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Abstract. We consider all the non-metabelian groups G of order 144 that have exponent
either 36 or 72 and deduce the unit group U(FqG) of semisimple group algebra FqG. Here, q
denotes the power of a prime, i.e., q = pr for p prime and a positive integer r. Up to isomor-
phism, there are 6 groups of order 144 that have exponent either 36 or 72. Additionally, we
also discuss how to simply obtain the unit groups of the semisimple group algebras of those
non-metabelian groups of order 144 that are a direct product of two nontrivial groups. In all,
this paper covers the unit groups of semisimple group algebras of 17 non-metabelian groups.
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1. Introduction

Let FpG denote the semisimple group algebra of a finite group G and a finite

field Fp, where the prime p is such that p ∤ |G|. The determination of the unit groups

of finite group algebras is a well known and extensively studied research problem (cf.

[1], [5], [9], [11], [12], [16], [18], [3], [20] and the references therein). This is because

the units of group algebras can be utilized in coding theory as well as in cryptography

etc., (see [6], [7], [13]). Moreover, for the isomorphism problems and exploration of

Lie properties of group algebras, units are very useful (cf. [2]).

It is known that a group is metabelian, provided its derived (or commutator)

subgroup is abelian. Bakshi et al. in [1] studied the unit groups of the semisim-

ple group algebras of metabelian groups. Therefore, most of the research in this

direction is focused on deducing the unit groups of the semisimple group algebras

of non-metabelian groups. In view of this, it is important to know the possible

orders of non-metabelian groups. Pazderski in [19] classified the positive integers
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for which there is no non-metabelian group. Consequently, we see that there are

non-metabelian groups of order 24k, 54k, 60k etc., where k is a positive integer.

For the non-metabelian groups of order up to 72, unit groups of their corresponding

semisimple group algebras are discussed in [14]. The paper [14] covers all the non-

metabelian groups of order 24, 48, 54, 60 and 72. Further, the unit groups of the

semisimple group algebras of non-metabelian groups of orders 108 and 120 (except S5

and SL(2, 5)), are studied in [15], [17]. The unit group of the semisimple group al-

gebras of the symmetric groups Sn can be deduced by determining the degrees of

irreducible representations of Sn together with the result that the group Sn splits

over every field (cf. [8]). The unit group of the semisimple group algebra of SL(2, 5)

is determined in [22]. In view of the above discussion, we see that the study of unit

groups of the semisimple group algebras of non-metabelian groups up to order 120

is complete, except that of the groups of order 96.

In this paper, we continue in the direction of determining the unit groups of the

semisimple group algebras and determine the units groups of the semisimple group

algebras of some non-metabelian groups of order 144. To be more precise, we cover

the unit groups of group algebras of 17 non-metabelian groups that fulfill one of the

following three conditions: (i) exponent 72, (ii) exponent 36, (iii) or that are direct

product of their nontrivial subgroups. In order to deduce the unit group U(FqG) for

p > 3, first, we deduce the Wedderburn decomposition of the group algebra FqG.

After obtaining the Wedderburn decomposition, it is straightforward to deduce the

unit group. The rest of this paper is structured as follows. The discussion of all the

non-metabelian groups of order 144 is given in Section 2. In addition to this, in this

section, we discuss a result about the Wedderburn decompositions (or unit groups)

of the semsimple group algebras of those groups that are direct product of nontrivial

groups. Further, all the basic definitions and results needed in this paper are given

in Section 3. Our main results related to the unit groups are discussed in Sections 4

and 5. The last section is concluding in nature.

2. Non-metabelian groups of order 144

In this section, we discuss all the non-metabelian groups of order 144. Up to

isomorphism, there are 197 groups of order 144 and 28 of them are non-metabelian.

We write all the 28 non-metabelian groups of order 144 in the following list:

(1) (Q8 ⋊ C9) · C2, (15) C3 × (A4 ⋊ C4),

(2) (Q8 ⋊ C9)⋊ C2, (16) C3 ⋊ (C2 · S4),

(3) ((C2 × C2)⋊ C9)⋊ C4, (17) (C3 × SL(2, 3))⋊ C2,
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(4) C2 × (Q8 ⋊ C9), (18) (C3 ×A4)⋊ C4,

(5) ((C4 × C2)⋊ C2)⋊ C9, (19) ((C4 × S3)⋊ C2)⋊ C3,

(6) C2 × (((C2 × C2)⋊ C9)⋊ C2), (20) S3 × SL(2, 3),

(7) (C3 × C3)⋊ ((C4 × C2)⋊ C2), (21) C6 × SL(2, 3),

(8) (C3 × C3)⋊ (C4 ⋊ C4), (22) C3 × (((C4 × C2)⋊ C2)⋊ C3),

(9) (C3 × C3)⋊D16, (23) (C3 × C3)⋊QD16,

(10) (C3 × C3)⋊QD16, (24) S3 × S4,

(11) (C3 × C3)⋊Q16, (25) C2 × ((S3 × S3)⋊ C2),

(12) (C3 × C3)⋊ (C4 ⋊ C4), (26) C2 × ((C3 × C3)⋊Q8),

(13) C3 × (C2 · S4), (27) C6 × S4,

(14) C3 ×GL(2, 3), (28) C2 × ((C2 ×A4)⋊ C2).

For the following 13 groups in the preceding list that are a direct product of non-

trivial groups, the Wedderburn decomposition can be calculated using [14] and the

references therein, together with the results that Fq(G × H) ∼= FqG
⊗

Fq

FqH for any

finite groups G and H (see also Remark 3.1 in [17]), and

Fqa

⊗

Fq

Fqb
∼= (Fql)

t, Mnr
(Fqa)

⊗

Fq

Fqb
∼=Mnr

(

Fqa

⊗

Fq

Fqb

)

∼=
⊕

t times

Mnr
(Fql),

where a, b ∈ Z+ and t = gcd(a, b), l = lcm(a, b). Here, we keep the same serial

number of the groups as in the previous list:

(4) C2 × (Q8 ⋊ C9), (6) C2 × (((C2 × C2)⋊ C9)⋊ C2),

(13) C3 × (C2 · S4), (14) C3 ×GL(2, 3),

(15) C3 × (A4 ⋊ C4), (20) S3 × SL(2, 3),

(21) C6 × SL(2, 3), (22) C3 × (((C4 × C2)⋊ C2)⋊ C3),

(24) S3 × S4, (25) C2 × ((S3 × S3)⋊ C2),

(26) C2 × ((C3 × C3)⋊Q8), (27) C6 × S4,

(28) C2 × ((C2 ×A4)⋊ C2).

For example, we know that FqS4
∼= F2

q ⊕M2(Fq)⊕M3(Fq)
2 and FqS3

∼= F2
q⊕M2(Fq)

for any p > 3. This means that for the group (24), i.e., S3×S4, we have Fq(S3×S4) ∼=

FqS3

⊗

Fq

FqS4
∼= (F2

q ⊕M2(Fq))
⊗

Fq

(F2
q ⊕M2(Fq)⊕M3(Fq)

2) ∼=
(

F2
q

⊗

Fq

(F2
q ⊕M2(Fq)⊕

M3(Fq)
2)
)

⊕
(

M2(Fq)
⊗

Fq

(F2
q ⊕M2(Fq)⊕M3(Fq)

2)
)

∼= (F4
q ⊕M2(Fq)

2 ⊕M3(Fq)
4)⊕

633



(M2(Fq)
2 ⊕M4(Fq) ⊕M6(Fq)

2). In view of this, we conclude that the Wedderburn

decompositions of group algebras of those groups that are direct products of two

nontrivial groups can be calculated easily. Further, it is straight-forward to compute

the unit group from the Wedderburn decomposition. This means one can easily ob-

tain the unit groups of the semisimple group algebras formed by above-mentioned 13

groups. Consequently, in this paper we focus only on those groups that are not

a direct product of two smaller nontrivial groups.

3. Preliminaries

Let ε denote the primitive eth root of unity, where e is the exponent ofG. As in [4],

we define IF = {n : ε 7→ εn is an automorphism of F(ε) over F}, where F is a finite

field. We observe that the Galois group Gal
(

F(ε),F
)

is a cyclic group. Consequently,

for any ζ ∈ Gal(F(ε),F), there exists a s ∈ Z∗
e such that ζ(ε) = εs. In other words,

IF is a subgroup of the multiplicative group Z
∗
e. Let g ∈ G be a p-regular element, so

p ∤ |g|. We define γg as the sum of all conjugates of g for a p-regular element g ∈ G.

Further, let the cyclotomic F-class of γg be denoted by S(γg) = {γgn : n ∈ IF}. To

this end, we recall the following two results from [4]. The first result is related to

total number of cyclotomic F-classes and the second result is related to the number

of elements in any cyclotomic F-class γg . Let J(FG) denote the Jacobson radical of

group algebra FG.

Theorem 3.1. The number of simple components of FG/J(FG) is equal to the

number of cyclotomic F-classes in G.

Theorem 3.2. Let z be the number of cyclotomic F-classes in G and ε be same as

defined earlier. If Ks and Ss for 1 6 s 6 z represent the simple components of center

of FG/J(FG) and the cyclotomic F-classes in G, respectively, then |Ss| = [Ks : F]

for each s, after suitable ordering of the indices.

Next, we recall the following result with which we already know that F is one of the

simple components of Wedderburn decomposition of FG/J(FG) (see [14] for proof).

Lemma 3.1. Let A1 and A2 denote the finite dimensional algebras over F. More-

over, let A2 be semisimple and ψ : A1 → A2 be a surjective homomorphism. Then

we have that A1/J(A1) ∼= A3 +A2, where A3 is a semisimple F-algebra.

Due to Lemma 3.1, we see that if J(FG) = 0, then F is always a simple component

of FG. To this end, we state a result that characterizes the set IF (cf. [10]).
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Theorem 3.3. Let F be a finite field with order q = pr for some prime p and

r ∈ Z+. Let e fulfill gcd(e, q) = 1, ε be the primitive eth root of unity. Moreover,

let |q| denote the order of q modulo e, then we have IF = {1, q, q2, . . . , q|q|−1} mod e.

Finally, we end this subsection by stating two results from [21]. The first result

is related to the commutative simple components of the group algebra FqG and the

second one is related to the relationship between the Wedderburn decomposition of

FqG and Wedderburn decomposition of Fq(G/H), where H is a normal subgroup

of G. Let G′ denote the commutator subgroup of G.

Theorem 3.4. Let the group algebraRG be semisimple, where R denotes a com-

mutative ring. Then, we have RG ∼= R
(

G/G′
)

⊕∆(G,G′), where R
(

G/G′
)

is the

sum of all commutative simple components of RG, and ∆(G,G′) is the sum of all

non-commutative simple components.

Theorem 3.5. Let H be a normal subgroup of G and RG be a semisimple group

algebra. Then RG ∼= R(G/H) ⊕ ∆(G,H), where ∆(G,H) denotes the ideal (left)

of RG generated by the set {h− 1: h ∈ H}.

4. Non-metabelian groups of order 144 having exponent 72

In this section, we consider all the non-metabelian groups of order 144 that have

exponent 72 and deduce the unit groups of their semisimple group algebras. The

non-metabelian groups of order 144 that have exponent 72 are (up to isomorphism)

G1 := (Q8 ⋊ C9).C2, and G2 := (Q8 ⋊ C9)⋊ C2.

4.1. The group G1 = (Q8 ⋊ C9) · C2. The presentation of G1 is the following:

〈x, y, z, w, t, u : x2u−1, [y, x]z−1y−1, [z, x]z−1, [w, x]u−1t−1w−1, [t, x]t−1w−1,

[u, x], y3z−2, [z, y], [w, y]t−1w−1, [t, y]u−1w−1, [u, y], z3, [w, z],

[t, z], [u, z], w2u−1, [t, w]u−1, [u,w], t2u−1, [u, t], u2〉,

where [x, y] = x−1y−1xy. Also G1 has 15 conjugacy classes as shown in the table

below.

R e x y z w u xw y2 yt zw zu xyw y2w yz2 yz2t

S 1 36 8 2 6 1 18 8 8 12 2 18 8 8 8

O 1 4 9 3 4 2 8 9 18 12 6 8 18 9 18
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where R, S and O, respectively, denote the representative, size and order (of the

representative) of a conjugacy class. From the above description of G1, it is clear

that G1 has exponent 72. Also G
′
1
∼= Q8 ⋊C9. Next, we give the unit group of FqG1

when p > 3.

Theorem 4.1. The unit group U1 of FqG1, for q = pk and p > 3, where Fq is

a finite field having q = pk elements, is as follows:

(1) for pk ∈ {1, 17, 55, 71} mod 72, U1
∼= (F∗

q)
2⊕GL2(Fq)

6⊕GL3(Fq)
2⊕GL4(Fq)

4⊕

GL6(Fq);

(2) for pk ∈ {5, 11, 13, 29, 43, 59, 61, 67} mod 72, U1
∼= (F∗

q)
2⊕GL2(Fq)⊕GL3(Fq)

2⊕

GL4(Fq)⊕GL6(Fq)⊕GL2(Fq2 )⊕GL2(Fq3)⊕GL4(Fq3);

(3) for pk ∈ {7, 23, 25, 31, 41, 47, 49, 65} mod 72, U1
∼= (F∗

q)
2⊕GL2(Fq)

3⊕GL3(Fq)
2⊕

GL4(Fq)⊕GL6(Fq)⊕GL2(Fq3 )⊕GL4(Fq3);

(4) for pk ∈ {19, 35, 37, 53} mod 72, U1
∼= (F∗

q)
2⊕GL2(Fq)

4⊕GL3(Fq)
2⊕GL4(Fq)

4⊕

GL6(Fq)⊕GL2(Fq2).

P r o o f. Since FqG1 is semisimple, using Lemma 3.1 we get

(4.1) FqG1
∼= Fq

m−1
⊕

r=1

Mnr
(Fr) for some m ∈ Z.

First assume that k is a multiple of 6. Then for any prime p > 3 we have

pk ≡ 1 mod 8 and pk ≡ 1 mod 9, which means pk ≡ 1 mod 72. Therefore, as

IF = {1}, |S(γg)| = 1 for each g ∈ G1. Hence, (4.1), Theorems 3.1 and 3.2 provide

that FqG1
∼= Fq

14
⊕

r=1

Mnr
(Fq). Utilizing Theorem 3.4 with G1/G

′
1
∼= C2 to obtain

FqG1
∼= F2

q

13
⊕

r=1

Mnr
(Fq), where nr > 2 with 142 =

13
∑

r=1

n2
r. To this end, consider the

normal subgroup H1 := 〈u〉 of G1. Note that G1/H1
∼= ((C2 × C2)⋊ C9)⋊ C2) and

Fq(G1/H1) ∼= F2
q ⊕M2(Fq)

4 ⊕M3(Fq)
2 ⊕M6(Fq) (cf. [14]). This with Theorem 3.5

implies that FqG1
∼= F2

q ⊕M2(Fq)
4 ⊕M3(Fq)

2 ⊕M6(Fq)
6
⊕

r=1

Mnr
(Fq), where nr > 2

with 72 =
6
∑

r=1

n2
r. This equation gives the following 2 possibilities for n′

rs, (2
2, 44)

and (2, 33, 4, 5) where yz means (y, y, . . . , z times). Since the Wedderburn decom-

position is unique for the group algebra FqG1, suppose, if possible, that the second

possibility is true, i.e., (2, 33, 4, 5) is the required choice for n′
rs. We will arrive at

some contradiction to show that (22, 44) is the actual value of n′
rs. By assumption,

we have FqG1
∼= F2

q ⊕M2(Fq)
5 ⊕M3(Fq)

5 ⊕M4(Fq)⊕M5(Fq)⊕M6(Fq). Since this

holds for any prime p > 3, we let p = 5. Due to Proposition 1 from [3], we know

that if FpG ∼=
j
⊕

t=1

Mnt
(Fqt), then p does not divide any of the nt. Consequently,
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(2, 33, 4, 5) can not be the choice for n′
rs. Therefore, we have

(4.2) FqG1
∼= F2

q ⊕M2(Fq)
6 ⊕M3(Fq)

2 ⊕M4(Fq)
4 ⊕M6(Fq).

Now, we consider the other remaining possibilities for k. We can easily see that for

any k, pk ∈ {1, 3, 5, 7} mod 8 and pk ∈ {1, 2, 4, 5, 7, 8} mod 9. Due to this, we have 24

possible values of pk modulo 72. Note that for pk ∈ {1, 17, 55, 71} mod 72, |S(γg)| = 1

for all g ∈ G1 as IF = {1}. Consequently, the Wedderburn decomposition is given

by (4.2). Further, for pk ∈ {5, 11, 13, 29, 43, 59, 61, 67} mod 72, we have that S(γy) =

{γy, γy2 , γyz2}, S(γxw) = {γxw, γxyw}, S(γyt) = {γyt, γyz2t, γy2w}, and for the other

representatives g, S(γg) = {γg}. Therefore, (4.1) and Theorems 3.1, 3.2 imply that

FqG1
∼= Fq

6
⊕

r=1

Mnr
(Fq) ⊕Mn7

(Fq2 )
9
⊕

r=8

Mnr
(Fq3). Since G1/G

′
1
∼= C2, Theorem 3.4

yields FqG1
∼= F2

q

5
⊕

r=1

Mnr
(Fq) ⊕Mn6

(Fq2)
8
⊕

r=7

Mnr
(Fq2). Further, again consider the

normal subgroup H1 = 〈u〉 of G1. Using [14], we know that Fq(G1/H1) ∼= F2
q ⊕

M2(Fq)⊕M3(Fq)
2⊕M6(Fq)⊕M2(Fq3). This with Theorem 3.5 provides that FqG1

∼=

F2
q ⊕M2(Fq)⊕M3(Fq)

2⊕M6(Fq)⊕Mn1
(Fq)⊕Mn2

(Fq2)⊕M2(Fq3)⊕Mn3
(Fq3) with

72 = n2
1 + 2n2

2 + 3n2
3, nr > 2 for all r. The last equation has a unique solution given

by (4, 2, 4). Consequently, the Wedderburn decomposition is given by

(4.3)

FqG1
∼= F2

q⊕M2(Fq)⊕M3(Fq)
2⊕M4(Fq)⊕M6(Fq)⊕M2(Fq2)⊕M2(Fq3)⊕M4(Fq3).

Next, for pk ∈ {7, 23, 25, 31, 41, 47, 49, 65} mod 72, we observe that S(γy) = {γy, γy2 ,

γyz2}, S(γyt) = {γyt, γyz2t, γy2w}, and for the other representatives g, S(γg) = {γg}.

Therefore, (4.1), Theorems 3.1, 3.2 and 3.4 with G1/G
′
1
∼= C2 deduce that FqG1

∼=

F2
q

7
⊕

r=1

Mnr
(Fq)

9
⊕

r=8

Mnr
(Fq3). To this end, again consider H1 and use Fq(G1/H1) ∼=

F2
q ⊕M2(Fq) ⊕M3(Fq)

2 ⊕M6(Fq) ⊕M2(Fq3), along with Theorem 3.5, to see that

FqG1
∼= F2

q ⊕M2(Fq) ⊕M3(Fq)
2 ⊕M6(Fq)

3
⊕

r=1

Mnr
(Fq) ⊕M2(Fq3 ) ⊕Mn4

(Fq3) with

72 =
3
∑

r=1

n2
r + 3n2

4, nr > 2 for all r. The last equation has two solutions given by

(22, 42), and (2, 4, 5, 3). Consequently, with the same logic as considered in the case

when IF = {1}, we conclude that the required Wedderburn decomposition is

(4.4) FqG1
∼= F2

q ⊕M2(Fq)
3 ⊕M3(Fq)

2 ⊕M4(Fq)⊕M6(Fq)⊕M2(Fq3 )⊕M4(Fq3).

Finally, we are remaining with the choices pk ∈ {19, 35, 37, 53} mod 72. For these

choices, we observe that S(γxw) = {γxw, γxyw}, and for the other representatives g,

S(γg) = {γg}. Therefore, (4.1), Theorems 3.1, 3.2 and 3.4 deduce that FqG1
∼=

F2
q

11
⊕

r=1

Mnr
(Fq) ⊕ Mn12

(Fq2 ), nr > 2. To this end, again consider H1 and uti-

lize Fq(G1/H1) ∼= F2
q ⊕ M2(Fq)

4 ⊕ M3(Fq)
2 ⊕ M6(Fq), along with Theorem 3.5,
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to reach at FqG1
∼= F2

q ⊕M2(Fq)
4 ⊕M3(Fq)

2 ⊕M6(Fq)
4
⊕

r=1

Mnr
(Fq)⊕Mn5

(Fq2) with

72 =
4
∑

r=1

n2
r + 2n2

5, nr > 2 for all r. The last equation has three solutions given

by (22, 43), (2, 3, 4, 5, 3) and (44, 2). To this end, we consider the normal subgroup

H2 := 〈z〉 with the corresponding factor group G1/H2
∼= C2.S4. From [14], we know

that Fq(G1/H2) ∼= F2
q ⊕M2(Fq) ⊕M3(Fq)

2 ⊕M4(Fq) ⊕M2(Fq2). Consequently, we

conclude that M2(Fq2) must be the Wedderburn component of FqG which implic-

itly implies that (44, 2) is the possible choice for n′
rs. Therefore, the Wedderburn

decomposition is

(4.5) FqG1
∼= F2

q ⊕M2(Fq)
4 ⊕M3(Fq)

2 ⊕M4(Fq)
4 ⊕M6(Fq)⊕M2(Fq2).

It is straight-forward to deduce the unit group from the Wedderburn decomposition.

�

4.2. The group G2 = (Q8 ⋊ C9)⋊ C2. The presentation of G2 is the following:

〈x, y, z, w, t, u : x2, [y, x]z−1y−1, [z, x]z−1, [w, x]u−1t−1w−1, [t, x]t−1w−1,

[u, x], y3z−2, [z, y], [w, y]t−1w−1, [t, y]u−1w−1, [u, y], z3,

[w, z], [t, z], [u, z], w2u−1, [t, w]u−1, [u,w], t2u−1, [u, t], u2〉.

Also G2 has 15 conjugacy classes, as shown in the table below.

R e x y z w u xw y2 yt zw zu xyw y2w yz2 yz2t

S 1 36 8 2 6 1 18 8 8 12 2 18 8 8 8

O 1 2 9 3 4 2 8 9 18 12 6 8 18 9 18

Note that G2 has exponent 72 and G
′
2
∼= Q8 ⋊ C9. Next, we give the unit group

of FqG2.

Theorem 4.2. The unit group U2 of FqG2, for q = pk and p > 3, where Fq is

a finite field having q = pk elements, is as follows:

(1) for pk ∈ {1, 17, 19, 35} mod 72, U2
∼= (F∗

q)
2⊕GL2(Fq)

6⊕GL3(Fq)
2⊕GL4(Fq)

4⊕

GL6(Fq);

(2) for pk ∈ {5, 7, 13, 23, 29, 31, 47, 61} mod 72, U2
∼= (F∗

q)
2 ⊕GL2(Fq)⊕GL3(Fq)

2 ⊕

GL4(Fq)⊕GL6(Fq)⊕GL2(Fq2 )⊕GL2(Fq3)⊕GL4(Fq3);

(3) for pk ∈{11, 25, 41, 43, 49, 59, 65, 67} mod 72, U2
∼=(F∗

q)
2⊕GL2(Fq)

3⊕GL3(Fq)
2⊕

GL4(Fq)⊕GL6(Fq)⊕GL2(Fq3 )⊕GL4(Fq3);

(4) for pk ∈ {37, 53, 55, 71} mod 72, U2
∼= (F∗

q)
2⊕GL2(Fq)

4⊕GL3(Fq)
2⊕GL4(Fq)

4⊕

GL6(Fq)⊕GL2(Fq2).
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P r o o f. On the similar lines of the proof of Theorem 4.1, we have FqG2
∼=

Fq

m−1
⊕

r=1

Mnr
(Fr), for some m ∈ Z. Note that the group G2 also has a normal

subgroup H1 := 〈u〉 such that G2/H1
∼= ((C2 × C2) ⋊ C9) ⋊ C2). Therefore,

as in Theorem 4.1, for pk ∈ {1, 17, 19, 35} mod 72, we note that |S(γg)| = 1

for all g ∈ G1 as IF = {1}. Consequently, the Wedderburn decomposition is

given by (4.2). Next, for pk ∈ {5, 7, 13, 23, 29, 31, 47, 61} mod 72, we have that

S(γy) = {γy, γy2 , γyz2}, S(γxw) = {γxw, γxyw}, S(γyt) = {γyt, γyz2t, γy2w}, and for

the other representatives g, S(γg) = {γg}. We note that this case is also simi-

lar to that in the group G1. Therefore, the Wedderburn decomposition is given

by (4.3). Next, for pk ∈ {11, 25, 41, 43, 49, 59, 65, 67} mod 72, we observe that

S(γy) = {γy, γy2 , γyz2}, S(γyt) = {γyt, γyz2t, γy2w}, and for the other representa-

tives g, S(γg) = {γg}. In this case, the Wedderburn decomposition is given by (4.4),

since this case is again similar to that in the group G1. Finally, we are remaining

with the choices pk ∈ {37, 53, 55, 71} mod 72 and for these choices we observe that

S(γxw) = {γxw, γxyw}, and for the other representatives g, S(γg) = {γg}. Note that

the group G2 has no normal subgroupH2 such that G2/H2 is isomorphic to C2 ·S4 as

in the previous theorem. Therefore, the results of previous theorem are not applica-

ble in this case. So, (4.1) (with G1 replaced by G2), Theorems 3.1, 3.2 and 3.4 deduce

that FqG2
∼= F2

q

11
⊕

r=1

Mnr
(Fq)⊕Mn12

(Fq2), nr > 2. Consider the normal subgroup H1

and utilize Fq(G2/H1) ∼= F2
q ⊕M2(Fq)

4⊕M3(Fq)
2⊕M6(Fq) along with Theorem 3.5

to arrive at FqG2
∼= F2

q ⊕M2(Fq)
4 ⊕M3(Fq)

2 ⊕M6(Fq)
4
⊕

r=1

Mnr
(Fq)⊕Mn5

(Fq2) with

72 =
4
∑

r=1

n2
r + 2n2

5, nr > 2 for all r. This equation has three choices for n′
rs (2

2, 43),

(2, 3, 4, 5, 3) and (44, 2). At this point, we consider the normal subgroup H2 := 〈z〉

with the corresponding factor group G2/H2
∼= GL(2, 3). From [14], we know that

Fq(G2/H2) ∼= F2
q⊕M2(Fq)⊕M3(Fq)

2⊕M4(Fq)⊕M2(Fq2). Consequently, we conclude

that M2(Fq2) must be the Wedderburn component of FqG, which implicitly implies

that (44, 2) is the possible choice for n′
rs. Therefore, the Wedderburn decomposition

is again given by (4.5). �

5. Non-metabelian groups of order 144 having exponent 36

In this section, we consider all the non-metabelian groups of order 144 that have

exponent 36 and deduce the unit groups of their semisimple group algebras. Up to

isomorphism, there are 4 non-metabelian groups of order 144 that have exponent 36.

Among them, the groups of order 144 that are not the direct product of two smaller

groups are G3 := ((C2 × C2)⋊ C9)⋊ C4, G4 := ((C4 × C2)⋊ C2)⋊ C9.
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5.1. The group G3 := ((C2 × C2) ⋊ C9) ⋊ C4. The presentation of G3 is the

following:

〈x, y, z, w, t, u : x2y−1, [y, x], [z, x]w−1z−1, [w, x]w−1, [t, x]u−1t−1,

[u, x]u−1t−1, y2, [z, y], [w, y], [t, y], [u, y], z3w−2, [w, z],

[t, z]u−1t−1, [u, z]t−1, w3, [t, w], [u,w], t2, [u, t], u2〉.

Also G3 has 18 conjugacy classes as shown in the table below.

R e x y z w t xy xt yz yw yt z2 wt xyt yz2 ywt zw2 yzw2

S 1 18 1 8 2 3 18 18 8 2 3 8 6 18 8 6 8 8

O 1 4 2 9 3 2 4 4 18 6 2 9 6 4 18 6 9 18

Clearly, the exponent of G3 is 36. Also G
′
3
∼= (C2 × C2) ⋊ C9 with G3/G

′
3
∼= C4.

Next, we give the unit group of FqG3 when p > 3.

Theorem 5.1. The unit group U3 of FqG3, for q = pk and p > 3, where Fq is

a finite field having q = pk elements, is as follows:

(1) for pk ∈ {1, 17} mod 36, U3
∼= (F∗

q)
4 ⊕GL2(Fq)

8 ⊕GL3(Fq)
4 ⊕GL6(Fq)

2;

(2) for pk ∈ {7, 11, 23, 31} mod 36, U3
∼= (F∗

q)
2 ⊕ F∗

q2
⊕ GL2(Fq)

2 ⊕ GL3(Fq)
2 ⊕

GL6(Fq)
2 ⊕GL3(Fq2)⊕GL2(Fq3)

2;

(3) for pk ∈ {5, 13, 25, 29} mod 36, U3
∼= (F∗

q)
4⊕GL2(Fq)

2⊕GL3(Fq)
4⊕GL6(Fq)

2⊕

GL2(Fq3 )
2;

(4) for pk ∈ {19, 35} mod 36, U3
∼= (F∗

q)
2⊕F∗

q2
⊕GL2(Fq)

8⊕GL3(Fq)
2⊕GL6(Fq)

2⊕

GL3(Fq2 ).

P r o o f. Since FqG3 is semisimple, using Lemma 3.1 we have

(5.1) FqG3
∼= Fq

m−1
⊕

r=1

Mnr
(Fr) for some m ∈ Z.

First, assume that for each g ∈ G3, |S(γg)| = 1. Hence, (5.1), Theorems 3.1 and 3.2

provide that FqG3
∼= Fq

17
⊕

r=1

Mnr
(Fq). Utilizing Theorem 3.4 with G3/G

′
3
∼= C4 to

obtain FqG3
∼= F4

q

14
⊕

r=1

Mnr
(Fq), where nr > 2 with 140 =

14
∑

r=1

n2
r. To this end, consider

the normal subgroup H1 := 〈y〉 of G3. Note that G3/H1
∼= ((C2 × C2)⋊ C9)⋊ C2)

and Fq(G3/H1) ∼= F2
q⊕M2(Fq)

4⊕M3(Fq)
2⊕M6(Fq) (as in Theorem 4.1). This with

Theorem 3.5 implies that FqG3
∼= F4

q ⊕M2(Fq)
4 ⊕M3(Fq)

2 ⊕M6(Fq)
7
⊕

r=1

Mnr
(Fq),

where nr > 2 with 70 =
7
∑

r=1

n2
r. This equation gives the following 3 possibilities
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for n′
rs, (2

5, 52), (24, 3, 3, 6) and (35, 4). In order to deduce the uniqueness, we utilize

the normal subgroup H2 := 〈t, u〉 of G3. Note that G3/H2
∼= C9 ⋊C4. Since G3/H2

is a metabelian group, from [1] we know that Fq(G3/H2) ∼= F4
q⊕M2(Fq)

8. This with

Theorem 3.5 concludes that (35, 4) cannot be the possibility for n′
rs. Further, with

a similar argument as in Theorem 4.1, we know that (25, 52) cannot be a possible

choice as it contains the Wedderburn component M5(Fq). Consequently, the only

possible choice is (24, 3, 3, 6), i.e., the Wedderburn decomposition is

(5.2) FqG3
∼= F4

q ⊕M2(Fq)
8 ⊕M3(Fq)

4 ⊕M6(Fq)
2.

Now, we look for the possible values of pk. For any k, we have that pk ∈ {1, 3} mod 4

and pk ∈ {1, 2, 4, 5, 7, 8} mod 9. Due to this, we have 12 possible values of pk

modulo 36. Note that for pk ∈ {1, 17} mod 36, |S(γg)| = 1 for all g ∈ G3 as

IF = {1}. Hence, the Wedderburn decomposition is given by (5.2). Further, for

pk ∈ {7, 11, 23, 31} mod 36, we have that S(γx) = {γx, γxy}, S(γz) = {γz, γz2 , γzw2},

S(γxt) = {γxt, γxyt}, S(γyz) = {γyz, γyz2 , γyzw2}, and for the other representa-

tives g, S(γg) = {γg}. Therefore, (5.1) and Theorems 3.1, 3.2 imply that FqG1
∼=

Fq

7
⊕

r=1

Mnr
(Fq)

9
⊕

r=8

Mnr
(Fq2 )

11
⊕

r=10

Mnr
(Fq3 ). Since G3/G

′
3
∼= C4 and Fq(G3/G

′
3)

∼=

F2
q ⊕ Fq2 , Theorem 3.4 yields FqG1

∼= F2
q ⊕ Fq2

6
⊕

r=1

Mnr
(Fq) ⊕M7(Fq2)

9
⊕

r=8

Mnr
(Fq3)

with nr > 2. At this point, again consider the normal subgroup H1 of G3 and

Fq(G3/H1) ∼= F2
q ⊕ M2(Fq) ⊕ M3(Fq)

2 ⊕ M6(Fq) ⊕ M2(Fq3) (as in Theorem 4.1).

This with Theorem 3.5 implies that FqG3
∼= F2

q ⊕ Fq2 ⊕ M2(Fq) ⊕ M3(Fq)
2 ⊕

M6(Fq) ⊕ M2(Fq3)
2
⊕

r=1

Mnr
(Fq) ⊕ Mn3

(Fq2) ⊕ Mn4
(Fq3), where nr > 2 with 70 =

2
∑

r=1

n2
r + 2n2

3 + 3n2
4. This equation has four solutions given by (2, 2, 5, 2), (2, 6, 3, 2),

(3, 4, 3, 3) and (5, 5, 2, 2). For uniqueness, we utilize the normal subgroup H2 of G3.

Further, we know that Fq(G3/H2) ∼= F2
q ⊕ Fq2 ⊕M2(Fq)

2 ⊕M2(Fq3)
2 (cf. [1]). This

with Theorem 3.5 ensures that (3, 4, 3, 3) cannot be the possibility for n′
rs. Moreover,

(2, 2, 5, 2), and (5, 5, 2, 2) cannot be the possible choices due to the similar reason as

stated in Theorem 4.1. Consequently, the Wedderburn decomposition is given by

FqG3
∼= F2

q ⊕ Fq2 ⊕M2(Fq)
2 ⊕M3(Fq)

2 ⊕M6(Fq)
2 ⊕M3(Fq2)⊕M2(Fq3)

2.

Next, for pk ∈ {5, 13, 25, 29} mod 36, we have S(γz) = {γz, γz2 , γzw2}, S(γyz) =

{γyz, γyz2 , γyzw2}, and for the other representatives g, S(γg) = {γg}. Therefore,

equation (5.1) and Theorems 3.1, 3.2 imply that FqG1
∼= Fq

11
⊕

r=1

Mnr
(Fq)

13
⊕

r=12

Mnr
(Fq3).

Since Fq(G3/G
′
3)

∼= F4
q, Theorem 3.4 yields FqG3

∼= F4
q

8
⊕

r=1

Mnr
(Fq)

10
⊕

r=9

Mnr
(Fq3)
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with nr > 2. We again consider the normal subgroup H1 of G3 and Fq(G3/H1) ∼=

F2
q ⊕M2(Fq) ⊕M3(Fq)

2 ⊕M6(Fq) ⊕M2(Fq3). This with Theorem 3.5 implies that

FqG3
∼= F4

q ⊕M2(Fq)⊕M3(Fq)
2 ⊕M6(Fq)⊕M2(Fq3)

4
⊕

r=1

Mnr
(Fq)⊕Mn3

(Fq3), where

nr > 2 with 70 =
4
∑

r=1

n2
r+3n2

5. This equation has three solutions given by (2, 2, 5, 5, 2),

(2, 3, 3, 6, 2), and (3, 3, 3, 4, 3). In order to obtain the uniqueness, we consider the

normal subgroup H2 of G3 and recall that Fq(G3/H2) ∼= F4
q ⊕M2(Fq)

2 ⊕M2(Fq3 )
2.

This and Theorem 3.5 ensure that (3, 3, 3, 4, 3) cannot be the possibility for n′
rs.

Moreover, as (2, 2, 5, 5, 2) can not be the possible choice, the required Wedderburn

decomposition is given by

FqG3
∼= F4

q ⊕M2(Fq)
2 ⊕M3(Fq)

4 ⊕M6(Fq)
2 ⊕M2(Fq3)

2.

Finally, we are left with the choices pk ∈ {19, 35} mod 36. We observe that

S(γx) = {γx, γxy}, S(γxt) = {γxt, γxyt}, and for the other representatives g,

S(γg) = {γg}. Therefore, (5.1) and Theorems 3.1, 3.2 imply that FqG3
∼=

Fq

13
⊕

r=1

Mnr
(Fq)

15
⊕

r=14

Mnr
(Fq2). Since Fq(G3/G

′
3)

∼= F2
q ⊕ Fq2 , Theorem 3.4 yields

FqG3
∼= F2

q ⊕ Fq2

12
⊕

r=1

Mnr
(Fq)⊕M13(Fq2) with nr > 2. At this point, again consider

the normal subgroup H1 of G3 and Fq(G3/H1) ∼= F2
q⊕M2(Fq)

4⊕M3(Fq)
2⊕M6(Fq).

This together with Theorem 3.5 deduces that FqG3
∼= F2

q⊕Fq2⊕M2(Fq)
4⊕M3(Fq)

2⊕

M6(Fq)
5
⊕

r=1

Mnr
(Fq)⊕Mn6

(Fq2). We now engage the normal subgroup H2 and recall

that Fq(G3/H2) ∼= F2
q⊕Fq2 ⊕M2(Fq)

8. Again apply Theorem 3.5 with H2 to see that

FqG3
∼= F2

q⊕Fq2 ⊕M2(Fq)
8⊕M3(Fq)

2⊕M6(Fq)⊕Mn1
(Fq)⊕Mn6

(Fq2), where nr > 2

with 54 = n2
1+2n2

2. This equation has two solutions given by (2, 5), and (6, 3). How-

ever, as (2, 5) can not be the possible choice, the required Wedderburn decomposition

is given by

FqG3
∼= F2

q ⊕ Fq2 ⊕M2(Fq)
8 ⊕M3(Fq)

2 ⊕M6(Fq)
2 ⊕M3(Fq2).

This completes the proof. �

5.2. The group G4 = ((C4 × C2) ⋊ C2) ⋊ C9. The presentation of G4 is the

following:

〈x, y, z, w, t, u : x2u−1, [y, x], [z, x], [w, x], [t, x], [u, x], y2z−1, [z, y],

[w, y]u−1t−1w−1, [t, y]u−1w−1, [u, y], z3, [w, z], [t, z],

[u, z], w2u−1, [t, w]u−1, [u,w], t2u−1, [u, t], u2〉.
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Moreover, we see that the group G4 has 42 conjugacy classes. Further, the exponent

of G4 is 36 and G
′
4
∼= Q8 with G4/G

′
4
∼= C18. For this group, we are not giving the

full details in the following theorem since the procedure to obtain the unit group is

similar to the one in preceding Theorems 4.1, 4.2 and 5.1.

Theorem 5.2. The unit group U4 of FqG4, for q = pk and p > 3, where Fq is

a finite field having q = pk elements, is as follows:

(1) for pk ≡ 1 mod 36, U4
∼= (F∗

q)
18 ⊕ GL2(Fq)

18 ⊕ GL3(Fq)
6, for pk ≡ 17 mod 36,

U4
∼= (F∗

q)
2 ⊕ (F∗

q2
)8 ⊕ GL2(Fq)

2 ⊕ GL3(Fq)
2 ⊕ GL2(Fq2)

8 ⊕ GL3(Fq2)
2, for

pk ≡ 19 mod 36, U4
∼= (F∗

q)
18 ⊕GL2(Fq2)

9 ⊕GL3(Fq)
6 and for pk ≡ 35 mod 36,

U4
∼= (F∗

q)
2 ⊕ (F∗

q2
)8 ⊕GL2(Fq2)

9 ⊕GL3(Fq)
2 ⊕GL3(Fq2)

2;

(2) for pk ∈ {5, 29} mod36, U4
∼= (F∗

q)
2⊕ (F∗

q2)
2⊕ (F∗

q6)
2⊕GL2(Fq)

2⊕GL2(Fq2)
2⊕

GL3(Fq)
2 ⊕GL3(Fq2)

2 ⊕GL2(Fq6)
2;

(3) for pk ∈ {7, 31} mod 36, U4
∼= (F∗

q)
6⊕(F∗

q3)
4⊕GL3(Fq)

6⊕GL2(Fq2)
3⊕GL2(Fq6 )

2;

(4) for pk ∈ {11, 23} mod 36, U4
∼= (F∗

q)
2⊕(F∗

q2
)2⊕(F∗

q6
)2⊕GL3(Fq)

2⊕GL2(Fq2)
3⊕

GL3(Fq2 )
2 ⊕GL2(Fq6)

2;

(5) for pk ∈ {13, 25} mod 36, U4
∼= (F∗

q)
6 ⊕ (F∗

q3
)4 ⊕ GL2(Fq)

6 ⊕ GL2(Fq3)
4 ⊕

GL3(Fq)
6.

P r o o f. Since FqG4 is semisimple, we have

(5.3) FqG4
∼= Fq

m−1
⊕

r=1

Mnr
(Fr) for some m ∈ Z.

Let pk ≡ 1 mod 36. This means for each g ∈ G4, |S(γg)| = 1. Hence, (5.3) together

with Theorems 3.1 and 3.2 gives FqG4
∼= Fq

41
⊕

r=1

Mnr
(Fq). We utilize Theorem 3.4

with G4/G
′
4
∼= C18 to obtain FqG4

∼= F18
q

24
⊕

r=1

Mnr
(Fq), where nr > 2. To this end,

consider the normal subgroup H1 := 〈u〉 of G4 and note that G4/H1
∼= C2 × ((C2 ×

C2) ⋊ C9). This quotient group G4/H1 is a metabelian group. Therefore, using [1]

we know that Fq(G4/H1) ∼= F18
q ⊕M3(Fq)

6. This with Theorem 3.5 implies that

FqG4
∼= F18

q ⊕M3(Fq)
6

18
⊕

r=1

Mnr
(Fq), where nr > 2. Next, we consider the normal

subgroup H2 := 〈z〉 of G4 and note that G4/H2
∼= ((C4 × C2) ⋊ C2) ⋊ C3. The

quotient group G4/H2 is a non-metabelian group. Therefore, using [14], we have

that Fq(G4/H2) ∼= F6
q ⊕M2(Fq)

6 ⊕M3(Fq)
2. This with Theorem 3.5 further implies

that FqG4
∼= F18

q ⊕M2(Fq)
6 ⊕M3(Fq)

6
12
⊕

r=1

Mnr
(Fq), where nr > 2 with

12
∑

i=1

n2
r = 48.

Consequently, we are left with the only possible choice of n′
rs given by (2

12). Thus,

the Wedderburn decomposition is

FqG4
∼= F18

q ⊕M2(Fq)
18 ⊕M3(Fq)

6.
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Now, we consider pk ∈ {5, 29} mod 36. Here, we see that |S(γg)| = 2 for 12

representatives of conjugacy classes of G4, |S(γg)| = 6 for 24 representatives

of conjugacy classes of G4 and |S(γg)| = 1 for the remaining 6 representa-

tives of conjugacy classes of G4. Therefore, (5.3) and Theorems 3.1, 3.2 imply

that FqG4
∼= Fq

5
⊕

r=1

Mnr
(Fq)

11
⊕

r=6

Mnr
(Fq2)

15
⊕

r=12

Mnr
(Fq6). Since G4/G

′
4

∼= C18

and Fq(G4/G
′
4)

∼= F2
q ⊕ F2

q2
⊕ F2

q6
, Theorem 3.4 yields FqG4

∼= F2
q ⊕ F2

q2
⊕

F2
q6

4
⊕

r=1

Mnr
(Fq)

8
⊕

r=5

Mnr
(Fq2)

10
⊕

r=9

Mnr
(Fq6) with nr > 2. At this point, we again

consider the normal subgroup H1 of G4 and utilize Fq(G4/H1) ∼= F2
q ⊕ F2

q2
⊕ F2

q6
⊕

M3(Fq)
2 ⊕M3(Fq2 )

2. This with Theorem 3.5 implies that FqG4
∼= F2

q ⊕ F2
q2 ⊕ F2

q6 ⊕

M3(Fq)
2 ⊕M3(Fq2)

2
2
⊕

r=1

Mnr
(Fq)

4
⊕

r=3

Mnr
(Fq2)

6
⊕

r=5

Mnr
(Fq6). Further, as in the pre-

vious case, we consider the normal subgroup H2 of G4 and utilize Fq(G4/H2) ∼=

F2
q ⊕ F2

q2
⊕M2(Fq)

2 ⊕M2(Fq2)
2 ⊕M3(Fq)

2. This with Theorem 3.5 further shows

that FqG4
∼= F2

q⊕F2
q2
⊕F2

q6
⊕M2(Fq)

2⊕M2(Fq2)
2⊕M3(Fq)

2⊕M3(Fq2)
2

2
⊕

r=1

Mnr
(Fq6),

where nr > 2 with 6(n2
1 + n2

2) = 48. This leaves us with the only possible choice of

n′
rs given by (2, 2) and therefore the Wedderburn decomposition is

FqG4
∼= F2

q ⊕ F2
q2 ⊕ F2

q6 ⊕M2(Fq)
2 ⊕M2(Fq2)

2 ⊕M3(Fq)
2 ⊕M3(Fq2)

2 ⊕M2(Fq6)
2.

Next, we consider pk ∈ {7, 31} mod 36. In this case, we have that |S(γg)| = 3

for 12 representatives of conjugacy classes of G4, |S(γg)| = 2 for 6 representa-

tives of conjugacy classes of G4, |S(γg)| = 6 for 12 representatives of conjugacy

classes of G4 and |S(γg)| = 1 for the remaining 12 representatives of conju-

gacy classes of G4. Therefore, (5.3) and Theorems 3.1, 3.2 imply that FqG4
∼=

Fq

11
⊕

r=1

Mnr
(Fq)

14
⊕

r=12

Mnr
(Fq2)

18
⊕

r=15

Mnr
(Fq3)

20
⊕

r=19

Mnr
(Fq6). Since Fq(G4/G

′
4)

∼= F2
q⊕

F6
q2⊕F4

q3 , Theorem 3.4 yields FqG4
∼=F6

q⊕F4
q3

6
⊕

r=1

Mnr
(Fq)

9
⊕

r=7

Mnr
(Fq2)

11
⊕

r=10

Mnr
(Fq6)

with nr > 2. Next, we consider the normal subgroup H1 of G4 and utilize

Fq(G4/H1) ∼= F6
q ⊕ F4

q3 ⊕ M3(Fq)
6. This with Theorem 3.5 implies that FqG4

∼=

F6
q ⊕ F4

q3
⊕M3(Fq)

6
3
⊕

r=1

Mnr
(Fq2)

5
⊕

r=4

Mnr
(Fq6). Again, we consider the normal sub-

group H2 of G4 and utilize Fq(G4/H2) ∼= F6
q ⊕M2(Fq2)

3 ⊕M3(Fq)
2. This with The-

orem 3.5 further deduces that FqG4
∼= F6

q ⊕F4
q3
⊕M3(Fq)

6 ⊕M2(Fq2)
3

2
⊕

r=1

Mnr
(Fq6),

where nr > 2 with 6(n2
1 + n2

2) = 48. This leaves us with the only possible choice

of n′
rs given by (2, 2) and therefore the Wedderburn decomposition is

FqG4
∼= F6

q ⊕ F4
q3 ⊕M3(Fq)

6 ⊕M2(Fq2)
3 ⊕M2(Fq6)

2.
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Further, we consider pk ≡ 19 mod 36. In this case, we have that |S(γg)| = 1 for 24

representatives of conjugacy classes of G4 and |S(γg)| = 2 for the remaining 24

representatives of conjugacy classes of G4. Therefore, (5.3) and Theorems 3.1, 3.2

imply that FqG4
∼= Fq

23
⊕

r=1

Mnr
(Fq)

32
⊕

r=24

Mnr
(Fq2). Since Fq(G4/G

′
4)

∼= F18
q , Theo-

rem 3.4 yields FqG4
∼= F18

q

6
⊕

r=1

Mnr
(Fq)

15
⊕

r=7

Mnr
(Fq2) with nr > 2. Next, we consider

the normal subgroup H1 of G4 and utilize Fq(G4/H1) ∼= F18
q ⊕M3(Fq)

6. This with

Theorem 3.5 implies that FqG4
∼= F18

q ⊕M3(Fq)
6

9
⊕

r=1

Mnr
(Fq2), where nr > 2 with

2
9
∑

i=1

n2
r = 72. This provides us the only possible choice of n′

rs given by (2
9). Conse-

quently, the Wedderburn decomposition is FqG4
∼= F18

q ⊕M3(Fq)
6⊕M2(Fq2)

9. Finally,

we remark that, similar to the procedure already followed in this theorem, the re-

maining Wedderburn decompositions can be deduced. This completes the proof. �

6. Conclusion

We have completely characterized the unit groups U(FqG) of the semisimple group

algebra of 17 non-metabelian groups of order 144. The 17 groups considered in

this paper either have exponent 72 or 36 or they are direct product of nontrivial

subgroups. This paper completes the study of characterization of unit groups of

U(FqG) for all groups G up to order 144 except that of groups of order 96, 128

and 144 (having exponent 12 and 24). Finally, this paper motivates the study of

unit groups of the group algebras of non-metabelian groups of higher order.

A c k n ow l e d gm e n t. The authors are extremely thankful to the reviewer for

his/her valuable suggestions and comments that improved the overall quality of

the paper.
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