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Abstract. We study elliptic equations with the general nonstandard growth conditions
involving Lebesgue measurable functions on 2. We prove the global che regularity of
bounded weak solutions of these equations with the Dirichlet boundary condition. Our
results generalize the C1'® regularity results for the elliptic equations in divergence form
not only in the variable exponent case but also in the constant exponent case.
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1. INTRODUCTION

Various mathematical problems with nonstandard growth conditions have been
investigated by many authors in the last two decades. We refer to the overview
paper [24] and the books [4], [13] and [31] .

Partial differential equations and variational problems with nonstandard growth
conditions arise from elastic mechanics, electro-rheological fluids and image restora-
tion; see, e.g., [7], [32], [33], [40]. Many results on the regularity for the nonstandard
growth problems have been obtained (see, e.g., [2], [8], [15], [17], [18], [23], [25], [26],
[29], [30], [34], [37], [39]). In particular, in [1], [5], [9]-[11], [16], [19], [20], [36], [38] the
authors have obtained the C™® regularity results for integral functionals or elliptic
equations with nonstandard growth conditions. In this paper we deal with the C'*®
regularity of bounded solutions to the quasilinear elliptic equation

(1.1) —div A(z,u, Vu) + B(z,u,Vu) =0 in 2
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with the Dirichlet boundary condition
(1.2) u=g¢g in 09,

where (2 is a bounded domain of R™,n > 2, and 912 is its boundary.

We assume that A and B satisfy the variable exponent growth conditions (see
Assumptions (H2) and (H3)), where the variable exponent p: 2 — R satisfies the
condition

(1.3) 1<p = irgllfp(x) <pti=sup p(x) < .
Q

As well known, assuming that the variable exponent p(x) is log-Holder continuous,

allows to prove Holder continuity of weak solutions and minima. However, C1®

regularity results in fact require that p(x) is Holder continuous rather than merely

log-Holder continuous; see for example [24], Theorem 8.1. The following assumptions

will be used.

(H1) The function p is Holder continuous on §, which is denoted by p € C%A1(€Q),
that is, there exist a positive constant L; and exponent $; € (0,1) such that

Ip(z') — p(x?)| < Ly|z* — 22|P for ', 22 € Q.

(H2) A= (A1,As,...,A,) € C(AxRxR™ R™). For every (r,2) € QxR, Az, z,-) €
CY(R™\ {0}, R™) and there exist a non-negative constant k > 0, non-increasing
continuous function A: [0,00) — (0,00) and non-decreasing continuous func-
tion A: [0,00) — (0,00) such that for all x,z',2% € Q, 2,21,22 € R, n =
(Mm,m2,-+-y1mn) € R®\ {0} and & = (&,&,...,&,) € R™ the following condi-
tions are satisfied:

(1.4) [A(z, 2,0)] < A(|z])b(2),

where b is a non-negative function in the appropriate variable exponent
Lebesgue space, see (1.10) for details,

n

0A4;
(15) Y =z més = Az (k + [n*) P22 g7,

ij=1 O
(16) Z]a Ak + ) =272,
g=1
(I |A<m1,z,n>—A<x2,z%n>|

< Amax{|2'], |22[N)(ja! — 22| + |2 — 22|%)
x [((k + |n|?)@ED=2/2 o (k 4 [n[?) ) =2)/2)
x (1 + [og(k + [n|®))nl + 1],

where 1, 32 € (0,1) are given numbers.
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(H3) B: @ x R x R®™ — R is a Carathéodory function satisfying the structural
condition

(1.8) |B(x, 2,m)] < A(l2)(Inl"™) + d(2)),

where A is as in Assumption (H2) and d is a non-negative Lebesgue measurable
function satisfying some assumption; see (1.10) for details.
Without loss of generality we may assume that Ly > 1,0 < k <1, A(z) < 1 and
A(z) =2 1 for all z € [0,00) in Assumptions (H1)-(H3).
A typical example of the function A satisfying Assumption (H2) is

Az, z,m) = a(w, 2)(k + |n]*) P22 4 f(a, 2),

where a: QxR — R and f: QxR — R" are Holder continuous in (z, z) and satisfy
the inequalities

Mz|) € a(z,2) <A(z]) and |f(z,2)] < A(|2])b(z) for (z,2) € Q x R.

The equation (1.1) with the structure conditions (H1)-(H3) is considered in [16]
by Fan, while he proved the Holder continuity of gradients of the bounded weak
solutions of (1.1) under the conditions b = 0, d = const, that is, A(x,z,0) = 0 and
|B(z,2z,1)] < A(|2])(|nP™) 4 1) instead of (1.4) and (1.8), respectively.

Zhang and Zhou (see [38]) and Yao (see [36]) have obtained local Holder continuity
for the gradients of weak solutions of (1.1), where the forms of A and B considered
in [38] are A(z, z,n) = [P "2n and B(z, z,1) = [n["™)=2log(|n)nVp(z) but in [36]
they are A(z,2,7) = (a(x)n - n)P =2 Pa(z)y — | f()[P*) 72 f(x), where f(z) =
(f1(2), ..., ful@)), fi € CLI(Q) is a vector field and a(x) = (ai;(2)), ai; € CL(Q),
is a symmetric matrix satisfying

A nlP? < alz)n-n < Al

with a positive constant A, and B(z, z,1) = 0. To the best of the authors’ knowledge,
nothing is known on C%“ regularity for the elliptic Dirichlet problem (1.1), (1.2)
which satisfies Assumptions (H2) and (H3) when b and d are Lebesgue measurable
functions. The aim of the present paper is to find the sharp conditions on b(x)
and d(z) in (1.4) and (1.8) so as to ensure the Holder continuity of gradients of the
bounded weak solutions of (1.1). In this paper we use the variable exponent spaces
LrO(Q), wirt)(Q), Wol’p(')(Q) of which the definitions will be given in Section 2.
The symbols of some common spaces used in this paper such as L>(Q), W1°°(Q),
CL(Q), C3°(Q), C(Q), CH*(8Q), C*(Q) and C**(Q) with k = 0, 1 are standard.

loc
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Definition 1.1. (1) The function u € WP()(Q) is called a bounded weak solu-
tion of (1.1) if uw € L>(2) and

(1.9) /(A(gmu, Vu)Vo+B(z,u, Vu)p)dr =0 for every ¢ € Wol’p(')(Q)QLOO(Q).
Q

(2) The function u € WP()(Q) is called a bounded weak solution of the Dirich-
let problem (1.1), (1.2) if u € L*(Q), u —g € Wol’p(')(ﬂ) with ¢ € WP (Q)
and (1.9) holds.

Our main results in this paper are the following Theorems 1.2 and 1.3.

Theorem 1.2. Let p satisfy (1.3) and (H1), and let u € WH0)(Q) N CL* ()
be a bounded weak solution of (1.1) with sup |u| < M, where M is a given positive
Q

constant. Suppose that A and B satisfy Assumptions (H2) and (H3) with non-
negative functions b and d such that

(1.10) be LPOmO(Q), de Lm0 (Q)

with m € C(Q) satisfying

(1.11) m(z) > % Ve Q,
where
(112) ,8 = min{ﬁl,oqﬁg}

and 1, P2 are as in Assumption (H2), and p'(z) = p(z)/(p(z) —1). Then u €
cb (Q) and for any open set Q) € () the inequality

loc
(113) ||'ILH01,Q(W) g C

holds, where o € (0,1) and C depends on n, p(-), m(-), A\(M), A(M), M, a1, 54
and 32, and, moreover, C' depends also on ||b|(.ym(.), ||d|lm(.) and dist(€Y',0Q).

Theorem 1.3. Let Q) be a bounded domain of R" with C"®° boundary 0.
Suppose that g € C»*(9Q) and u € WPL)(Q) N C%*1(Q) is a bounded weak
solution of the Dirichlet problem (1.1), (1.2) with sup |u| < M. Let p, A and B

Q

satisfy all the conditions of Theorem 1.2. Then u € C1*(Q) and the inequality
(119 Jullonp < €

holds, where a € (0,1) and C depend on n, p(-), m(-), A(M), A(M), M, aq, f1,
B2, llgllcr.eo(an) and €, and, moreover, a depends also on g, C depends also on
16l (ymy and [[d]lm)-
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The proofs of Theorems 1.2 and 1.3 are similar to those of Fan (see [16]) who
adapted the ideas used by Acerbi and Mingione in [1] for the O regularity of mini-
mizer of the integral functional. However, in order to employ methods of [16], we need
new results on the Holder continuity and the higher integrability for bounded weak
solutions of the Dirichlet problem (1.1), (1.2) satisfying (2.1), (2.2) with appropri-
ate measurable functions as and by which arise from the conditions (1.4) and (1.8)
because there are no such regularity results in literature. Indeed, Fan and Zhao
in [17] and Fan in [16] obtained the Hélder continuity and the higher integrability
for bounded weak solutions when as and by are constants, and Ri and Yu (see [37])
proved the boundedness and Holder continuity for weak solutions of (1.1), (1.2) under
the stronger structural conditions on A and B:

> ag|nP™ — ay(2)|2|7® — as(z),
Az, 2,m)| < bo(|nlP @7 + by (2)]2] 1@V @ 4 by(a)),
)| < co(@)|n|P@/ @) 4oy (2)]2]9 71 4 ey(2),
where
np(x)

p() < g(z) <p*(x) = § n—p2)
00 if p(x) > n

if p(x) <mn,

and ag, by are given positive constants, and aq, as, b1, ba, cg, 1, co are appropriate
non-negative measurable functions; see [37] for details.
We prove in the next sections that if (2.1), (2.2) and (2.4) are satisfied and p is
log-Holder continuous in €2, that is, there exists a constant Cj,g such that
) 1
—Ip(z) = p(y)[log |z —y| < Clog Y,y € Q with |z —y| < 5,
then a bounded weak solution of (1.1), (1.2) is Holder continuous (see Theorems 2.5
and 2.8) and higher integrable (see Lemmas 3.1 and 4.1). Besides, our procedure
for deriving the same estimates required for using Campanato’s theorem to prove

Holder continuity of the gradients is slightly more difficult and sharper than that
of [16] (see Lemmas 3.2-3.3 and Proposition 3.4).

Remark 1.4. We emphasize a sufficient condition for the Holder continuity of
bounded weak solutions to (1.1) or (1.1), (1.2) assumed in Theorems 1.2 and 1.3:

Let A and B satisfy (H2) (here we do not require (1.7)) and (H3) with b and d
satisfying (1.10) for some m € C(£2) such that

(1.15) m(z) > max{l, %} for any z € Q.
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Then the bounded weak solution of (1.1) belongs to C’IOO’CQ1 (©) with some a3 € (0,1).
Moreover, if 2 satisfies a uniform exterior cone condition on 92 and u is a bounded
weak solution of (1.1), (1.2) with g € C%*(9Q), then u belongs to C%®1 () with

some a; € (0,1).
The assertion of Remark 1.4 follows from Theorems 2.5, 2.8 and Remark 2.10.

Remark 1.5. It is clear that the constants b and d satisfy (1.10) for any m €
C(9Q) such as in (1.15). Therefore, it follows from Theorem 1.3 that bounded weak
solutions of (1.1), (1.2) belong to C1*(Q) under the conditions of Theorem 1.3 (but
we need not assume (1.10)—(1.12)). This shows that the results of the present paper
generalize the C'1® regularity results not only of [16] and [36] in the variable exponent
case but also of [6], [27], [28], [35] in the constant exponent case where the authors
assumed that b and d are all non-negative constants.

The rest of this paper is organized as follows. In Section 2, we introduce some
known basic properties on the variable exponent Lebesgue space and Sobolev space,
and prove the Hoélder continuity of bounded weak solutions of (1.1) or (1.1), (1.2)
by using the generalized De Giorgi classes introduced in [37] and the localization
method. We prove the local C1'® regularity for (1.1) in Section 3 and the global
C1@ regularity for the Dirichlet problem (1.1), (1.2) in Section 4. In the following
sections the symbol C' will be used as a generic symbol for a constant that may
change from line to line or even within a line.

2. PRELIMINARIES

Let E be a bounded open set in R™,n > 2, and p: F — [1,00) be a Lebesgue
measurable function.
Define the variable exponent Lebesgue space LP()(E) by

LPO(E) = {u: u: E — R is a measurable function and / JulP@ dz < oo}
B
with the norm
, u
lullpy e 2= ooy = inf S 2 > 05 [ |5
E

and the variable exponent Sobolev space W' *()(E) by

p(z)
dr <1

WiPO(E) .= {u e LPY(E): |Vu| € LPV)(E)}

with the norm
[ullwiro ey = [IVullpe),e + llullpe), e

where ||Vull,.) e = [[[Vullly.),z-
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Define Wol’p(')(E) as the closure of C§°(E) in W'P()(E). We point out that,
when p is log-Holder continuous in E, ||Vu|,(.), g is an equivalent norm on Wol’p(') (E).
All the spaces LP()(E), WP()(E) and Wol’p(')(E) are Banach spaces.

For a measurable function f: E — R, we put

sup f(z) :=esssup f(x), inf f(z):=essinf f(x),
E E E E
osc £(z) i= sup f(z) ~inf F(&). [ fllooe = If 1=
E
and sometimes
fg = st;p flx), fg:= i%ff(a:).

We denote by |E| the n-Lebesgue measure of E. If 1 < py < pf; < oo and u €
LPO)(E), then there hold the inequalities

: Py rh p() Py P
min{l|ul,¢) g, [lull,é) 5} < . u["* Ao < max{||ull ¢y g llull,fy g}

and if 0 < ap < af; < 0o, r € L®(E), 1 < a(z)r(z), r(z) > 1 for a.e. € E and
u € L") (E) then there holds the inequality
a(x) ag “E
1l * e < maX{HuHa(‘)T(.)’E, Hu”a(‘)T(.),E}-

Moreover, if u € L")(E) and 1 < p(z) < r(z) for a.e. x € E then

ullpe).e < X+ I[ED[ullr),e-
We refer to [12], [13] for the elementary properties of the spaces LP()(E), WP() (E)
and W, PV (E).
Let B,(xo) be an open ball in R™ of radius ¢ centered at xo € R™ and put

wp, = |B1(z0)|, Qp(z0) := QN By(xo), (09)s(z0) := QN By(xop).

Now, we prove the Holder continuity results of bounded weak solutions of (1.1) under
Assumption (H3) and the condition that the coefficient A: @ x R x R” — R™ is a
Carathéodory function satisfying the structural conditions

(2.1) Az, 2,mn = ao(|2)) [P — a1(|z])az (),
(2.2) Az, 2,m)] < bo(2)) (I~ + b (2))

for a.e. x € Q and all (z,7) € R x R™, where ag: [0,00) — (0,00) is a non-
increasing continuous function and aq,by: [0,00) — (0,00) are non-decreasing con-

tinuous functions, and a9, b; are non-negative measurable functions. Holder conti-
nuity results for the bounded weak solutions of (1.1) have been obtained by Fan and
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Zhao (see [17]) when agz, by and d in (2.1), (2.2) and Assumption (H3) are all con-
stants. Recall the generalized De Giorgi’s classes B,.)(Br(y), M,~,71,9,1/r) and
B, (O r(2), M,v,71,0,1/r) introduced in [37] to obtain the Holder continuity of

weak solutions.

Definition 2.1 (see [37]). Let M, ~, v, d, r be positive constants with
0 < 2, r > 1and Br(y) C Q. We say that a function u belongs to class
B,)(Br(y), M,v,7,0,1/r) if u € WPO)(Bg), |[ulleo.By < M and the functions
w(x) = Lu(x) satisfy the inequalities

w — k p(@)
/A Veolt) da @/A Tl de el
k,T k.t

for arbitrary 0 < 7 < t < R and k such that £ > sup w — 6M, where A;, =
{z € B;: w(z) > k}. B:(w)

Definition 2.2 (see [37]). Let M, ~, 71, 0, 7, R be positive constants with
0 < 2,r > 1and z € Q. We say that a function u belongs to the class
By (O (), M., 70,6,1/1) i u € WO (), [l < M, sup [u(a)] < o0

and the functions w(z) = tu(x) satisfy the inequalities B

/ \Vw|p(m) dacg’y/ ’w ’ dx+’yl|Ak7t|171/T
Akﬂ— Ak t

for arbitrary 0 < 7 < ¢t < R and k such that k > max {supw — 0M, sup w}, where
Ak,t = {33 S Qti W(l‘) > k‘} o (D)

As mentioned in Introduction, the Holder continuity results for weak solutions
already known in literature do not allow us to use them to get the C regularity
of bounded weak solutions of (1.1) or (1.1), (1.2). Therefore, we should study the
Holder continuity of bounded weak solutions under the conditions (2.1), (2.2).

Let M be a positive constant. If p € C(£2), then there exists a radius Ry such that

0SC p

M7 < 2 for any Bg, with Qg, # 0. Note that if p is log-Holder continuous in 2
then there exists a constant Lo > 0 such that

—O0SsC

(2.3) R 9" < L, VBp with Qp % 0;

see, e.g., [13], Lemma 4.1.6 for details.
We first provide the following interior Holder continuity.

Lemma 2.3. Let p € C(Q) satisfy (1.3) and be log-Hélder continuous in Q) and
let M be a positive constant. Further, let Ry € (0,1) be a number satisfying Ry < R
and €9 > 0 and r > 1 be numbers such that por > n + €9, where pg = pQR (20) and
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zo € Q. Let Br/(y) C Qr,(20) and u € WHPO)(Bg/) N L= (Bg/), and sup |u| < M.
BR/

Suppose that u € B,.)(Br(y), M,~,71,0,1/r) for any R € (0, R']. Then there exists
a constant s = s(n,v,pt,p~, La,eq) > 2 such that, for arbitrary 0 < R < R/,

osc u < CR ™™ R*t,
Br(y)

where Ly is as in (2.3) and
(wn+D(y+D+m
v

- i EO o 75} - { 2}
= ——, —log,(1—17"2 l= 2,=¢.
a1 mln{n+€0, ogy( )ty max | 2,

C= 4max{ 128 R'e0/(me0) g u},
By

The proof of Lemma 2.3 is the same as that of Lemma 4.5 in [37], the only difference

i
being that we must now replace poog by n-+eo and use the inequality M?5r " P8r L 2
with R < Ro.

Lemma 2.4. Let p € C(Q) satisfy (1.3). Suppose that A and B satisfy (2.1),
(2.2) and (1.8) with non-negative measurable functions as, by and d such that

(2.4) az,d € L™O(Q), by € LP OmO(Q),
where m € C(Q) is as in (1.15). If u is a bounded weak solution of (1.1) such that
sup |u| < M, then

Q

1
u € ‘Bp(.)(BR(y),M,'y,fyl,(S, F) for any ball Br(y) € Q2 with |Bgr| < 1,

Br
where
o(M) it
(5_rn1r1{27 SMA(M) S v =", a0(M),by(M)),
Y1 =", p ,a0(M),a1(M),bo(M),[[azlm(), 1011l (ym()s [1dllm())-

Proof. Let 0 < 7 < t < R. Let n € CY(R") be a function such that
0 < nx) <1, |Vna)] < 2/(t—7) for z € R",n(x) = 1 for x € B;(xp) and

supp” C By(zo). Set w®) = max{w —k,0} with w = +u and k > sup w — 6 M. Then
By
o =n"wh e Wol’p(')(Bt) N L*°(By), so we can take ¢ as a test function in (1.9).

Substituting ¢ into (1.9) we have

(2.5) / 7)”+A(z7 u, Vu)Vwdr = —pt / np+*1VnA(:r, u, Vu)(w — k) dz
Ak,t Ak,t

- B(z,u,Vu)(w — k)r]p+ dex.
Akt

Online first 9



Recalling (2.1), (2.2), (2.4), (1.8) and using the Young inequality and Holder inequal-
ity and taking e such that 2pTbo(M)e = 2ao(M), we have

(2.6) :I:/ 77P+A(w,u,Vu)Vw dz > aO(M)/ np+|vW|p(x) da
At A

k,t

— 2a1 (M)|[as |y |Age| ™5

where the upper or lower sign be taken according to whether w is +u or —u, respec-
tively,

(2.7)

p*/ 7 TIVnA(z, u, Vu)(w — k) dz
At

— kp(=) "z
<2ptt() [ (19l 4 (O 1 )| T O @) o
k,t
Y — kp(=)
< wd) / " [Vl dz + C(p*, ag(M), bo(M ”/ B &
3 Ap SR

+ C(p+’p_7 bo(M)7 ||b1Hp’(-)m(-))|Ak’t|1_1/mg1?,
and using the fact that 0 < w(z) — k < M < ag(M)/(3A(M)) for x € Ay 4,

25 ‘/ B(wvuvvu)(w—k>ﬂp+dx‘<%(:am [ 9l as
Apt A

k,t
+ C(ao(M), [|d]l )| At~ ™20
Combining (2.6)—(2.8) with (2.5), we get
_ k p(z) 1 /m=
/ Vel da < v/ e A
Apr Apt -7 ’

The lemma is proved. t

Let m satisfy (1.15). Then, obviously, p(z)m(x) > n holds for any z € Q . There-
fore, if p and m are both continuous on €, then there exists a positive constant &
such that

p(x)m(x) > n + 2o

for any = €  and so we can take a Ry > 0 satisfying
(2.9) Pap, Mag, > M+ o
for any Qp, with Qg, # 0.
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Theorem 2.5. Suppose that p € C(Q) is log-Hélder continuous in €. Let A
and B satisfy all the conditions of Lemma 2.4 and let u be a bounded weak solution
of (1.1) such that sup [u| < M. Then u € C2* () and for any open set ' € Q) the
estimate @

||u||co,a1(ﬁ) <C
holds, where ay € (0,1) and C depend on n, p(-), m(-), ag(M), bo(M) and M.
Moreover, C' depends also on a1 (M), [|az|m(.), b1]lp(-ym()s [|]lm() and dist(€Y', 0€).

Proof. Let Ry € (0,1) be so small that Ry < min{R;, Ra}, Ry < dist(£,90Q)
and |Bg,| < 1. Then we have Pag, May, > 1+ co with g9 as in (2.9). Let 0 < R <
LRy and O # 0, where Q, = Q' N Bg(y). Since Br(y) € Q and |Bg(y)| < 1, from
Lemma 2.4 it follows that u € B, (Br(y), M,v,7,0,1/mp_), where v, 1 and ¢
are as in Lemma 2.4. Therefore, using Lemma 2.3 with R’ = %Ro, we get

osc u < osc u< C(&)ialRal,
QL (y) Br(y) 8

where 7 and C' are as in Lemma 2.3. The theorem is proved. O

We next establish the global Holder continuity. We say that () satisfies an exterior
cone condition at a point z € 02 if there exists a finite right circular cone V, with a
vertex z such that Q NV, = z, in particular, say that € satisfies a uniform exterior
cone condition on 0 if €2 satisfies an exterior cone condition at every z € 9) and
the cones V, are all congruent to some fixed cone V' (see [21] or [37]). We can obtain
the following lemma by the same method used in the proof of Lemma 4.10 in [37],
but with only minor modification as in Lemma 2.3.

Lemma 2.6. Let a variable exponent p and numbers pg, Rg, 9 and r be
as in Lemma 2.3 and let ) satisfy an exterior cone condition at z € 0f). Let
Bri(2) C Bp,(20) and u € W20 (Qpi (2)) N L®(Qr/(2)) with sup |u| < M. Suppose

Qs
that, for any R < R, u € B,y((0Q)r(2), M,~,71,0,1/r) and (ag)sc( )u < BoR>,
r(z
where oo and [y are given positive constants. Then there exists a constant

s = s(n,v,pT,p~, La,€0,V,) > 2 such that, for arbitrary 0 < R < R/,

osc u < CR™™*R*
Qr(2)

where Ly is as in (2.3) and

0 = e { Lt DO+ D404

Z2SR’E,oscu,460R’5}7 5:min{ao, =0 }a
v Qg

n + &g

o :min{ao, ,—log4(1—l_12_5)}, l :max{él,%}.

€0
n + &o
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Analogously to Lemma 2.4 we have the following lemma.

Lemma 2.7. Let p € C(Q) satisfy (1.3) and be log-Holder continuous in
and let §) satisfy a uniform exterior cone condition on 0f). Let A and B sat-
isfy all the conditions of Lemma 2.4. If u is a bounded solution of the Dirich-
let problem (1.1), (1.2) with g € L*(0R) such that sup|u| < M, then u €

Q
%p(i)((ﬁQ)R(z),M7%’71,(571/(m§R(z))) for any R > 0 with |Bgr(z)| < 1 and for
all z € 0N), where 7, v1, 0 are the same as in Lemma 2.4.
Proof. Let0 <7 <t < R and z € 09. Setting ¢ = 77P+w(k), from the
conditions on p and Q we have ¢ € VVol’p(')(Qt(z)) NL>®(Q(2)) for k > max { sup w—
Q. (2)
oM, sup w}, where 7 is a function as in the proof of Lemma 2.4 when zg = z.
(09)¢(2)
Then we can take ¢ as a test function in (1.9) and the lemma is proved similarly to
proof of Lemma 2.4. O

Next, by combining Theorem 2.5, Lemmas 2.6 and 2.7 we have the following global
Holder continuity for bounded weak solutions of the Dirichlet problem (1.1), (1.2).

Theorem 2.8. Let all the conditions of Lemma 2.7 be satisfied and () satisfy a
uniform exterior cone condition on 0f2. If u is a bounded solution of the Dirichlet
problem (1.1), (1.2) with g € C%*(9Q), then u € C%*1(Q) and

||u||co‘a1(§) <G,

where ay and C depend on n, p(-), m(-), ||u]ls.q, ao(||t]lco), bo(||u]le) and Q and,
moreover, a; depends also on ag, and C depends also on ||g|co.«0(a0), @1(||ulle),

lazllmys 101l (ym(y and [|dflm)-
According to [35], we have the following lemma.

Lemma 2.9. Let A satisfy Assumption (H2) except (1.7) and p satisfy (1.3).
Then we have the inequalities (2.1), (2.2) with

ao(J2]) = 3477 A(l2]),

e = (s +1)) + g =)™ ey,

as(x) = 0" @) (z) 41,
272Nz, bi(@) = ba) + 1,

1
(p~—1)
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and

(210> (A((E7 Z, 77) - A((E7 Z, 77/))(77 - 77l)
S M (=) = '[P ifp(z) > 2,
M(l2))(k + [nl? + [ )02 —af 2 if 1 < p(a) < 2
with A1 (|z]) = 477" A(|2]).
Proof. We first prove (2.10) similarly to the proof of [35], Lemma 1. Without
loss of generality, we may suppose that || < |7'|. From (1.5) we have

Az, z,m) — Az, 2 77’)(?7 1)

- [em

7,=1

(n—n")) (i —ni)(n; — nj)dt

1/4
Mal) [ G+ e = ) Y22 —of ) e
0
Therefore, using
1 712 / N\ |2 2 /12 1
Eln—n\ Sk+n +tn—n)P <k+Pn*+n']? Vte [O,ﬂ,
we arrive at

(A, 2,m) = Az, 2.0)(n = 1)

1\p(a) N ,

G Aebin o if p(e) > 2,
1

i

/

M2l (k + [nf* + | [P — /2 if 1 < p() < 2,

from which follows (2.10) with Ai(]z]) = min{(%)p "L BIN(J2]).  In order to
prove (2.1), putting ' = 0 in (2.10), we have

A1 (|2]) P + A(z, 2,0)n if p(z) > 2,
A, z,m)n >
A (|2))(k + [nf?)®@=2/2|n12 + A(z, 2,0)n if 1 < p(x) < 2.

Using (1.4) and the Young inequality, for any € > 0 we get
|A(z, 2,0)n| < €‘n|p(x) + 8—1/(1)(:8)—1)(A(|Z|)>p*/(p*—1)bp’(:c)($)_
Therefore, we have
Az, 2,11 > Oa(l2]) — )l — eV OOD(A(|z])p /0”0 )
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when p(z) > 2, and using the Young inequality,

A, z,m)m = (|2 (1 + [n]?) P22 )2 — ]y P
— e V@@= (p|z|)P /7= Dpp @) ()
n

> () ey

— eV @=D(A(|2]))P /7 =D (#) ()
[

> M (2D [nP®) = A (|2]) —— — ¢|n[P™)
(=D 1(]2[) e Inl
— eV P@=D(A(|2]))P /7 =" (#) ()

> (21— &) = )l — oD
— eV @@=D (A (|2]))P /7 D" () ()

where 1 < p(z) < 2. Taking e such that A1 (|z|)(1—¢) —e = 1 X;(|2]), from the above
inequalities we arrive at (2.1). Using the equality

)i dt,

Aj(x,z,m) — Aj(z, 2,0) /

condition (1.4), the Schwarz inequality and (1.6), we have

4G, 2] < A0 + [ Z 5

A(2])b(z) +A(|z\)|n|/0 (4 £2]n[2) P@-2/2 44

1 +
< pT—2 p(x)—1
< max{pi —,2 }A(|z|)(|n| b(z) + 1),

since

' L 7
s ey < [ aggpe -
0 0 p~—1

when 1 < p(z) < 2 and

1
/ (k + 2[5 ®@ D72 4t < / (14 210272 at(1 4 [nf2)"/?
0 0

< (L4 g3 P@ =172 & (14 [y|p@-
<222 (|pP@ =t 1)

when p(z) > 2. Therefore, we obtain (2.2) and the lemma is proved. O
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Remark 2.10. Let Assumption (H2) except equation (1.7) be satisfied with b €
LP'Om()(Q). Then Lemma 2.9 shows that the coefficient A satisfies the conditions
(2.1)—(2.4) with ag, a1, as, by and b; as in Lemma 2.9.

Remark 2.11. For given § > 0, from
—~ =0 where lim t°logt =0
t—0t

it follows that there is a positive constant C(6) depending only on § such that for
every |n| > 0

(2.11) [log(k + [n*)] < C(6) + (k + [n*)° + (k + n|*)~°.
Therefore, by (1.7) and (2.11) we obtain
(212) |A(J,‘17Zl,77) —A($2,2’2,7’])|
< Ap(max{]z'], [22[}) (|2 — 2?7 4 [21 = 2%7) (1 + [P~ 120),

where A,(t) = C(p~)A(t), p = max{p(z'),p(z?)} and § > 0 is a number such that
§<i(p™ —1).

3. PROOF OF THEOREM 1.2

To prove Theorem 1.2, we first need a new result on the higher integrability for the
bounded weak solutions of (1.1), which is stated in the following lemma, since the
known results in this field are not applicable for the case of the conditions (2.1)—(2.2)
and (2.4).

Lemma 3.1. Let p be log-Hélder continuous in ) and satisfy (1.3) and let the
coefficients A and B satisty (2.1), (2.2), (2.4) and (H3). Let u be a bounded weak
solution of (1.1) with sup |u| < M. Then, given an open set ) € ), there ex-
ist positive constants R(S)2 = Ro(n,p(-),a0(M), A(M),dist(,090)), C = C(n,p(-),
aog(M), a1 (M), bo(M), A(M), M) and &y = do(n,p(-),m(-),ao(M),A(M),M) €
(0,m~ — 1] such that for every ball Bog C § with R € (0,Rg] and for any
0 € (0,00] it holds

1+5
(3.1) ][ V] (P gz < o((f V@) dx) +][ 1+ dx),
Br Bar Bar

where fwdz = |E|™! [wdz, f(z) = az(z) + bzla’(a:)(x) +d(z) + 1.
B E
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Proof. Since u is continuous on € by Theorem 2.5, there is R; > 0 such that

1 ao(M)
(32) ") ) < i

Val 2? € Q with |2' — 22| < 4R;.

Consider the concentric balls Br(zg) C Bag(xg) C @ with R < Ry. Take ¢ €
C}(Bar) such that ¢ =1 on Bg and 0 < ¢ < 1, |[V¢| < 4/R on Bag. Set (u)or =
|Bog| ™1 fBzR udz. Putting ¢ = ¢?" (u— (u)2r) and using (2.1), (2.2), (2.4) and the
Young inequality, we obtain

A(z,u, Vu)Vepda
Bar

= / (CP+A($, u, Vu)Vu + p+(p+_1(u — (u)2r)VCA(z,u, Vu)) dz
Bar

>a(M) [ & |ValP® da — ay (M) / as(z) dz
Bar Bar
4
o0 [ ale? VP
Bar
L
—PTbo(M) 5 lu — (u)2r|b1(z) dz
Bar

> ag(M) Cp+|Vu|p(I) dx—al(M)/ as(x) dz

Baogr Bar
— (z)
_4p+b0(M)/ (Ecp+|VU|p($)—|—5_(1”($)—1)‘u 72‘)21?'10 )dx
Bar
_ (z) /
_4p+bo(M)/ (% T <"”>(x)) da.
Bar

Choosing € so that 4pTbo(M)e = $ao(M), we get

(3.3) A(z,u, Vu)Vedz

Bar

2
> 2a0(M) / IV da — C(p*,p- ap(M), ar (M), bo(M))
Bar

3
p(x)) dz.

X / (1 + az(z) + bf,(z)(x) + ‘U_(ﬂ
B2r R

By (1.8) and (3.2), we have

(3.4) ‘/ B(z,u, Vu)pdzx
Bar

S / ¢ Ju— (w)arlAM) (V"™ + d(z)) da
Bar

1
< 3aO(M)( P |Vl d:c—i—/ d(z) dx).
Bar B

2R
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Taking the above ¢ as a test function in (1.9), by (3.3) and (3.4), we obtain

u — (U)QR p()

R

(3.5) ]{BR VP de < C B2R( +f(@)) da.

Now, we choose £ > 0 so small that e < min{p~ —1,1/(n — 1)}. By absolute continu-
ity of the Lebesgue integral there exists Ry € (0, R;] such that for every ball Bog C 2
with 0 < R < Ry it holds ||Vu||Lp(.)/(1+g)(BQR < 1, where Ry depends on n, p(+),
ag(M), A(M) and dist(QY', ). Therefore, from Proposition 8.2.11 of [13] we have

(3.6) ]{9 .

where C'= C(n,p(-)). Substituting (3.6) into (3.5) we get

u— (u)or
R

p(2) e
dr < C’(][ |Vu\p(f’3)/(1+5) dx) +C,
Bar

1+¢
(3.7) ][ VU@ dz < c( ][ (@) (1+2) dx) +of f@)da
BR B2R BQR
where C' = O(nap(')7a0(M)7a1(M)7bO(M)7A(M)aM)'
Since f € L™ (), by the Gehring lemma (see [14], Theorem 3.7) and (3.7) there
exists a number &y € (0,m~ — 1] depending on n, C, ¢ and m~ such that

1/(1+96) 1/(14-6)
(][ |vu|(1+5)p(9¢) dx) <C |vu|p(x) dz + C(J[ |f|1+6 dl’)
Br Bar Bar

for all 6 € (0,d¢], all R € (0, Ry], which completes the proof of Lemma 3.1. O

In the rest of this section we suppose that Assumptions (H1)—(H3), (1.10) and (1.3)
are satisfied. Since u € Co’al(Q), for any open set ' €  there is Lz > 0 depending

loc

on n, p(-), m(:), AN(M), A(M), M, ||bllp/(-ym(), [|dllm(y and dist (', 09) such that
(3.8) lu(z') — u(z?)| < Lsja' — 2% V! 2? € Q.

Let ' € Q and Byg, (z9) C . Let Ry and dy be as in Lemma 3.1. Without loss of
generality, we may assume that |Br,| < 1 and Ry < 1. Let ¢ € (0,dp] and Ry be so
small that R; < %Ro, fBzR |Vu[P(®) dz < 1 and

1

1)
+ —
(3.9) Phany oo (14 5) < P oy (1 0):

Ja 1+6/2
It is clear that R; is non-decreasing in 6. We have |Vu| € LPPar, 0 1/ )(BQRl (x0))

from Lemma 3.1 and (3.9). Let Br := Bgr(z.) C Bar be two concentric balls in
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Bsg, (%), not necessarily concentric with Bag, (z¢). Put p.(R) = pgm and let
z,. € Bag be such that p(z.) = p.(R). Define A(n) = A(z.,u(z4),n). Defining

h(t) = \o(k + t2)(p(w*)*2)/2t’

from (1.5) and (1.6) we have

oA, M e - (9 i)
Z e > S, 32 (o] < R

where A\g = A(M), Ag = A(M), and

ij=1

min{p(z.) — 1,1} < thlé)) < max{p(z,) — 1,1}
Setting
H(t) = /0 Ch(rydr,
e have H(t) = 20 ((k + 12)p(=)/2 _ (e /2)
p(xs)

So, from Lemma 3.1 and (3.9) it holds [ H(|Vu|)dz < oo and u € C%*(Bg),
since u € C2**(12). Therefore, by Theorem 1.7 and Lemma 5.2 of [28] we have the

loc
following result for Dirichlet problem,

divA(Vv) =0 in Bg,
(3.10) { (Vo) i

v=1u on 0Bpg.
For brevity, we write p, instead of p(x.).

Lemma 3.2. There is a unique solution v of the problem (3.10) such that v €
WP+ (Bg) N CL*(Br) N C(Bg) and

loc

(3.11) sup |Vo|P» < CR™" (/ [VulP~ dachR”),
Bry/2 Br
(3.12) / Vv — (Vv),[P* dx
BQ
/2
n g P /2 B - P
Co ((R) <]{3R|Vv (Vo)r dz)
< Jr(g)az][ Vo — (Vo)g[P* dx iIfl<p,<2
R Br ’
an(g)w (][ Vv — (Vo) g|Pr dz + 1) ifpe =2
R Bn
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for any ¢ € (0, R),

(3.13) / Vol dz < [ (IVulP +1)da,
Br Br
(3.14) sup |u — v| < osc u,
Br Br

where as € (0,1) and C depends on n, p., A\ and Ag.

Proof. By Lemma 1.1, Theorem 1.7 and Lemma 5.2 of [28] there is a unique
solution v € WP+ (Bg) N C’1 “2(Br) N C(BR) of (3.10), which satisfies

loc
(3.15) sup ((k+|Vv|?)P-=2/2|vy|?) < CR™ (k +|Vo|?)P-=2/2|vy|? da,
Brj2 Br

(3.16) ][ (k+ [Vo — (Vo) [2)®*~2/2| Vo — (Vo) |2 da
B

e

2\* [ (pe—2)/2

< _

\C’<R) R(k—|—|Vv (VU)R| )
X |Vv — (Vo)g|*dz for 0 < o < R,

(3.17) / (k +|Vo|?)P-=2/2|vy|? dz < C (14 (k +|Vu>)P=2/2|7y)?) dz
Br Br

and (3.14), where as and C depend on n, p., g, and Ag. In order to prove (3.11)
we first assume that 1 < p, < 2. Obviously,

(3.18) / (k—I—|VU\2)(P*_2)/2\VU|2dx</ |Vo|P da.
Br Br

Since 1 < p, < 2, we get

sup ((k + Vo) P =272V0]?) > sup (1 +|Vof?) P22 Vo)

Br/2 Brya
= su ( L+ |VU|2 _ 1 )
T B VL V)PP T (11 [Vof2) B2

WV

sup (14 [Vo[>)P/2 =1 > sup |[Vu[P — 1

Br/2 R/2

Therefore we arrive at (3.11) by (3.15) and (3.18) when 1 < p, < 2. Next, suppose
that p, > 2. Obviously,

P < sup ((k + |Vo|?)P-=2/2|wy)?).
Br/2 Br/2

(3.19)
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Putting BL = {z € Br: |Vou(x)| > 1}, we have

(3.20) / (k + |Vo|?)P-=2/2|vy)? da
Br

</B (1+ 1 >(P*—2)/2|vv

1 “7U|2

R

< 9(pe-2)/2 </ Vo
Br

Combining (3.15), (3.19) and (3.20), we get (3.11) when p. > 2. Using (3.16),
analogously above we obtain the inequality (3.12) in the case that p. > 2.

D= dx + / 2(?*_2)/2 dx
[33\13%

Prdx + |BR|>

In order to prove (3.12) in the case that 1 < p. < 2, we first note the obvious
inequality

P dax.

(3.21)][ (k+|Vv—(Vv)R|2)(p*’2)/2|Vv—(Vv)R\zdxg][ Vo — (Vo)r
Br Br

Putting B, = {z € B,: |[Vu(z) — (Vv),| > 1} and using (3.16), (3.21) and the
Holder inequality, we have

| 1o,

e

k
= 1 _—
/B;( T Vo= (Vo)

+/ (k + [V — (V) [2)2P-Ip-/4
BQ\B;

P dx

(2—p+)/2
) U [T = (T0) )T — (V) P de

P dfl;

x (k + |V — (Vv),[2)P-=2P/4|7y — (Vu),
<2/ (k + |V — (V0),[)P=2/2|Vv — (Vo) ,|* dz
B

1
e

1_17*/2
+ (/ (k + Vv — (Vv),|?)P+/? dx>
B,\B}

P /2

x </ (k + |V — (Vv),[H)P=2/2|Vo — (Vo) ,|? d;v)
BQ\Bé

<CIB,I(5) ][ (k+ Vo = (Vo)g*) P ~272|V0 — (V) g|* da
Br

n C|BQ|(]Q%>042P*/2(]£g
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«/2
0 Py /2 P
<co(& . P
< Cp (R) (éR|V1} (Vo)r dx)

x (((;)a ]{BR Vo — (Vo) P dx)l_p*/Q + 1).

Since the proof of (3.13) is similar to that of (3.11), we omit it. O

Lemma 3.3. Let Assumptions (H1)—-(H3) be fulfilled with b and d satisfying
(1.10)—(1.12) and p satisfy (1.3). Let v be as mentioned in Lemma 3.2 and let
0 < 0 < &g, where & Is as in Lemma 3.1. Then we have

Pe dz < 035/2/ (R™™|VulP@® 4| f*F0) da

(3.22) / [Vu — Vo
Br Bar

for B C Bar C Bag, (%0), where C = C(n,p*,p~, X, Ao, M, dist(Q,09)), and 3, f
and Bag, (x) are as in (1.12), (3.1) and (3.9), respectively.

Proof. Put I = [; (A(Vu) — A(Vv))(Vu — Vv)dz. Since v is a solution
of (3.10), we have

I= / A(Vu)(Vu — Vv) dz
Br
= / (A(Vu) — Az, u, Vu))(Vu — Vov) dz + / Az, u, Vu)(Vu — Vo) dx
BR BR
=1 + I,.
Taking &1 € (0,1) such that & < min{i(p~ — 1), 1(p~ — 1)}, by (3.9)

201
Py — 1

(3.23)  p. (1 + ) < P ey (1 +0) <P(2)(1+8) V€ Ban, (w0).

By (2.12), (3.1), (3.8), (3.13) and (3.23), noting fBle (z0) |Vu[P(*) dz < 1, we have
L = /B (A(zs, u(zy), Vu(z)) — Az, u(x), Vu(x)))(Vu(z) — Vo(x)) dz

P 14200y (17y| + | Vo) do

<CRB/ (1+|Vu
Br

< CRP / (IVu|3+92@) 1 1) dz < CR? / (R™™|VulP@ + | f]**°) dz.
BR B2R
Since u is a bounded weak solution of (1.1), from (1.9) we have
I, = Az, u, Vu)(Vu — Vo) dz = — B(z,u, Vu)(u — v) dz.

Br Br
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Using (1.8), (3.8) and (3.14), we get

I < Ao / (IVulP™ + d(x)) dzosc u < CR™ / (IVulP™ +|f]+%) da,
BR R

Br
and so
(3.24) [ <CR? / (R V@ + [f[1+) da.
Bar
However, by (2.10) it holds
/\1(M)/ |[Vu — Vo|P* dz if p. > 2,
Br

(3.25) 1>
/\1(M)/ (k+ [Vul2 + Vo) 22| Vu - Vo de i 1< p, < 2.

Br

Thus, it is clear that (3.22) holds when p, > 2. Let 1 < p, < 2. By the Holder
inequality, (3.1), (3.9), (3.13), (3.24) and (3.25) we have

/ |Vu — VolP* dz
Br
1/2
< (/ (k + |Vul?> + |Vv]?) P =2/2|Vy — Vo2 d:c)
Br

1/2
% (/ (k + |Vul? + |Vo|?) P2 | vy — V|21 d:c)
Br

1/2

1/2
<0R5/2< / (R”5|Vu|p(””)+|f|1+5)da:> < / (Vu|(1+5)p(z)+1)dx)
Bar Br

gCRﬁ/Q/ (R7™|VulP@® 4| f[1+0) da.
Bar

The proof of Lemma 3.3 is complete. O

Proposition 3.4. Let A, B and p satisfy the conditions in Lemma 3.3. Let
Bsg, (z) be as above and, moreover, Ry be a number satisfying (3.9) with § € (0, Jo]
such that

B(2n + ag) Bm~ B 1}'

(3.26) J< mln{éln(n T o) 2n

Then, given T € (0,n), there exist positive constants R, < %Rl and C, depending
onT,n, p()’ m()7 )‘(M)5 A(M)’ M; aq, 517 52; ||pr’()m()a ||de() and diSt(Q/a aQ);
such that

/ |Vu\p*(9) de < C "7 VY. € By, 2(20), Vo€ (0, R,
Be(zc)

where p*(Q) = pEZQ(xC)'
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Proof. Let z. € Bg,/2(20), 0 < o< iR and R < iRl. Thus we have
BQ(CEC) C BR/4(£CC) C B4R(£L'C) C BQRl (.’KQ)

Using (3.11), (3.13) and (3.22), we get

(3.27)
|vu|p*(0) dz
BQ
<ot (/ (14 |Vu — Vo[- dz +/ (14 |VoP-(B) d:c)
B, B,

< C(g"+R5/2/ (R |VulP®) + | f|"9) da + (ﬁ)n/ 1+ |Vu p*(R))dx>
Bagr Br

R
< O<R” + (Rﬁ/”ms + (%)n) / (1+|Vu |1+ dz).
Bar

Pe(R)) dg 4 RB/Z/
Bar

Since (3.26) is satisfied, it follows that (14 0)2n/8 < m~. Therefore, by the Holder

inequality we have

/ £ dz < O, 1Blly ym( s 1l )R 572,
Bar
From this inequality and (3.27), we arrive at

(3.28) /B VulP+ (@ do < C(RWH‘* n (%)n) /Bmu +|Vu

From (3.26) it follows that 13 — nd > 0. We proved (3.28) under the conditions
o< iR and R < iRl. Suppose that 0 < p < %R and R < %Rl. Setting R’ = %R,
then 0 < o < iR’ and R’ < iRl, and so by (3.28) we have

P<(B)) dz + OR™.

(3.29) / |Vu\p*(9) dr < C(RB/2—n5 + (ﬁ)n) / (1+ |Vu|p*(R))dx + CR™.
B, R Br
Now we define the function ¢: (0, R;] — R as

-0 dg.

e(o) == / (1+[Vu

e

This is a positive function and by (3.9) and Lemma 3.1 it is also bounded. Moreover,
we observe that, since the function p.(t) is non-decreasing, it readily follows that
©(s) < 2p(t) whenever s < ¢t and from (3.29) we have

o) < Co( B2 + (L) )o(R) + CoR”

with 0 < Cy < oo, whenever 0 < g < %R. Therefore, by Lemma 3.2 of [1], for
any 7 with 0 < 7 < n there exist C' and g depending on n, A(M), A(M), M, p(-),
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bl (ym(ys [|dllmcy, 7 and dist(€, 0) such that eg < L Ry and if R#/2~"9 < ¢, then
p'()m(-) ) 2
o\ T I
. < —
(3.30) w0 <C(3)  (pm)+R")

whenever p < %GR.
Since 0 < %ﬁ —nd < 1, it holds g1 := sé/(ﬁ/Q_né) <egp < %Rl. Set R, := %651. It
follows that R, < 3%R1 and if p < R;, i.e., o < 1—1651, then from (3.30) it holds
0\ T e
@) <O(Z)  (eler) +i7).
In order to estimate y(e1), we use Lemma 3.1 and the inequality

p(en)(1+ g) <pa)(1+6) Va € Ba ().

Then we conclude that

plen) <2iBal+ [ S do:)
B.,

< C(na )‘(M)v A(M)a Mvp(')a m()v Hb||p’(')m(~)a ||d||m()a a1, ﬁla 627 7, diSt(Q/a aQ))a

|Vu|(1+5)10(1”) der <2+ Cv<-B2E1|_(S +/
B

2eq

which completes the proof of Proposition 3.4. (]

Proof of Theorem 1.2. Choose numbers 7 € (0,n),0 > 0 and § € (0, Jp] satis-
fying (3.26) such that

(3.31) B —7 > 0,

(3.32) g @+ 8) —7 >0,
B 1446

(3.33) c- n(0 + F) > 0.

Suppose that Bag, (x0) is as above but Ry is a number satisfying (3.9) with this §
and R, is as in Proposition 3.4.
Let 2. € Bp, /4(z0) and 0 < (3R7)1*%. Set R = (20)'/(1+%). Then 20 < R < 1Rr.
Let v be the unique solution of the problem (3.10). It easily follows that
(3.34)
/ [Vu — (Vu),
B

e

p*dx<0(n,p+)(/ \Vu—VU\p*dx—i—/ |Vv—(Vv)gp*dx).
B

e BL’
Now we estimate the integrals on the right-hand side of (3.34). By (3.13) and Propo-
sition 3.4 we obtain

f Vo (V)

Px dz

P+ dx < C(n,p")|Br| ™! / Vv

Br

< C\BR|‘1/ (1+ |Vul)P*de < CR™".
Br
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Therefore, using the inequalities (9/R)*?R™7 < of*2=7)/(1+0) < 1 and

/ Vo — (Vv),|P dz
4 . Q as . P*/Q Q [eD) _ 1—1)*/2 .
co(() ) (((5) 7)) wy) itrep <2
CQ”(%) ‘R if p. > 2,
which follow from (3.31) and (3.12), respectively, we have
(3.35) / Vo — (V) ,|P* de < Cpnt(0ae—m)/(20+0)

e

On the other hand, by Lemma 3.3 and Proposition 3.4, we get

(3.36) /B IV — Vo

e

Pe da < 035/2/ (R |VulP@ | f*+%) da
Bar

< CQn(g(B/Q—nO—n5—T)/(1+9) + Q(,B/Z—ng—n(l—i-é)/m*)/(1—1—9)).

Setting

foy —7 38-n(0+0)—7 38 —n(O+(1+0)/m")
2(1+6)’ 1+6 ’ 1+0 b

by (3.31)—(3.33) it follows that £ > 0. Thus, substituting (3.35), (3.36) into (3.34),

we have
/,

which implies from Campanato’s theorem (Theorem 2.9 of [22]) u € C**(Bg, /s(w0))

€:min{

P /Px
Px dx)

< an—np’/p* an’/;n*+sp’/p* — an-‘rsp’/p* < C«Qn—',-s;zf/;,ﬁr7

Vu = (Tu)p do < 5, [ v (v,
BQ

e

with @ = ¢/p™. The proof of Theorem 1.2 is complete. O
Remark 3.5. Note that, for example, the numbers

o BBm— =) Bay(pm™ —2n)
C 2nm(n+ag)’ ~ dnm(n + ag)

and d € (0, dp] such that

. (B@2n+a2) Blnm~as+ (2n + a2)(nm™ + 2n — m~f))
0 < mm{ dn(n + az)’ An?m=(n + as) ’
(m=B—2n)(n+ as — B) }
2n(n + ag)

satisfy all the conditions as assumed in the proof of Theorem 1.2 under the condi-
tion (1.11).

Online first 25



4. PROOF OF THEOREM 1.3

Theorem 1.2 gives the interior C1® regularity for the bounded weak solutions.
Therefore, to prove Theorem 1.3 it is sufficient to prove only Holder continuity of
the gradient in neighbourhood of the boundary.

First we give a result on the higher integrability for the Dirichlet problem (1.1),
and (1.2).

Lemma 4.1. Let © be a bounded Lipschitz domain of R™, whose boundary is
denoted by 0f). Let the variable exponent p, and the coefficients A and B satisfy
the conditions of Lemma 3.1. Suppose that g € Wh*°(Q) with ||g|lw1.~@) < G
and u € WHP()(Q) is a bounded weak solution of the Dirichlet problem (1.1), (1.2)
and Slglzp |u| < M. Then, there exist positive constants Ry, C and 6y € (0,m~ — 1]

depending on n, p(-), ag(M), A(M), Q and G, and C also on a1(M), by(M) and M,
and &y also on M and m(-) such that |Vu| € LU+%0)P()(Q) and for every z € €,
R € (0, Ro) and 6 € (0,dp], it holds

1+0
(4.1) ][ |Vu|1HOPE) qg < C((][ |V [P dx) + ][ T da;),
Qr(z) Qor(z) Qar(z)

where Qr(z) = QN Br(z) and f is as in Lemma 3.1.

Proof. From the Stein extension theorem (Theorem 5.24 of [3]) it is possible to
extend g to a WH*°(R™) function with ||g|lw1.®r) < G. We define additionally
u = g on R"\ Q and extend as and b; as in Lemma 2.9 and f as in Lemma 3.1 to be
zero outside 2. By [13], Proposition 4.1.7 the variable exponent p can be extended
to R™ without changing the fundamental properties. Let x¢ € 92 and let us consider
the ball Bag, (19). We know that u € C(Q). Thus, we can choose a number R;
such that
ag(M)

3A(M) vaBQRl(xO).

(4.2) [(u—g)(x)] <

Now we prove that there exist positive constants Ry < Ry, ¢ € (0,1) and Cy such that

1+e
(4.3) ][ Vu—VglP® dz < Co < ][ IVu—Vg[P@)/(1+e) dx) +Cof fla)da
Br Bar Bar

for all balls Br := Bgr(z) C Bar C Bag,(x9) with R < Ry. Let us consider the
following three cases.

Case (1): In the case when Bsp/o C Bag, (x0) N, take ¢ € Cj(Bsg/2) such that
¢(=1onBgand 0< ¢ <1, V¢ <4/R on Bypjs. Taking ¢ = (7' (u — (u)3p/2) as
a test function in (1.9) and arguing as in the proof of Lemma 3.1 by using (4.2), we
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conclude that for any ¢ > 0 with ¢ < min{p~ — 1,1/(n — 1)} there is Ry > 0 with
Ry < R; such that

1+e¢
][ |vu|p(x) dr < C<][ ‘VU|P(I)/(1+€) dx) +C f(z)da
Br B3sr/2

B3ry2

for every R € (0, Ro] with B3p/o C Q. Therefore, using the above inequality and the
obvious inequality

][ V= Vgl"™) da < 27 (][ V"™ da + ][ Vg7 d”f>,
Br Br Br

we obtain the desired inequality (4.3).

Case (2): In the case when Bsg/y C Bag, (7o) \ €, the left-hand side of (4.3)
equals 0, and so (4.3) is obviously true.

Case (3): In the case when Byp/o N 0Q # 0, let ¢ € C}(Bag) be as in the proof
of Lemma 3.1 and take ¢ = (?' (u — g) as a test function in (1.9). Proceeding as in
the proof of Lemma 3.1, we get
2a0(M)

3

Cp+|Vu|p("”) dz
Qar

—o [, @+ [FH ) e

(4.4) / A(z,u, Vu)Vodz >
Q

where C = C (p*,p~,a0(M),a1(M),bo(M),G).

We estimate the integral me \(u— g)/R[P“™) dz. Putting D := {x € Bygr: u —
g = 0}, it follows from the condition on the domain ) that there is a constant C' > 0
such that |D| > C|Bag|. Thus, by [13], Lemma 8.2.3 we have

(4'5) Ol”“ - g”P(‘)szR < Hu —9— (u - g)QRH;D(')szR < CQHU - 9”1)(‘),3212'

Without loss of generality we may assume that C7; < 1 and Cy > 1. If we choose
Ry > 0 so small that Ry < Ry and Ca||lu — gl|,(),B,, < 1 for any R € (0, Ry}, it
follows that

(4.6) lu=gllpe).Barn <1, llu—9—=(u=9)2rllp)Br < 1.
By using (4.5) and (4.6) we obtain

(4.7) /B .

u

- g’f’(” Ao € OR™Phon P8, Wb, 195, )/, )

(L.,

Online first 27

- +
u—g—(u—g)ar ’P(w) dm>szR/szR
R




Since p is log-Holder continuous in R, it follows by (2.3) that there is a constant C'
such that R~ ®5:r P52r) < C for any R > 0, from which by using (4.6) and (4.7) it

follows
p(x)
de < C /
Bar

(4.8) /B .

Choosing Ry > 0 so small that for any R € (0, Ro] it holds ||[Vu—Vgll,)/(14¢),B.r < 1
with € < min{p~ —1,1/(n — 1)} and using [13], Proposition 8.2.11, from (4.8) we get

p(x) e
/ dr < C(|BQR|(][ |Vu — Vg|p®)/(+e) dx) —I—l).
Bar Bar

Therefore, from (4.4) we arrive at

u—4g
R

u—g—(u=9g)hr ‘W)
R

das—|—1>.

u—g
R

2a0(M
¢ 3 Qar
1+e
— C|Bak| <][ |V — Vg[P@)/(1+e) dﬁ)
Bar
-C f(z)dz.
Bar

On the other hand, by (1.8) and (4.2), we have

000 [ g 900 [ g

(4.10) / B(z,u, Vu)pdr <
Q 3 Q2R Bar

Substituting (4.9) and (4.10) into (1.9), we obtain

1+e¢
/ [VulP™®) dz < C|Bag| <][ |Vu — Vg|p®)/(1+e) dx) +C f(z)dz
Qr Bar

Bar
and so

/ |Vu — Vg[P@® dz = / IVu — Vg|P@ dz < or" / |VulP@ dz + C
Br Qr Q

R

1+e
< Co|B2g] (][ [Vu— Vg[P®)/(1Fe) dx) +Co | flz)dx
Bar Bar
from which (4.3) follows.
By the Gehring lemma (see [14], Theorem 3.7), it follows from (4.3) that there is
a dp € (0,m~ — 1] such that
(4.11)

1406
fovu-varasco((f we-vap@ar) 4 jpta)
Br Bar Bar
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holds for Bg C Bag C Bag, (z0) with R < Rg and 6 € (0, d]. Since  is a bounded
Lipschitz domain, there exists a constant o € (0, 1) such that

o|Br(2)| < |Qr(2)| < |Br(z)] Vz€Qand R € (0, Ro)

and so from (4.11) we get

145
][ |Vu — Vg| 9P qz < C(<][ |Vu — Vg|P®) dx) + ][ f|1+‘5dx>.
QR QQR QQR

Consequently (4.1) is proved. By the compactness of 2, we can see that |Vu| €
L+%0)r() (). Lemma 4.1 is proved. O

Now we suppose that Assumptions (H1)—(H3) and (1.3) are satisfied. Since g €
C10(9Q) and Q is a C1* domain, from the extension theory (Lemma 6.38 of [21])
we may assume that g € CH*(Q) and [|gllgiae@ < Cllgllereo(on), where
C=C(Q).

We use the notation Qr = Qr(z) = Br(2)NQ. Let Ry and dy be as in Lemma 4.1.
As proved above, we know that u € C%*1(Q), u € C\.%(Q) and |Vu| € LO+50)P0)(Q).

As in Section 3, we assume that |Br,| <1 and Ry < 1. Let xg € 992 and § € (0, do].
Let R; > 0 be so small that Ry < Ry, szR (wo) |Vu\p(””) dz <1 and
1

5
+ —
(4.12) P (o) (1 + 5) < Py () (1+0)-
Let Qr = Qr(z:) C Qar C Qag, (xg). Put p.(R) = png and let z, € Qsp be such
that p(z.) = p.(R) = p.. Define A(n) = A(z.,u(x,),n) and consider the problem
divA(Vv) =0 in Qpg,

(4.13) (Vo) i

v=u on 0Qg.

The following result is taken from [27], see also [16], Lemma 4.2.

Lemma 4.2. There is a unique solution v of the problem (4.13) such that v €
Cl’az (QR/Q) n Wl’p* (QR) and

(4.14) sup |Vu|Pr < C(R‘"/ |Vo|P dz + G’”),
Qr/2 Qr
2\ o R
. <ol 0 -
(4.15) OSEV’U\C(R> (5521;1/)2|Vv|+GR ) for 0 < g < 5
(4.16) / |Vo[Pxde < C (IVulP* +1) de,

sup |u — v| < oscu,
R Qr

where a2 € (0,1) and C depends on n, p,, AN(M), A(M) and .
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Analogously to Lemma 3.3 and Proposition 3.4, we have following Lemmas 4.3
and 4.4, the proof of which is similar to that of Lemma 3.3 and Proposition 3.4, and
is omitted here.

Lemma 4.3. Let v be the unique solution of the problem (4.13) and let 0 < ¢ < do,
where 0q is as in Lemma 4.1. Let R and R, be as above. Then we have

/ |Vu — Vo
Qr

where C' depends on n, p(-), \(M), A(M), M, G and {2, and 3 and f are as in (1.12)
and (3.1), respectively.

i < CRVE [ (BT 4154
Qor

Lemma 4.4. Let Qsp, (x9) be as above and, moreover, let Ry be a number satis-
fying (4.12) with § € (0,0¢] as in (3.26). Then, given 7 € (0,n), there exist positive
constants R, < 1—16R1 and C, depending on 7, n, p(:), m(-), A(M), A(M), a1, P1,
B2, 116/l (ym()s lldllim(y and G, such that

/ [Vu
Qo (xc)

where p*(Q) = pgzg(xc).

Proof of Theorem 1.3. Let 7 € (0,n), 8 > 0 and § € (0,dp] be numbers
satisfying (3.26) and (3.31)—(3.33). Suppose that Qag, (x¢) is as above but R; is a
positive number satisfying (4.12) with the above § and R, is as in Lemma 4.4. Let
z. € Qg /a(z0) and o < (2R;)1FY. Set R = (20)1/(1+9). Let v be the unique solution
of the problem (4.13). Noting that it follows from (4.14)—(4.16) that

p-(0) dz < OTQniT v'1;0 € §R1/2(z0)a v@ € (O7RT)7

][ Vo — (V)P do < C(ﬁ)a:"][ (14 [Vul?) da < ColPez=)/(+0)
Q, R Qr

and using same argument as was done in the proof of Theorem 1.2, we conclude that

/ Vu — (Vu) [P dz < Com*er /7",
Q

e

where, for example,

) {904277 iB-—nO+6)—7 %B—n(@—i—(l—i—é)/m_)}

€ = min , ,
1+6 1+06 1+6

and C depends on n, p(-), m(-), A(M),A(M), M, a1, B1, B2, bl (ym)s ]y, G

and 2. This implies that the conclusions of Theorem 1.3 hold. Theorem 1.3 is

proved. O
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