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1. Introduction

We study the existence and regularity results for the following parabolic problem:

(P)





∂tu+ Lu+B
|∇u|p
uθ

= ur in QT = (0, T )× Ω,

u(0, x) = u0(x) > 0 in Ω,

u = 0 on ΓT = (0, T )× ∂Ω,

where T > 0, B > 0 are real numbers, u0 ∈ L1(Ω), Ω is a bounded open subset of

R
N (N > 2) with boundary denoted by ∂Ω, p is a real number such that p > 2 and L

is the operator given by

Lu = −div(A(t, x, u)|∇u|p−2∇u).
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Here, we suppose that A : (0, T )×R
N × R → R is a Carathéodory function and for

almost every (t, x) ∈ (0, T )× Ω, for all s ∈ R satisfies

(1.1)
β

(a(t, x) + |s|)̺ 6 A(t, x, s) 6 α,

where α, β are strictly positive real numbers and ̺ > 0, a : (0, T ) × R
N → R is

a measurable nonnegative function verifying

(1.2) a(t, x) 6 δ,

where δ is a strictly positive real number. We furthermore suppose that

(1.3) 0 < θ < 1, 0 < r < p− θ.

If (1.1) holds true, the differential operator L is not coercive when u is large.

Moreover, the lower order term is singular as u tends to zero. We overcome these two

difficulties by approximation of (P) by a sequence of nondegenerate and nonsingular

problems (in the case u0 ∈ L∞(Ω)), and passing to the limit in the approximate

problems we prove that (P) admits at least one solution u ∈ Lp(0, T ;W 1,p
0 (Ω)) ∩

L∞(Ω). In the case u0 ∈ L1(Ω) we approach u0 by u0n ∈ L∞(Ω) and we use the

results of the first case to achieve the passage to the limit in the approximate problems

by proving the existence of the solution u ∈ Lq(0, T ;W 1,q
0 (Ω)), q = p− θN/(N + 1).

For the case p = 2, ̺ = 0 and for positive initial data, the existence of solutions

to problem (P) is proved in [3] under the operator v → −div(M(t, x)∇v), where
M : QT → R

N2

is a measurable bounded and uniformly elliptic matrix.

If the nonlinear right-hand term is not present, i.e., in the evolutive case, prob-

lems as

(P1)





∂tu−∆pu+B
|∇u|p
uθ

= f in QT = (0, T )× Ω,

u(0, x) = u0(x) in Ω,

u = 0 on ΓT = (0, T )× ∂Ω,

under various assumptions on the summability of the source f , have been considered

in the case p = 2 and θ < 1 in [8]. If θ = 1, the existence solution has been considered

in [12] and [13] for smooth strictly positive data, while degenerate problems were

studied in [15] in the one dimensional case and p > 2.

Let us also mention that in [4] the authors proved the existence and nonexistence of

solutions for a general class of singular homogeneous (i.e., f ≡ 0) parabolic problems

as (P1) with p > 2.
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In [11], the author showed the existence of positive solutions of elliptic equations

with degenerate coercivity and singular quadratic lower-order terms

−div(M(x, u)∇u) + b(x)
|∇u|2
uθ

= ur + f, f ∈ L1(Ω).

The aim of this paper is to extend the results in [3] to the case of degenerate

parabolic equations with p > 2 and establish the existence of weak solutions of

problem (P) for nonnegative initial data u0 ∈ L1(Ω).

This paper is organized as follows. In Section 2, we define the weak solution and

prove the existence of weak solutions u for the first case u0 ∈ L∞(Ω). Section 3 is

devoted to the study of (P) with an initial datum u0 ∈ L1(Ω). We give a better

regularity result compared to [9] because if θ ∈ (0, 1), we have

1− θN

N + 1
> 1− N

N + 1
,

so Theorem 3.1 improves (see Theorem 1, [9]).

2. Bounded initial data (u0 ∈ L∞(Ω))

In this section, we prove that there exists a weak solution of problem (P) for u0
bounded. For this, we use the result in [1] and then an L∞-estimate procedure

introduced by [5]. Given a real positive number k, we define the functions

Tk(r) =





k if r > k,

r if |r| < k,

−k if r 6 −k,
r ∈ R.

Its primitive Θk : R → R
+ is defined by

Θk(r) =

∫ r

0

Tk(t) dt =






r2

2
if |r| 6 k,

k|r| − k2

2
if |r| > k.

We then use the following results:

(2.1)

∫ T

0

〈∂tv, Tk(v)〉dt =
∫

Ω

Θk(v(T )) dx−
∫

Ω

Θk(v(0)) dx

and

(2.2) k|r| − k2

2
6 Θk(r) 6 k|r| ∀ r ∈ R.
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Definition 2.1. A function u is a weak solution of problem (P) if u ∈
Lp(0, T ;W 1,p

0 (Ω)) ∩L∞(QT ) such that ∂tu ∈ Lp′

(0, T ;W−1,p′

(Ω)) +L1(QT ), u > 0,

|∇u|p/uθ belongs to L1(QT ), and
∫

Ω

u(T )ϕ(T ) dx−
∫

Ω

u(0)ϕ(0) dx+

∫

QT

u∂tϕdxdt

+

∫

QT

A(t, x, u)|∇u|p−2∇u∇ϕdxdt

+B

∫

QT

|∇u|p
uθ

ϕdxdt =

∫

QT

urϕdxdt

for every ϕ ∈ Lp(0, T ;W 1,p
0 (Ω)) ∩ L∞(QT ) such that ∂tϕ ∈ Lp′

(0, T ;W−1,p′

(Ω)) +

L1(QT ).

R em a r k 2.2. Notice that because of the fact that u ∈ C([0, T ];L2(Ω)) (see [7]),

the functions ϕ(T ) and ϕ(0) in the above definition have sense and the meaning of

the initial condition u(0) = u0 is clear.

Theorem 2.3. Let p > 2, u0 ∈ L∞(Ω), suppose that (1.3) holds true. Then

problem (P) has at least one weak solution u ∈ Lp(0, T ;W 1,p
0 (Ω)) ∩ L∞(QT ) ∩

C([0, T ];L1(Ω)).

2.1. Proof of Theorem 2.3. We approximate problem (P) by following nonsin-

gular problem:

(P∗
n)





∂tun − div(A(t, x, Tn(un))|∇un|p−2∇un)

+B
un|∇un|p

(|un|+ 1/n)θ+1
= Tn(|un|r) in QT ,

un(0, x) = u0(x) in Ω,

un = 0 on ΓT .

Note that by (1.1) we have

A(t, x, Tn(un)) >
β

(a(t, x) + |Tn(un)|)̺
>

β

(δ + n)̺
,

so the operator B : v 7→ div(A(t, x, Tn(v))|∇v|p−2∇v) is coercive. Thus, the exis-
tence of the approximate solution is proved as in [7]. We begin by proving that

un > 0, using u−n = min(0, un) as a test function in (P∗
n) and by (1.1), we have

(2.3)
1

2

d

dt

∫ T

0

(u−n )
2 dt+ β

∫

QT

|∇u−n |p
(a(t, x) + |Tn(un)|)̺

dxdt

+B

∫

QT

un|∇un|p
(|un|+ 1/n)θ+1

u−n dxdt 6

∫

QT

|un|ru−n dxdt.
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Since u0 > 0, we have

1

2

d

dt

∫ T

0

(u−n )
2 dt =

1

2

∫

Ω

(u−n (T, x))
2 dx− 1

2

∫

Ω

(u−n (0, x))
2 dx > 0.

The lower-order term has the same sign of the solution and dropping nonnegative

terms, we get

β

∫

QT

|∇u−n |p
(a(t, x) + |Tn(un)|)̺

dxdt 6

∫

QT

|un|ru−n dxdt 6 0.

Thus, u−n = 0 and so un > 0. Therefore, un solves

(Pn)





∂tun − div(A(t, x, Tn(un))|∇un|p−2∇un)

+B
un|∇un|p

(un + 1/n)θ+1
= Tn(u

r
n) in QT ,

un(0, x) = u0(x) in Ω,

un = 0 on ΓT .

Lemma 2.4. Let p > 2 and un be the solutions to problems (Pn). Then we have

for all k > 0

(2.4)

∫

QT

|∇Tk(un)|p dxdt 6
k(δ + k)̺

β

(∫

QT

urn dxdt+ ‖u0‖L1(Ω)

)
.

P r o o f. Choosing Tk(un) as test function in (Pn) and the fact that Tn(u
r
n) 6 urn,

we obtain

(2.5)

∫

Ω

Θk(un)(T ) dx+

∫

QT

A(t, x, Tn(un))|∇un|p−2∇un∇Tk(un) dxdt

+B

∫

QT

un|∇un|p
(un + 1/n)θ+1

Tk(un) dxdt

6

∫

QT

urnTk(un) dxdt+

∫

Ω

Θk(un)(0) dx.

The first term is positive since we have Θk > 0, so after dropping nonnegative terms

and using (2.2), we obtain

(2.6)∫

QT

A(t, x, Tn(un))|∇un|p−2∇un∇Tk(un) dxdt 6
∫

QT

urn|Tk(un)| dxdt+k‖u0‖L1(Ω).

According to conditions (1.1) and for n > k > 0, we get

(2.7)
β

(δ + k)̺

∫

QT

|∇Tk(un)|p dxdt 6 k

∫

QT

urn dxdt+ k‖u0‖L1(Ω).

Therefore (2.4) is established. �
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Lemma 2.5. Let un be the solutions to problems (Pn). Then

(2.8) B

∫

QT

un|∇un|p
(un + 1/n)θ+1

dxdt 6

∫

QT

urn dxdt+ ‖u0‖L1(Ω).

P r o o f. Choosing Th(un)/h as a test function in (Pn), dropping the nonnegative

terms, we obtain

B

∫

QT

un|∇un|p
(un + 1/n)θ+1

Th(un)

h
dxdt 6

∫

QT

urn

∣∣∣
Th(un)

h

∣∣∣dxdt+
1

h

∫

Ω

|Θh(un)(0)| dx.

Using the fact that |Th(un)/h| 6 1 and (2.2), we have

B

∫

QT

un|∇un|p
(un + 1/n)θ+1

Th(un)

h
dxdt 6

∫

QT

urn dxdt+ ‖u0‖L1(Ω).

Letting h tend to 0 and by Fatou’s Lemma, we deduce (2.8). �

We shall denote by C or Cj various constants depending only on the structure

of A, p, θ, r, T , u0, |Ω| for j ∈ N.

Lemma 2.6. Let un be the solutions to problems (Pn). Then there exists a pos-

itive constant C such that

‖un‖L∞(QT ) 6 C, ‖un‖Lp(0,T ;W 1,p

0
(Ω)) 6 C ∀n ∈ N.

P r o o f. Choosing ϕ = (un + δ)ν − δν as a test function in (Pn), where ν > 0,

using (1.1), we obtain

∫ T

0

〈∂tun, (un + δ)ν − δν〉dt+ βν

∫

QT

|∇un|p
(δ + un)̺

(un + δ)ν−1 dxdt

+B

∫

QT

un|∇un|p
(un + 1/n)θ+1

(un + δ)ν dxdt

6 B

∫

QT

un|∇un|p
(un + 1/n)θ+1

δν dxdt

+

∫

QT

urn(un + δ)ν −
∫

QT

urnδ
ν dxdt,

dropping the nonpositive term on the right-hand side and putting ν = 1, we get

∫ T

0

〈∂tun, un〉dt+
∫

QT

|∇un|p(un + δ)1−θ
( β

(δ + un)̺−θ+1
+
Bun(un + δ)θ

(un + 1/n)θ+1

)
dxdt

6 Bδ

∫

QT

un|∇un|p
(un + 1/n)θ+1

dxdt+

∫

QT

urn(un + δ) dxdt.
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Since ̺− θ + 1 > 0, there exists a positive constant C0 such that

β

(δ + t)̺−θ+1
+

Bt(t+ δ)θ

(t+ 1/n)θ+1
> C0 > 0 ∀ t > 0.

So, after dropping nonnegative terms, we obtain

C0

∫

QT

|∇un|p(un + δ)1−θ dxdt 6 Bδ

∫

QT

un|∇un|p
(un + 1/n)θ+1

dxdt

+

∫

QT

urn(un + δ) dxdt+
1

2

∫

Ω

u20 dx.

Using (2.8) and the fact that urn 6 (un + δ)r, u0 ∈ L∞(Ω), we get

C0

∫

QT

|∇un|p(un + δ)1−θ dxdt 6 Bδ

∫

QT

(un + δ)r dxdt+

∫

QT

(un + δ)r+1 dxdt+ C

6 C

∫

QT

(un + δ)r+1 dxdt+ C,

which implies
∫

QT

|∇(un + δ)(p+1−θ)/p|p dxdt 6 C

∫

QT

(un + δ)r+1 dxdt+ C.

Using Poincaré inequality, we have
∫

QT

(un + δ)p+1−θ dxdt 6 C

∫

QT

(un + δ)r+1 dxdt+ C,

since r + 1 < p+ 1− θ, Young inequality yields
∫

QT

(un + δ)p+1−θ dxdt 6
1

2

∫

QT

(un + δ)p+1−θ dxdt+ C,

which implies that (un + δ)n is bounded in L
p+1−θ(QT ), so (un)n is bounded in

Lp+1−θ(QT ). Now, we prove that the sequence (urn)n is bounded in L
m(QT ) for

some m > 1
2N + 1. We choose uηn as a test function in (Pn), where η > 1, we find

∫

QT

βη

(un + δ)̺
|∇un|puη−1

n dxdt+B

∫

QT

uη+1
n |∇un|p

(un + 1/n)θ+1
dxdt 6

∫

QT

ur+η
n dxdt+C.

With the same previous calculations, we find

∫

QT

|∇un|puη−θ
n

( βη

u1−θ
n (δ + un)̺

+
Bu1+θ

n

(un + 1/n)θ+1

)
dxdt

6

∫

QT

ur+η
n dxdt+

1

η + 1

∫

Ω

uη+1
0 dx.
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Since 1− θ > 0, there exists a positive constant C1 such that

βη

t1−θ(δ + t)̺
+

Bt1+θ

(t+ 1/n)θ+1
> C1 > 0 ∀ t > 0.

So,

(2.9)

∫

QT

up+η−θ
n dxdt 6 C

∫

QT

ur+η
n dxdt+ C.

We now choose η+r = p+1−θ (observe that η > 1), so p+η−θ = 2(p+1−θ)−(r+1).

Then by (1.3) and (2.9), we obtain that un is bounded in L
2(p+1−θ)−(r+1)(QT ).

Consequently, an iterating procedure gives us that (un) is bounded in L
µ(QT ) for all

µ <∞. Indeed, if we consider η1 > 1 such that r+ η1 = 2(p+1− θ)− (r+1), (2.9)

and the fact that (un) is bounded in L
2(p+1−θ)−(r+1)(QT ), then it is bounded in

L3(p+1−θ)−2(r+1). Now consider η2 > 1 such that r + η2 = 3(p + 1 − θ) − 2(r + 1)

and deduce that (un) is bounded in L
4(p+1−θ)−3(r+1)(QT ). Hence, we can obtain

that (un) is bounded in L
(q+1)(p+1−θ)−q(r+1)(QT ) for all q ∈ N. Since

(q + 1)(p+ 1− θ)− q(r + 1) = q(p− r − θ) + p+ 1− θ → ∞ as q → ∞,

we deduce that (un) is bounded in L
µ(QT ) for all µ < ∞. Because there is n′ > 0

such that (n′(p− r − θ) + p+ 1− θ)/r > (N/p) + 1,

(urn) is bounded in L
m(QT ) for some m >

N

p
+ 1.

Standard parabolic estimates, performed using only the principal part of the operator

(see for example [5]), and taking advantage of the nonnegativity of the lower order

gradient term, then imply that (un)n is bounded in L
∞(QT ). Therefore by (2.7),

we have

‖un‖Lp(0,T ;W 1,p

0
(Ω)) 6 C.

Taking n large enough, we get Tn(u
r
n) = urn and Tn(un) = un, so we conclude that un

is a weak solution of

(2.10)






∂tun − div(A(t, x, un)|∇un|p−2∇un) +B
un|∇un|p

(un + 1/n)θ+1
= urn in QT ,

un(0, x) = u0(x) in Ω,

un = 0 on ΓT .

�

Now, we are going to prove the strict positivity of the sequence of approximated

solutions un.
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Proposition 2.7. Let ω be a compactly contained open subset of Ω. Then there

exists a positive constant Cω,T such that un > Cω,T in (0, T )× ω.

P r o o f. Following the ideas in [11], we define for s > 0,

Hn(s) =

∫ s

0

(δ + τ)̺

(τ + 1/n)θ
dτ, Φn(s) = e−BHn(s)/β ,

where 0 < θ < 1 and B > 0. Taking Φn(un)v, with v ∈ Lp(0, T ;W 1,p
0 (Ω))∩L∞(QT ),

v > 0, as test function in (2.10) and using (1.1)–(1.2) and that

Φ′
n(s) =

−B
β

(δ + s)̺

(s+ 1/n)θ
Φn(s),

we obtain
∫ T

0

〈∂tun,Φn(un)v〉dt+
∫

QT

A(t, x, un)|∇un|p−2∇un∇vΦn(un) dxdt

>

∫

QT

B

(un + 1/n)θ
|∇un|pΦn(un)v dxdt

−B

∫

QT

un|∇un|p
(un + 1/n)θ+1

Φn(un)v dxdt+

∫

QT

urnΦn(un)v dxdt

> 0.

After dropping the nonnegative term, we derive

(2.11)

∫ t

0

〈∂tun,Φn(un)v〉dt+
∫

QT

A(t, x, un)|∇un|p−2∇un∇vΦn(un) dxdt

>

∫

QT

urnΦn(un)v dxdt.

Now, we consider the nonincreasing function ψ:

ψ(s) =

∫ 1

s

Φn(t) dt =

∫ 1

s

e−BHn(t)/β dt.

Then, inequality (2.11) implies that

(2.12) −
∫ T

0

〈∂t(ψ(un)), v〉dt−
∫

QT

A(t, x, un)|∇un|p−2∇ψ(un)∇v dxdt

>

∫

{06un61}

Φn(un)u
r
nv dxdt >

∫

{06un61}

(Φn(un)− 1)urnv dxdt.

We call

Ã(t, x, s) = A(t, x, ψ−1(s))|∇ψ−1(s)|p−2,

and

H(s) = (1− Φn(ψ
−1(s)))urnχ{06un61}.
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Thus, see [2] for instance, we deduce that ψ(un) is a sub-solution of

∂tz − div(Ã(t, x, z)∇z) = H(z) in QT .

Since H is a nonnegative term and u0 > 0 in Ω, we can apply Lemma 3.12 in [6] to

the previous equation to obtain the existence of cω,T > 0 such that

ψ(un) 6 cω,T ∀ (t, x) ∈ (0, T )× ω and ∀n > 1.

By the definition of ψ, there exists Cω,T > 0 (independent of n) such that

un > ψ−1(cω,T ) = Cω,T in (0, T )× ω.

�

2.1.1. Passage to the limit.

Lemma 2.8. Let A be a function satisfying (1.1) and let un ∈ Lp(0, T,W 1,p
0 (Ω))

be a sequence of weak solutions to (2.10). Then there exists a subsequence of un

(still denoted by un) converging to a measurable function u a.e. in QT , and

(2.13) ∇un → ∇u a.e. in QT .

P r o o f. Going back again to (2.10), the sequence (∂tun) remains in a bounded

set of the space

Lp′

(0, T ;W−1,p′

(Ω)) + L1(QT ), p′ =
p

p− 1
.

Therefore, (∂tun) is bounded in L
1(0, T ;W−1,s(Ω)), for all s < N/(N − 1). So, we

can use Corollary 4 of [10] to see that

un is relatively compact in L
1(QT ).

Summing up, there exists a function u ∈ Lp(0, T ;W 1,p
0 (Ω)) and a subsequence, still

denoted by (un), such that

un ⇀ u weakly in Lp(0, T ;W 1,p
0 (Ω)),(2.14)

un → u strongly in Lp(QT ) and a.e. in QT .(2.15)

Now, we prove that

(2.16) ∇Tk(un) → ∇Tk(u) strongly in (Lp(QT ))
N ∀ k ∈ N.
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We also introduce another time-regularization of truncations, we will use the sequence

(Tk(u))ν as approximation of Tk(u). For ν > 0, we define the regularization in time

of the function Tk(u) given by

(2.17) (Tk(u))ν(t, x) := ν

∫ t

−∞

eν(s−t)Tk(u(s, x)) ds+ e−νtTk(u0),

where Tk(u(s, x)) is the zero extension of u for s < 0 (see [14]). Applying this

regularization to the truncatures Tk(um), we have the following properties:

⊲ ((Tk(um))ν)t = ν(Tk(um)− (Tk(um))ν),

⊲ ((Tk(um))ν)(0, x) = Tk(u0),

⊲ |((Tk(um))ν)| 6 k,

⊲ (Tk(um))ν → Tk(um) strongly in Lp(0, T ;W 1,p
0 (Ω)) as ν → ∞.

Considering the function ϕλ(s) defined by

ϕλ(s) = seλs
2

, λ > 0,

in what follows we use that for every a, b > 0 we have

(2.18) aϕ′
λ(s)− b|ϕλ(s)| >

a

2
if λ >

b2

4a2
.

We also denote by τ(m,n, ν) any quantity I such that

lim
ν→∞

lim
n→∞

lim
m→∞

I = 0,

likewise τ(n, ν) denotes a quantity I such that lim
ν→∞

lim
n→∞

I = 0. Let φ be a function

in C∞
c (Ω) such that φ > 0. By the same technique as in [1] we have that

(2.19)

∫ T

0

〈∂tun, ϕλ(Tk(un)− (Tk(um))ν)φ〉dt > τ(m,n, ν).

Using (2.19) and taking ψλ = ϕλ(Tk(un)− (Tk(um))ν)φ as a test function in (2.10),

we obtain

(2.20) τ(m,n, ν) +

∫

QT

A(t, x, un)|∇un|p−2∇un

×∇(Tk(un)− (Tk(um))ν)ϕ
′
λ(Tk(un)− (Tk(um))ν)φdxdt

+B

∫

QT

un|∇un|p
(un + 1/n)θ+1

ψλ dxdt

6

∫

QT

urnψλ dxdt

−
∫

QT

A(t, x, un)|∇un|p−2∇un∇φϕλ(Tk(un)− (Tk(um))ν) dxdt.
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By (2.15), (Tk(um))ν → (Tk(u))ν a.e. in QT and we have

|urnψλ| 6 ‖urn‖L∞(QT )ϕλ(2k) ∈ L1(QT ),

by the Lebesgue dominated convergence theorem,

lim
ν→∞

(
lim

n→∞

(
lim

m→∞

∫

QT

urnψλ

))
= 0.

By writingQT = {un 6 k}∪{un > k} and adopting the technique used in [1], we have

lim
ν→∞

lim
n→∞

lim
m→∞

∫

QT

A(t, x, un)|∇un|p−2∇un∇φϕλ(Tk(un)− (Tk(um))ν) = 0.

Therefore

(2.21)∫

QT

urnψλ −
∫

QT

A(t, x, un)|∇un|p−2∇un∇φϕλ(Tk(un)− (Tk(um))ν) = τ(m,n, ν).

We next turn to consider the last term on the left-hand side of (2.20). Choosing

ω ⊂⊂ Ω with suppφ ⊂ ω, by the nonnegativity of ϕλ(k − (Tk(u))ν), we have that

(2.22) lim
m→∞

∫

QT

un|∇un|p
(un + 1/n)θ+1

ψλ dxdt >

∫

{Cω,T6un6k}

un|∇un|p
(un + 1/n)θ+1

ψλ dxdt

> − Ck,T (ω)

∫

QT

|∇Tk(un)|p|ψλ| dxdt,

where Ck,T (ω) is a positive constant such that

(2.23)
un

(un + 1/n)θ+1
6 max

un∈[Cω,T ,k]

1

uθn
= Ck,T (ω) ∀n >> 1.

From the convergence

∇(Tk(um))ν ⇀ ∇(Tk(u))ν weakly in (Lp(QT ))
N as m→ ∞

we get, by using (2.20)–(2.21) and (2.22), that

(2.24)∫

QT

A(t, x, un)|∇un|p−2∇un∇(Tk(un)− (Tk(u))ν)ϕ
′
λ(Tk(un)− (Tk(u))ν)φdxdt

−BCk,T (ω)

∫

QT

|∇Tk(un)|p|ψλ| dxdt 6 τ(ν, n).
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Note that
∫

QT

A(t, x, un)|∇un|p−2∇un

×∇(Tk(un)− (Tk(u))ν)ϕ
′
λ(Tk(un)− (Tk(u))ν)φχ{un>k} dxdt

= −
∫

QT

A(t, x, un)|∇un|p−2∇un∇(Tk(u))νϕ
′
λ(k − (Tk(u))ν)φχ{un>k} dxdt

= τ(ν, n),

so adding

−
∫

QT

A(t, x, un)|∇(Tk(u))ν |p−2∇(Tk(u))ν

×∇(Tk(un)− (Tk(u))ν)ϕ
′
λ(Tk(un)− (Tk(u))ν)φdxdt = τ(ν, n).

On both sides of (2.24) and since

(2.25)∫

QT

|∇Tk(un)|p|ψλ| dxdt 6 2p−1

∫

QT

|∇(Tk(un)− (Tk(u))ν)|p|ψλ| dxdt

+ 2p−1

∫

QT

|∇(Tk(u))ν |p|ψλ| dxdt

= 2p−1

∫

QT

|∇(Tk(un)− (Tk(u))ν)|p|ψλ| dxdt+ τ(ν, n),

and using the following well-known inequalities that hold for any two real vectors ξ, η

and a real p > 2,

(2.26) (|ξ|p−2ξ − |η|p−2η)(ξ − η) > 22−p|ξ − η|p,

we find, by using also (1.1) and (2.25), for all n > k > 0,

22−p β

(δ + k)̺

∫

QT

|∇(Tk(un)− (Tk(u))ν)|pϕ′
λ(Tk(un)− (Tk(u))ν)φdxdt

− 2p−1BCk,T (ω)

∫

QT

|∇(Tk(un)− (Tk(u))ν)|p|ϕλ(Tk(un)− (Tk(u))ν)|φdxdt

6 τ(ν, n).

Choosing λ such that (2.18) holds with a = 22−pβ/(δ + k)̺ and b = 2p−1BCk,T (ω),

we obtain (2.16) by setting ν → ∞. From this result we also deduce that (up to
subsequences)

∇un → ∇u almost everywhere in QT .

�
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Lemma 2.9. We have

(2.27)
un|∇un|p

(un + 1/n)θ+1
→ |∇u|p

uθ
strongly in L1(QT ).

P r o o f. In view of (2.13) and (2.15), we have

un|∇un|p
(un + 1/n)θ+1

→ |∇u|p
uθ

a.e. in QT .

Now, we shall obtain local equi-integrability of un|∇un|p/(un + 1/n)θ+1 on QT . Ob-

serve that
∫ T

0

∫

un>k

un|∇un|p
(un + 1/n)θ+1

dxdt =
1

k

∫ T

0

∫

un>k

un|∇un|p
(un + 1/n)θ+1

Tk(un) dxdt.

We choose ϕ = Tk(un) as a test function in problems (2.10), we find

∫

Ω

dx

∫ un(T,x)

0

Tk(σ) dσ +

∫

QT

A(t, x, un)|∇un|p−2∇un∇Tk(un) dxdt

+

∫

QT

un|∇un|p
(un + 1/n)θ+1

Tk(un) dxdt

=

∫

QT

urnTk(un) dxdt+

∫

Ω

dx

∫ un(0,x)

0

Tk(σ) dσ.

So, after dropping the nonnegative terms, we derive

∫

QT

un|∇un|p
(un + 1/n)θ+1

Tk(un) dxdt 6

∫

QT

urn|Tk(un)| dxdt+
∫

Ω

dx

∫ un(0,x)

0

|Tk(σ)| dσ.

Taking into account that for any M > 0, 0 6 |Tk(s)| 6 M + k1s>M , s ∈ R
+, we

have ∫

QT

urn|Tk(un)| dxdt 6MC‖un‖rLp(QT ) + k

∫ T

0

∫

un>M

urn dxdt,

and ∫

Ω

dx

∫ un(0,x)

0

|Tk(σ)| dσ 6M‖u0‖L1(Ω) + k

∫ T

0

∫

un>M

u0n dxdt.

Consequently, we have

∫ T

0

∫

un>k

un|∇un|p
(un + 1/n)θ+1

dxdt

6
1

k

(
MC + k

∫ T

0

∫

un>M

urn dxdt+M‖u0‖L1(Ω) + k

∫ T

0

∫

un>M

u0n dxdt

)

6 C
M

k
+

∫ T

0

∫

Ω

χ{un>M}u
r
n dxdt+

∫ T

0

∫

Ω

χ{un>M}u0n dxdt.
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We take M =
√
k, we obtain

(2.28)

∫ T

0

∫

un>k

un|∇un|p
(un + 1/n)θ+1

dxdt→k→∞ 0 uniformly with respect to n,

then, there exists k0 > 1 such that

(2.29)

∫ T

0

∫

un>k

un|∇un|p
(un + 1/n)θ+1

dxdt 6
ε

2
∀ k > k0 and ∀n ∈ N.

Consequently, if E ⊂⊂ ω, we have

(2.30)∫ T

0

∫

E

un|∇un|p
(un + 1/n)θ+1

dxdt

=

∫ T

0

∫

E∩{un>k}

un|∇un|p
(un + 1/n)θ+1

dxdt+

∫ T

0

∫

E∩{un6k}

un|∇un|p
(un + 1/n)θ+1

dxdt

6

∫ T

0

∫

E∩{un>k}

un|∇un|p
(un + 1/n)θ+1

dxdt+ Ck,T (ω)

∫ T

0

∫

E∩{un6k}

|∇Tk(un)|p dxdt.

From (2.14) there exist nε and δε such that for every E ⊂⊂ Ω with meas(E) < δε

we have ∫ T

0

∫

E∩{un6k}

|∇Tk(un)|p dxdt <
ε

2Ck,T (ω)
∀n > nε.

By (2.29), (2.30), and taking n > nε, k > k0, we see that meas(E) < δε implies

∫ T

0

∫

E

un|∇un|p
(un + 1/n)θ+1

dxdt < ε.

We deduce that un|∇un|p/(un + 1/n)θ+1 is equi-integrable in QT , then by Vitali’s

theorem convergence, we have (2.27) and |∇u|p/uθ ∈ L1(QT ). �

Lemma 2.10. The sequence (un) is a Cauchy sequence in C([0, T ];L1(Ω)),

hence un converges to u ∈ C([0, T ];L1(Ω)).

P r o o f. To do this, fix t ∈ [0, T ]. Taking Tk(un−um) as a test function in (2.10)

for un and um, subtracting up both identities, we deduce that
∫

Ω

Θk(un(t)− um(t)) dx

+

∫

Qt

(A(t, x, un)|∇un|p−2∇un −A(t, x, um)|∇um|p−2∇um)∇Tk(un − um) dxdt

+B

∫

Qt

( un|∇un|p
(un + 1/n)θ+1

− um|∇um|p
(um + 1/m)θ+1

)
Tk(un − um) dxdt

6

∫

Qt

|urn − urm||Tk(un − um)| dxdt+
∫

Ω

|Θk(un(0)− um(0))| dx.
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So, by (2.2) we obtain
∫

Ω

Θk(un(t)− um(t)) dx

6

∫

Qt

|A(t, x, um)|∇um|p−2∇um −A(t, x, un)|∇un|p−2∇un||∇Tk(un − um)| dxdt

+Bk

∫

Qt

∣∣∣
un|∇un|p

(un + 1/n)θ+1
− um|∇um|p

(um + 1/m)θ+1

∣∣∣dxdt

+ k

∫

Qt

|urn − urm| dxdt+ k

∫

Ω

|un(0)− um(0)| dx.

Using (2.2) and dividing this inequality by k, we obtain

sup
t∈[0,T ]

∫

Ω

|un(t)− um(t)| dx

6
1

k

∫

QT

|A(t, x, um)|∇um|p−2∇um −A(t, x, un)|∇un|p−2∇un||∇Tk(un − um)| dxdt

+B

∫

QT

∣∣∣
un|∇un|p

(un + 1/n)θ+1
− um|∇um|p

(um + 1/m)θ+1

∣∣∣dxdt

+

∫

QT

|urn − urm| dxdt+
∫

Ω

|un(0)− um(0)| dx+
k

2
.

By (1.1), (2.13), (2.14) and (2.15), we have

(2.31) |A(t, x, um)|∇um|p−2∇um −A(t, x, un)|∇un|p−2∇un|⇀ 0 in Lp′

(QT ).

Taking into account (2.27) and letting k → 0, we deduce that (un) is a Cauchy

sequence in C([0, T ];L1(Ω)). Consequently, un → u in C([0, T ], L1(Ω)). This ends

the proof of Lemma 2.10. �

2.2. The end of the proof of Theorem 2.3. Let ϕ ∈ Lp(0, T ;W 1,p
0 (Ω)) ∩

L∞(QT ). We have

(2.32)

−
∫

Ω

un(0)ϕ(0) dx+

∫

QT

un∂tϕdxdt+

∫

QT

A(t, x, un)|∇un|p−2∇un∇ϕdxdt

+B

∫

QT

un|∇un|p
(un + 1/n)θ+1

ϕdxdt =

∫

QT

urnϕdxdt.

Arguing as in (2.31), we have

lim
n→∞

∫

QT

A(t, x, un)|∇un|p−2∇un∇ϕdxdt =

∫

QT

A(t, x, u)|∇u|p−2∇u∇ϕdxdt.

Therefore by (2.27), we can easily pass to the limit in (2.32). Theorem 2.3 is proved.

�
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3. L1
Initial data

Theorem 3.1. Given u0 ∈ L1(Ω), suppose that (1.3) holds true. Then problem

(P) has at least a weak solution u, i.e., a function u belonging to Lq(0, T ;W 1,q
0 (Ω))∩

C([0, T ];L1(Ω)), u > 0, |∇u|p/uθ ∈ L1(QT ), such that

(3.1) −
∫

Ω

u(0)ϕ(0) dx+

∫

QT

u∂tϕdxdt+

∫

QT

A(t, x, u)|∇u|p−2∇u∇ϕdxdt

+B

∫

QT

|∇u|p
uθ

ϕdxdt =

∫

QT

urϕdxdt, q = p− θN

N + 1

for every ϕ ∈W 1,∞(0, T ;L∞(Ω)) and such that ϕ(T ) = 0 in Ω.

3.1. Proof of Theorem 3.1. Let (u0n), u0n = Tn(u0) > 0 be a sequence of

bounded functions defined in Ω, which converges to u0 in L
1(Ω), such that

{
‖u0n‖L1(Ω) 6 ‖u0‖L1(Ω),

u0n 6 n.

A nonnegative weak solution un ∈ Lp(0, T ;W 1,p
0 (Ω))∩L∞(QT ) to problem (P) with

un(0, x) = u0n(x) does exist by Theorem 2.3. Therefore, un satisfies

(3.2)

∫ T

0

〈∂tun, ϕ〉dt+
∫

QT

A(t, x, un)|∇un|p−2∇un∇ϕdxdt

+B

∫

QT

|∇un|p
uθn

ϕdxdt =

∫

QT

urnϕdxdt

for all ϕ ∈ Lp(0, T ;W 1,p
0 (Ω)) ∩ L∞(QT ). Using the same technique as in Proposi-

tion 2.7, there exists a positive constant Cω,T such that

(3.3) un > Cω,T in (0, T )× ω,

where ω is a compactly contained open subset of Ω.

Lemma 3.2. Assume that (1.3) hold with p > 2 and un is the solution to prob-

lems (3.2). Then there exists a positive constant C such that

∫

QT

urn dxdt 6 C,(3.4)

∫

QT

|∇un|q dxdt 6 C, q = p− θN

N + 1
.(3.5)
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P r o o f. Take ϕ = T1(un) as a test function in the weak formulation (3.2).

By (1.1), we have

(3.6)∫

Ω

Θ1(un)(T ) dx+

∫

QT

β

(δ + un)̺
|∇T1(un)|p dxdt+B

∫

QT

|∇un|p
uθn

T1(un) dxdt

6

∫

QT

urnT1(un) dxdt+

∫

Ω

Θ1(un)(0) dx.

Since ∫

QT

|∇un|p
uθn

T1(un) dxdt >

∫

{un>1}∩QT

|∇un|p
uθn

dxdt,

dropping nonnegative terms in (3.6), it follows that

(3.7) B

∫

{un>1}∩QT

|∇un|p
uθn

dxdt

6

∫

QT

urnT1(un) dxdt+

∫

Ω

Θ1(un)(0) dx

6

∫

{un61}∩QT

ur+1
n dxdt+

∫

{un>1}∩QT

urn dxdt+ ‖u0‖L1(Ω)

6 |QT |+ C1 + C

∫

{un>1}∩QT

(un − 1)r dxdt.

Consequently, denoting G1(r) = r − T1(r), we get the inequality
∫

{un>1}∩QT

|∇un|pu−θ
n dxdt 6 C2 + C2

∫

{un>1}∩QT

(G1(un))
r dxdt,

so
∫

{un>1}∩QT

|∇un|p(G1(un) + 1)−θ dxdt 6 C2 + C2

∫

{un>1}∩QT

(G1(un))
r dxdt,

which yields

(
1− θ

p

)−p
∫

{un>1}∩QT

|∇(G1(un) + 1)(1−θ/p)|p dxdt

6 C2 + C2

∫

{un>1}∩QT

(G1(un))
r dxdt.

Now, the Poincaré inequality implies
∫

{un>1}∩QT

(G1(un) + 1)p−θ dxdt 6 C3 + C3

∫

{un>1}∩QT

(G1(un))
r dxdt.

Observe that r < p− θ. By Young’s inequality we obtain

(3.8)

∫

{un>1}∩QT

|G1(un)|p−θ dxdt 6 C4.
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Therefore
∫

{un>1}∩QT

urn dxdt =

∫

{un>1}∩QT

(G1(un) + 1)r dxdt 6 C5.

So (3.4) is proved. To prove (3.5) we have by (3.4) and (3.6)

(3.9)

∫

QT

|∇T1(un)|p dxdt =
∫

{un61}∩QT

|∇T1(un)|p
(δ + un)̺

(δ + un)
̺ dxdt

6 (1 + δ)̺
∫

{un61}∩QT

|∇T1(un)|p
(δ + un)̺

dxdt 6 C.

From (3.4), (3.7) and q = p− θN/(N + 1), we write

(3.10)

∫

{un>1}∩QT

|∇un|q dxdt

=

∫

{un>1}∩QT

|∇un|q

u
θq/p
n

uθq/pn dxdt

6

(∫

{un>1}∩QT

|∇un|p
uθn

dxdt

)q/p(∫

{un>1}∩QT

uθq/(p−q)
n dxdt

)1−q/p

6 C

(∫

QT

usn dxdt

)1−q/p

, s =
q(N + 1)

N
.

By (2.2) and (3.6), we have

(3.11) sup
t∈[0,T ]

∫

Ω

un(t, x) dx 6 C.

Use the following interpolation argument: ‖un‖Ls(Ω) 6 ‖un‖τL1(Ω)‖un‖
1−τ
Lq∗ (Ω)

with

1 − τ = ((1 − s)/(1 − q∗))(q∗/s), where q∗ = Nq/(N − q) if q < N and q∗ > 1

satisfying (1− τ)s = q otherwise. Using (3.11) and the Sobolev inequality we obtain

∫ T

0

‖un‖sLs(Ω) dt 6 C

∫ T

0

‖∇un‖(1−τ)s
Lq(Ω) dt.

By this last inequality, (3.10), q < p, and (3.9) we have

(3.12)

∫

{un>1}∩QT

|∇un|q dxdt 6 C

(∫

QT

|∇un|q dxdt
)1−q/p

6 C + C

(∫

{un>1}∩QT

|∇un|q dxdt
)1−q/p

,

which implies that ∫

{un>1}∩QT

|∇un|q dxdt 6 C.

Furthermore, (3.9) implies estimate (3.5) and Lemma 3.2 is prooved. �
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3.2. Passage to the limit and finishing the proof of Theorem 3.1. Arguing

as in Lemma 2.8, we obtain a subsequence (un) and a mesurable function u ∈
Lq(0, T,W 1,q

0 (Ω)) such that

un ⇀ u weakly in Lq(0, T ;W 1,q
0 (Ω)),(3.13)

un → u strongly in Lq(QT ) and a.e. in QT ,(3.14)

∇un → ∇u a.e. in QT .(3.15)

From (3.14), (3.15), (1.1), and q/(p− 1) > 1, we obtain

(3.16) A(t, x, un)|∇un|p−2∇un ⇀ A(t, x, u)|∇u|p−2∇u in (Lq/(p−1)(QT ))
N .

By the technique used in the proof of Lemma 2.9,

(3.17)
|∇un|p
uθn

→ |∇u|p
uθ

strongly in L1(QT ).

We also deduce that

(3.18) urn → ur strongly in L1(QT ).

Indeed, thanks to (3.14), we just have to show that the sequence (urn) is equi-

integrable, but this is straightforward taking into account (3.4), (3.8), r < p − θ,

and Hölder’s inequality. Finally, for ϕ ∈W 1,∞(0, T ;L∞(Ω)),

(3.19) −
∫

Ω

un(0)ϕ(0) dx+

∫

QT

un∂tϕdxdt+

∫

QT

A(t, x, un)|∇un|p−2∇un∇ϕdxdt

+B

∫

QT

|∇un|p
uθn

ϕdxdt =

∫

QT

urnϕdxdt.

Using (3.16), (3.17) and (3.18), we can easily pass to the limit in (3.19). Taking into

account (3.3) and Lemma 2.10, Theorem 3.1 is proved. �
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