c(t)8 + / e(r)dr

< MO+l +8)+ [ enar—1

a constant independent of ¢. Hence, (v) implies that y(t) is bounded on I. O

Remark 7. The equation (4) considered above improved on the equation con-
sidered by Athanassov (see [5]) for the case in which a(t) =1 and h(z(t—7)) = h(x),
where t € RT, z € R, t > 7, and 7 > 0 is a constant.

As a consequence of Theorem 6 we have the following result.
An equivalent system of (1) becomes z’ = y, then

t

(6) a()y’ +b(t)g(x,y) + c(O)h(x)m(y) — c(t)m(y) [ b (x(s))y(s)ds = p(t,z,y).
t—r
Corollary 8. Suppose that the conditions (i)—(vii) hold and a(t) is bounded away
from zero on I. If the quotient c(t)/a(t) is nondecreasing on I, then any solution x(t)
of (6) is bounded. If, in addition, c(t)/a(t) is bounded from above on I then y(t) is
also bounded.
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Proof. Multiply both the sides of (6) by a=!(#)y(t)/(c(t)m(y(t))), and then by
“L(t)y(t)/m(y(t)), respectively. So, the conclusion follows by Theorem 6. We have
that
a(0) 1 [
H(e(0) < H(0) + SEMWO) + 8+ 7 [ elryar =,
where W is a constant independent of ¢ and by (iv) this implies that x(¢) is bounded
on I. Further,

M(y(t) < M(y(0)) + me+if2mw=m,
ap Jo

where Wy is a constant independent of ¢. Hence, (v) implies that y(¢) is bounded
on I. d

Theorem 9. Suppose that the conditions (i)—(vi) and (viii) hold and let c(t)
be nonincreasing on I. Then, for any solution z(t) of (5), y(t) is bounded. If, in
addition, ¢(t) is bounded away from zero on I, then x(t) is also bounded.

Proof.  Multiplying (5) by y(t)/m(y(t)), integrating both the sides of the
resulting equation from 0 to ¢, and by the assumptions (i)—(iii), we obtain

/Ot 7%7(;@’(;()7)) d¢+/t o(r)h(a( dT—/ / $)y(s)y(r) dsdr
/|p7x7,vmx>d7
m(y(r))

By Lemma 1 it follows that there is § € [0,¢] such that

y(T) ° —¢(0 ’ sdr
; m(y(r))y’( dT+C(O)/ h(z(m))y(T)dr / / R ( Jy(7)dsd
/‘meT,WMMﬂuT
m(y(7))

If |y| < max{a, k}, y*/m(y) < dy for some dy > 0, so y?/m(y) < d1+aM (y) for all y.
Also, for |y| < max{1,k}, ly|/m(y) < dg, d2 > 0 and for |y| = max{1, k}, ly|/m(y) <
y?/m(y), so |y|/m(y) < ds £y?/m(y) < dy +de + aM(y) = D+ aM(y) for all y.
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Thus, using (vii), (viii) and Lemma 1, there exists ¢ € [0,¢] such that

+c
+D b e1(T) dT—l—a/OO e1(T)M (y(7)) dr,
0 0

My(t) < Ki +a / e (M (y(r) dr,

where K1 = M (y(0))+c(0)H (2(0))+¢(0)+D fo e1(7) dr is a nonnegative constant.
By Gronwall’s inequality, it follows that

oo

M(y(t)) < Ky exp (a/ e1(7) dT) =1

0

a constant independent of t. Thus the condition (v) implies that y(¢) is bounded on I.

We now suppose that ¢(t) = ¢o > 0 on I. Multiply (5) by y(¢t)/(c(t)m(y(t))) and
integrate from 0 to t. By (i)—(iii) and Lemma 2, it follows that there exists ¢ € [0, t]
such that

0, e d”/ df-/o [
/ lp(r, 2(7) L ar.

Applying (iv)—(vi) and (viii), then

T H(a(t)) - H(z(0)) - p < 2TMW) / “er(r)dr,

c(t) c(t)
1) < L1 4 ) < 20D 4 prgago) + 5+ 2L e an

Since 1/¢oM (y(t)) is nonnegative on I, then

H(z(t)) < H(z(0)) + % <L1 + B+ (aLy + D) /OOO e () dT) — Lo,

a constant independent of ¢t. Hence, (iv) implies that z(¢) is bounded on I. O
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Corollary 10. Suppose that the conditions (i)—(vi) and (viii) hold and let a(t) be
bounded away from zero on I. If the quotient c(t)/a(t) is nonincreasing on I, then
for any solution x(t) of (6), y(t) is bounded. If, in addition, c(t)/a(t) is bounded
from below on I, then x(t) is bounded.

Proof. Multiply both the sides of (6) by a~!(t)y(t)/m(y(t)), and then by
“L(t)y(t)/c(t)m(y(t)), respectively. By the proof of Theorem 9, the following results
can be obtained:

M (y(t)) < Wz exp (a /OOO e1(7) dT) = Wi,

a constant independent of ¢, where

¢(0) D [
W3 = M(y(0)) + —=(H(z(0)) + 3 —l——/ ei1(r)dr
W) + G HEO) +8)+ 2 [ e
is a nonnegative contant. Thus, the condition (v) implies that y(¢) is bounded on I.
Now, suppose that a(t)c(t) > wuo > 0, then for the boundedness of z(t), by the

assumption (iv), we have

H(x(t)) < H(x(5)) + % (W4 + B8+ (aWy+ D) /OO e1(7) dT) = Ws,
() 0

a constant independent of ¢. O

We now consider the boundedness of solutions for the equation (2). We construct
the equivalent system as: let z’ =y,
(7) a'()y +a(t)y’ +b(t)g(z, y) + c(t)h(x)m(y)
—clomiy) [ He)uts) ds = .70,
The proof of the following theorem resembles that of Theorem 9.

Theorem 11. Suppose that the assumptions (i)—(vi) and (viii) hold and let ¢(t)
be nonincreasing on I. If a(t) € C1(I,RT), a/(t) < 0, and if a(t) is bounded away
from zero on I, then for any solutions x(t) of (7), y(t) is bounded. If, in addition,
¢(t) is bounded away from zero on I, then x(t) is bounded.

Proof. Multiplying (7) by y(t)/m(y(t)) and integrating from 0 to ¢, we have

COEE? L[ ey () b)) ()
/o mly(m) +/0 mly) +/ mly@)

+/tc( Yh(x( dT—/ /t ) s))y(s)y(r)dsdr

Ip(r. 2(r), y())y(r)]
/ my()

T.
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Considering the assumptions (i)—(iii), we have

tw T tw T tcr z(7))y(r)dr
I T R At L KL UCLIOE

L ot dedn < [ PEEEIOWEL
| [ comamonnasar < [ R gy

As in the proof of Theorem 9, there are d; > 0 and dy > 0 such that y?/m(y) <

dy + aM (y) and |y|/m(y) < di + d2 + aM (y) for all y. Thus, using the supposition
that o’(t) < 0 and (viii), we obtain

®) (& +aM(y) /0 a'(r)dr + /0 (7Y (M(y(r)) dr + /0 (e dr
_/0 /t_ (T (x(s))y(s)y(r) ds dr < (DJron(y))/Oo e1(7) dr.

0
Applying integration by parts on the second integral and using Lemma 1 on the third
and fourth integrals of the inequality (8), we obtain

" / d(7)dr +a / o (1) M(y(r)) dr + a(t)M(y()) — a(0)M (y(0))
0 0
t )
- / o (1) M (y(r)) dr + c(0) / h(a(r)y(r) dr
0 0
) t ,
— ¢(0) / W (2(s))y(s)y(r) ds dr

<D /000 e1(7)dr + « /000 e1(T)M(y(r))dr.

Then, by the assumption (vi), we have
dia(t) — dia(0) + a/o a' ()M (y(r)) d7 + a(t) M (y(t)) — a(0)M (y(0))
—/O a'(r)M(y(7)) dr + c(0)H (2(5)) — c(0)H (2(0)) — c(0)8

<D /000 e1(7)dr + « /000 e1(T)M(y(r))dr.
So
a(t)M(y(t)) < a(t)M(y(t)) + c(0)H(z()) + dia(t)

<R+(1- a)/o o/ (1) M (y(r)) dr + a/ooo er(F)M(y(r)) dr,

where

R =d1a(0) + a(0)M(y(0)) + c¢(0)H (x(0)) + ¢(0)8 + D /OOO e1(7)dr.
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If a < 1 then by Gronwall’s inequality we obtain

M(y(t)) < a—lf)exp(% / " e () dT) _v

and if & > 1 (which implies 1 — a < 0), this gives

M(y(t) < ﬁexp”‘ai?“(o)exp(ﬁ | am dr) v,

ag ag
where ag is the lower bound (positive) of a(t) on I. Thus (v) implies that y(t) is
bounded on I.
Since there is ¢g > 0 such that c¢(t) > ¢ on I. Multiplying (7) by y(t)/
(c(t)m(y(t))), integrating from 0 to ¢, using the assumptions (i)—(iii) and (viii),
and applying Lemma 2, we have

L () (y(r))? AW (@)
/oc<r>m<y<r>> d”/ (m(u(r)

(
" lp(r, (1), y(1))y(7)]
/0 . Th(x(s))y )dsdTg/ ) dr.

This implies

dv + aM(y) 1 t /
T/& a'(r NW@/ a(m)(M(y(r))) dr + [ h(z(r)y(r)dr

//tr deT<D++1§J;4(g/) O061(7')d7.

Applying integration by parts on the second integral and the conditions (iv)—(vi) on
the above inequality, we have

A [Caar+ 2 [ d@mamar+ Do) - o)
_ Ilt) /; a' (T)M (y(7)) dr + H(z(t)) — H(z(0)) — 8
D +Crzzti;4 (%) /0 () dr
Thus,
H(s(t) < H(a0) ~ ZMQ0) + 40 M) - 75 /5 @) dr
- [ o () My(r)) dr
' D%gﬂy)/owelmdﬂ
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where § € [0,t]. Put V = max(V;, V2) and then, since M (y(t)) < V on I, we obtain

1 L D+aV [
—%(dl—i—aV—V)/éa(T)dT—i—ﬂ—k 0 /061(’7')(‘17'.

Hence, with ¢(t) > ¢ such that ¢y > 0, then

H(x(t)) < H(m(@))+v%5)(d—‘} +a )+/3+ (D +aV) /OOO er(r) dr.

Therefore, H(z(t)) is bounded on I and (iv) implies that z(¢) is bounded. This
completes the proof. O

In the following two theorems, by using Riemann-Stieltjes integrals and examining
the quotients a(t)/c(t) and c(t)/a(t), the boundedness results for the solutions of (7)
are obtained as follows.

Theorem 12. Suppose that the conditions (i)—(vii) hold. If a(t) € C'(I,R™),
a'(t) = 0, and the quotient a(t)/c(t) is nondecreasing and bounded from above on I,
then any solution z(t) of (7), along with its derivative y(t), is bounded for all t € I.

Proof. Multiplying (7) by y(t)/(c(t)m(y(t))), integrating both the sides of the
equation from zero to some ¢ > 0, and using (i)—(iii), we have

L' (1) (y(n))? Pa(n)y(r)y' (1)
/oc< ymy(r) 7 +/ (m(y() d”/ e
Ip(, 2(7),y(7))y(7)|
//tr (xs y(s y(T)dsdTg/O mym) dr.

Applying (iv), (vii), and the fact that o’(t) > 0, then

® [ 2Dy ars [ naedr
// h' ()dsdT /Ot%ch'

By the assumed monotonicity of the quotient a(t)/c(t) we can conclude that a(t)/c(t)

is of bounded variation on [0,¢]. Thus, by the theorem of reduction of a Riemann-
Stieltjes integral to a Riemann integral for the first term in the inequality (9), and
applying the assumptions (iv) to (vii) and Lemma 1 where necessary, we obtain

tm T — H(x — L OOeT T
|55 aMtu(e) + ) - #a) -5 < o [ er)an
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Using the integration by parts formula for the Riemann-Stieltjes integral, we have

S0 - 450 - [ M) (4T + Halo) - He0) - 5

c(t)
1
< m A 6(’7') dr.

Then the inequality above becomes

a(t) ¢
(10) T ) + HEw) < N+ [ MuE)a(55).

where N = H(z(0)) + (a(0)/c(0))M (y(0)) + 8 + (1/¢(0)) fooo e(r)dr.
Since H(z(t)) > 0 on I, we have

a(t) ba(r) e(r) a(T)
M) <N+ [ S SDe) a(55).
By Lemma 4, we obtain

%M(y(t))<Nexp(/ot - ! d(a(T))> gNeXp(log@—log@>

< Nexp|(In (a
a

/N
—~
O | '~
~ |~ 3
~ |
Q10
—~
=

which implies that

alt) alt)/c(t)
o M) < NG o)
Hence,
(0)
(11) M) < NG

and by assumption (v) this implies that y(¢) is bounded on I. Since M (y(t)) > 0 and
a(t)/c(t) is bounded from above on I, we have from (10) that

' a(r)
(12) 1) <N+ [ Mee)a(45)
Now, substituting the inequality (11) in the integral in (12), we have
f e ra(r) c(0) ra(®)  a(0)
H(z(t)) < N+/O de(m) < N+Nm(w - m).

By assumption, there exists o > 0 such that a(t)/c(t) < ro for all ¢ € I. Then
1/e(t) < r on I, where r = 79 /a(0). We have

Hx(t)) < Nrg 20

a(0)

Therefore, (iv) implies that x(¢) is bounded on I and this completes the proof. O
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Theorem 13. Suppose that the conditions (i)—(vii) hold. If a(t) € C'(I,R"),
a’'(t) = 0, and the quotient ¢(t)/a(t) is nondecreasing and bounded above on I, then
any solution x(t) of (7) along with its derivative y(t) is bounded for all t € I.

Proof. Multiplying (7) by y(t)/(a(t)m(y(t))), integrating both sides of the
equation from zero to some ¢ > 0, using (i)—(iii) as in the proof of Theorem 12, and
since a/(t) > 0, we have

tiy(T)y,(T) T t@ 2(7))y(r)dr — e ﬂ'xs s)y(r)dsdr
3) [ L ar s [ Clnarurrar— [ [ ST et dsd

0 a
" p(r, (1), y(1))y(7)]
</0 ( ) dr.

a(m)m(y()

Applying the assumptions (iv) to (vii) and Lemma 1 where necessary in inequal-
ity (13), we obtain

1) My) - M) + / AT grr(air) - Wpe L / e(r) dr.

a(r) a(0)
Following an argument similar to that used in the proof of Theorem 12, we have that
c(1)/a(7) is Riemann-Stieltjes integrable with respect to H(z(7)) on [0,t]. That is,

t t
c(7) e(7)
h(z(m)y(r)dr = / dH (z(7)).
/0 a(7) o a(7)
Hence, the integral on the left above is a Riemann-Stieltjes integral. As a consequence
of this, using the integration by parts formula for the Riemann-Stieltjes integral, the

inequality (14) becomes

Now

%H @) < Me®) + Duee) <+ [ 1 )a(ys):

where Q1 = M (y(0)) + (¢(0)/a(0))H (2(0)) + (¢(0)/a(0))8 + (1/a(0)) 5~ e(r) dr.
It then follows that
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By Lemma 3, we have

and by Lemma 4, we obtain

(v C ) e(t)/al)
a(ty T @0) S Qrexp (/ ) a(r) d(am)) < Quexp(log 7577055)

H(x(t)) < @%

on I. Then by (iv), this implies the boundedness of z(t).
By hypothesis, (c(t)/a(t)) < o for some p > 0 and for all ¢t € I, then

Q1+/H(x )d Z((:;)ng—FQl%/O d(%)
o c(0

o

s}

a(0) ) c(0)
<Q1+Q1——= =(0) <—t) - m)
Thus,
M) < Qo)

O

Remark 14. A number of papers have dealt with the boundedness of solu-
tions of the form (7) for the case h(z(t — r)) = h(z), where t € RT, z € R,
t > r, r > 0is a constant. For instance see Graef and Spikes [21], Népoles [31]
and Zarghamee and Mehri [62]. Theorem 12 and 13 generalized the corresponding
results in Athanassov [5].

Throughout the remainder of this study, we now replace the monoticity conditions

of a(t) and c¢(¢) by integral conditions on the derivatives a/(¢), ¢/(¢) and (c(t)/a(t))’.

Theorem 15. Let assumptions (i)—(vii) hold and let ¢(t) € C'(I,R") be bounded
away from zero and |c'(t)| € L'(I). Then both the solution x(t) of (5) and its
derivative y(t) are bounded.

Proof. Multiplying (5) by y(¢)/m(y(t)), integrating from 0 to ¢ and using
(i)—(vii) with the application of Lemma 2 where necessary, we have

(15) M(y(t))—M(y(O))Jr/O C(T)dH(x(T))—C(O)ﬂé/O e(r)dr.



Using integration by parts at the third term of inequality (15), we obtain

(16) M (y(t)) — M(y(0)) + c(t)H (2(t)) — c(0)H (z(0))
/ H(x )—c(owg/ote(T)dT.
Then
(17) c(t)H(z(t)) < M(y(t)) + c(t)H (z(t))
< M(y(0)) + c(0)H(2(0)) + ¢(0)

+/ d7'+/|c ) H (z(7))dT

where Q2 = M (y(0)) + ¢(0)H ((0)) + ¢(0)8 + [, e(r) dr. Therefore,

H(z(t)) < % + Tlt)/o | (7)|H (x(7)) dT

By the hypothesis ¢(t) > ¢p for some ¢g > 0 and for all ¢ € I, and by Gronwall’s
inequality, we obtain

1G0) < Lew( [T L) e

Co €o
So, by assumption (iv) it implies that z(t) is bounded.

Furthermore, following from the inequality (16), it is clear that

t t
M®) < Qe+ [ M) <@t [ j()]dr
0 0
and by (v), this implies that y(¢) is bounded. O

Corollary 16. Suppose that assumptions (i)—(vii) hold. If a(t) and c(t)/a(t) €
C'(I,R") are bounded away from zero and |(c(t)/a(t))’| € L*(I), then any solution
x(t) of (5) along with its derivative y(t) is bounded.

Theorem 17. Let the conditions (i)—(vii) hold and let a(t) be nonincreasing on I.
If ¢(t) € C'(I,R™") is bounded away from zero and |c'(t)| € L'(I), then any solution
x(t) of (6) is bounded. If, in addition, a(t) is bounded away from zero, then y(t) is
also bounded.
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Proof. Multiply (6) by y(¢)/m(y(t)) and integrate from 0 to ¢. Then, we have

/Ot%dw/t e(r)h(a( dT—/ /t ,« Yy(s)y(r) dr

/|p7$7'7 (T))()d
(y(7))

T.

Applying the assumptions (i) to (iii), (vi), (vii) and using Lemma 1 where necessary,

we have

a(U)M(y(5))—a(U)M(y(U))+/O C(T)dH(fC(T))—C(O)Bé/O e(r) dr.

Employing integration by parts at the third term of the above inequality, then
t
a(0)M(y(6)) + c(t) H(z(t)) < @3 +/ |¢(7) [ H (x(7)) d7
0

where Qs = a(0)M (y(0)) + c(0)H(2(0)) + c(0)8 + [ e(r) dr and & = [0, ]
Now

c(t)H(x(t)) < c(t)H(x(t)) + a(0)M (y(9)) < Qs +/O | ()| H (2(7)) d7

Since ¢(t) > ¢o for some ¢y > 0 and all t € I, we have

Ha() < L4 L / ¢ (7)| H (z(r) dr.
Co Co Jo

By Gronwall’s inequality and the assumption (iv), it follows that z(¢) is bounded on I.

Suppose now that a(t) > ag for some ag > 0 and all ¢ € I. Multiplying (6) by
y(t)/m(y(t)), integrating from 0 to ¢ and applying assumptions (i) to (vii) including
Lemma 2, we have

1t 1t 1t
M (y(t)) —M(y(0>)+@/6 o(r)dH (z(r)) — —)/5 c(r)Bdr < —/O e(r)dr,

alt 0]
where 4 € [0,¢].
Using integration by parts at the first integral above, we have
c(t) c(9) ot) . o8)
M(y(t)) — M(y(0)) + @H(x(t)) - %H( (6)) + @/B — mg
1 1
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From the condition on ¢(t) we have that ¢(t) tends to a positive limit as ¢ — oo and
then, ¢(d) is bounded from above, say by ¢;. Thus, from the above inequality, we
have the estimate

, 1o
<M(y(0))+a—q)+—ﬂ+a— |C(’7’)|d7’+w/0€(’7')d’7',

where

Therefore, (v) implies the boundedness of y(t) and this completes the proof. O

Remark 18. In the relationship with some of the results on the boundedness
behaviour of solutions for equations the (1) and (2), it can be observed in Theorem 11
that c(t) is nonincreasing on I, and a(t) € C’(I,R") and a(t) bounded away from
zero while in Theorem 17 a(t) is nonincreasing on I and c(t) € C'(I,R") and is
bounded away from zero. Then it was satisfied that (iv) and (v) imply that z(t)
and y(t) are bounded, respectively, in the theorems.

Theorem 19. Let the conditions (i)—(vi) and (viii) hold, and let a(t) and c(t) be

bounded away from zero. If a(t),c(t) € C'(I,RT) and |a’(t)],|c'(t)| € L*(I), then
any solution x(t) of (6) along with its derivative y(t) is bounded on I.

Proof. Multiplying (6) by y(t)/m(y(t)), integrating from 0 to ¢ and using (i)
to (vi) and (viii), and also from the proof of Theorem 9, we get:

| arore)y ar+ / cm(H(x(m)’tdw | et
< D/O er() dr+a/0 er ()M (y(r)) dr.
Then
)M (y(6) ~ oM ()~ [ ()M () dr -+ () (a(0)
O HGO) ~ [ O T+ o) - 03
< D/o e1(T) dT-l—a/O e1(T)M(y(r))dr.
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This implies
a(t)M(y(t)) + c(t) H (x(t)) + c(t)B
<Qu+ /Ot(la’(f)l + ' (7)] + aer (7)) (M (y(7)) + H(x(7))) dr.
Therefore,
J(M(y(t) + H(x(t) + 5)
<Qat /Ot(la’(f)l + 1 () + aer (1) (M (y(1)) + H(z(7))) dr,

where j = min(ag, ¢p), ap and ¢y being the lowest bounds of a(t) and ¢(t), respectively,
and

Q1 = a(0)M(y(0)) + c(0)H (2(0)) + ¢(0) + D / e dr.

By Gronwall’s inequality, it follows that M (y(t)) + H(x(t)) + B is bounded and
then the conditions (iv) to (vi) imply that z(t) and y(¢) are bounded on I. The proof
is now completed. ([

Remark 20. Theorem 19 generalizes Theorem 7 of Bihari [7], Theorem 4 of
Wong [58] and Theorem 11 of Athanassov [5].

4. EXAMPLES

First, consider a special case of (1) which is the second order nonlinear delay
differential equation
2(1+1)
1+ /2

1
(18) 2"+ (1+t)(2 +sinz)x’ + z(t—r)= 3 sint.

The equivalent system of (18) is given as follows: let 2’ = y then

, _ 2L +t)x  2(1+t) [* 1
(19) ¥+ (14+1t)(2+sinz)y + 1547 115 /t_r d(z(9)) = 5 sint.

Take 7 = 2 and the initial conditions z(0) = 1, y(0) = 1.
The following basic conditions are satisfied for the equation (19) which can be
related to the assumptions (i) to (v) of the main results.
(1) at) =1>0,b(t) = (1+1t) >0, c(t) = 2(1 + 1) > 0;
(2) g(z,y) = (2 +sinz) >0, h(z) =2 > 0, m(y) = 1/(1+y*) > 0, p(t,z,y) =
%sint >0
(3) glz,y)y = (2 +sinz)y? > 0 for all (z,y) € R?, y # 0;
(4) H(z) = [, 7dr = 2% — 00 as 2 — oo where [ h(r)dr = [; 7dr > 0 and
(5) [)/m(r)dr = [J (1 +7%)dr = 3y* + 2y* — 00 as y — .
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Consequently, we consider a special case of the equation (2) which is the second
order nonlinear delay differential equation
2(141¢)

Wx(t—r) = §Sll’lt.

(20) (bexp(—t)z') + (14 ¢)(2 + sinz)z’ +

The equation (20) is re-written as

201+t 200+1t) [* 1
(21) (bexp(—t)y) + (1 +t)(2+sinz)y + (1 _:‘ygx B 1(—::;2) /t,r d(z()) = 3 sint.
Following the basic condtions (1) to (5) above for the equation (19), and taking
a(t) = 5exp(t) > 0 along with conditions (2) to (5) for the equation (21), we now
have graphically the boundedness of solution satisfying equations (19) and (21),
respectively, see Figures 1 and 2.

5. CONCLUSION

It is interesting to note that several authors have studied the boundedness of so-
lutions of autonomous and nonautonomous delay differential equations by using the
Lyapunov-Krasovskii method to investigate the property. However, in this work,
we have successfully investigated the boundedness of all solutions and their deriva-
tives by applying different forms of the integral inequality method. We have applied
Gronwall’s inequality, two forms of the second mean value theorem for integrals and
Riemann-Stieltjes integrals to nonlinear differential equations with delay to estab-
lish our boundedness results. Examples to corroborate the established results for
the equations (1) and (2) are also included with graphical representations by using
Maple 2015.

(t), y(t)l'o_. — z(t) — y(t)
0.8-
0.6-
0.4

0.2 1

0-
—0.2 4

—0.4 1

T T T T T T T T T T T T Tt
0 10 20 30 40 50 60 70 80f90
Figure 1. The graph showing the boundedness of solution for the equation (19). Hence, the
solution of the nonlinear delay differential equation (19) is bounded.
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—0.5

o 1 2 3 4 5 6,7

Figure 2. The graph showing the boundedness of solution for the equation (21). Thus, the

solution of the nonlinear differential equation (21) with delay is also bounded.
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