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Abstract. We investigate the existence of infinitely many periodic solutions for the p(t)-
Laplacian Hamiltonian systems. By virtue of several auxiliary functions, we obtain a series
of new super-p™ growth and asymptotic—p+ growth conditions. Using the minimax meth-
ods in critical point theory, some multiplicity theorems are established, which unify and
generalize some known results in the literature. Meanwhile, we also present an example to
illustrate our main results are new even in the case p(t) =p = 2.
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1. INTRODUCTION AND MAIN RESULTS

Consider the p(t)-Laplacian systems
(1.1) —(Ju' ()PP =2/ (1)) = VE(t,u(t)) ae. teR,

where F(t,z) and p(t) satisfy the following conditions:

(HO) F: [0,7] x RN — R is measurable and T-periodic (7' > 0) in its first variable
for all z € RV, continuously differentiable in z for a.e. t € [0, 7], and there exist
a€ C(RT,RT), be L(0,T;R") such that

|F(t, )| + [VE(, )] < al|x])b(t)

for all z € RN and a.e. t € [0,7T);
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(P) p(t) € C(0, T3 R*), p(t) = p(t + T) and

l<p = Ogngp(t) <ph = ng%pr(t) < 0.

The interest in the study of problem (1.1) is twofold. On one hand, we have
the physical motivations, since the p(t)-Laplacian systems can be applied to de-
scribe the physical phenomena with ‘pointwise different properties’ which first arose
from the nonlinear elasticity theory, see [31] and the references therein. On the other
hand, we have the purely mathematical interest in these types of problems, mainly re-
garding the existence of solutions as well as multiplicity results. For more general and
recent works on p(¢)-Laplacian systems, we refer the reader to [4], [10], [22], [26], [28].

As we have seen, if p(t) = p > 1, problem (1.1) reduces to the classical ordinary
p-Laplacian systems

(1.2) —([/ (®)]P724/ (1)) = VF(t,u(t)) a.e. tcR.

In last decades, considerable attention has been drawn to the existence and multi-
plicity of periodic solutions for problem (1.2) under various conditions, see [8], [9],
[11], [21], [25], [27], [30]. Specially, applying the generalized mountain pass theorem
and some techniques of analysis, Ma and Zhang in [11] have proved problem (1.2) has
infinitely many nontrivial periodic solutions. More precisely, for the super-p growth
case, they established the following theorem.

Theorem 1.1 ([11]). Assume that F satisfies (HO) and the following conditions:

(H1) F(t,x) > 0 for all (t,z) € [0,T] x RY;

(H2) liilr_I}OF(t, x)/]z|P = 0 uniformly for a.e. t € [0,T);

(H3) l‘gln_lgof F(t,z)/|x|P > 0 uniformly for a.e. t € [0,T;

(H4) limsup F(t,z)/|z|" < M < oo uniformly for some M > 0 and a.e. t € [0,T7;
(H5) 1‘1:;!1?;}) ((VF(t,x),x) —pF(t,z))/|z|* = o > 0 uniformly for some ¢ > 0 and

a.e. t €[0,T],

where r > p, > r—p and (-,-), |-| are the Euclidean inner product and norm in RV,
respectively. Then problem (1.2) has a sequence of distinct periodic solutions with
period k;T satisfying k; € N and k; — 0o as j — oo.

At the same time, for the asymptotic-p growth case, they obtained the following
results.

Theorem 1.2 ([11]). Assume that F satisfies (HO)—(H3) and the following con-
ditions:
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(H4") limsup F (¢, z)/|z|P < M < oo uniformly for some M > 0 and a.e. t € [0,T];

|z|—o00

(H6) there exists v € L*(0,T;R") such that (VF(t,z),x) — pF(t,z) > ~(t) for all
z € RN and a.e. t € [0,T);

(H7) lim ((VF(t,z),z) — pF(t,x)) = oo uniformly for a.e. t € [0,T.

|z|— o0
Then problem (1.2) has a sequence of distinct periodic solutions with period k;T
satisfying k; € N and k; — oo as j — oc.

Theorem 1.3 ([11]). Assume that F' satisfies (H0)—(H3), (H4’) and the following
conditions:

(H6') there exists v € L'(0,T;RT) such that (VF(t,z),z) — pF(t,x) < v(t) for all
r € RN and a.e. t € [0,T);
(H7) lim ((VF(t,z),x) — pF(t,z)) = —oco uniformly for a.e. t € [0,T].

|z|—o00
Then problem (1.2) has a sequence of distinct periodic solutions with period k;T
satisfying k; € N and k; — oo as j — oo.

Motivated by the results of [6], [11], [19], [20], [23], [24], in the present paper,
making use of auxiliary functions, we are interested in extending Theorem 1.1 to
the p(t)-Laplacian systems (1.1) under more general hypotheses. In addition, we
should stress that the different methods in [11] are used to ensure the compact
conditions for the super-p growth situation and the asymptotic-p growth situation.
Here, we attempt to propose a unified approach when the potential function F(¢,x)
exhibits either an asymptotic-p™ or a super-p™ behaviour for problem (1.1). Hence,
our results are new and improve recent results in the literature even in the case
p(t)=p=2.

Now, we are in a position to state our main results. To begin with, for the super-p™
growth case, we have:

Theorem 1.4. Suppose that conditions (H0), (P) hold and F satisfies the follow-

ing conditions:

(F1) F(t,x) >0 for all (t,z) € [0,T] x RY;
F2 hm F(t )/|z[P" = 0 uniformly for a.e. t € [0,T];

(F2)
(F3) 1 1m 1an(t x)/|z[P" > 0 uniformly for a.e. t € [0,T];
(F4) there exists h € C(R*,R™) such that

F
lim sup (¢,2)

< M < oo uniformly for some M > 0 and a.e. t € [0,T7;

Online first 3



(F5) there exist My > 0, 6, € C(RT,R") with lim h(s)/01(s)s? = 0 and
S§—>00
01(s)/h(s) is non-increasing in s for all s € R*, where h(s) is defined in (F4),
such that

(VF(t,z),x) —pTF(t,z) > 6:(Jz|) Va €RY, |x| > M; and for a.e. t € [0,T].

Then problem (1.1) has a sequence of distinct periodic solutions with period k;T
satisfying k; € N and k; — oo as j — oo.

Remark 1.5. When comparing Theorem 1.4 to Theorem 1.1, the following four
aspects must be pointed out:

(1) Condition (F1) is the same as (H1), conditions (F2) and (F3) can be regarded as
natural generalizations of (H2) and (H3) about p(t)-Laplacian systems, respectively.

(2) We can find that conditions (F4) and (F5) cover the cases of assumptions (H4)
and (H5) when (H1) (or (F1)) holds. We follow two steps to demonstrate this claim.

Step 1. We confirm that (H1) (or (F1)), (H4) and (H5) could imply g < r. It
follows from (H4) that there exists d; > 0 such that

(1.3) F(t,z) < M|z|” Vz € RY, |z| >d; and for a.e. t € [0,T).
By (H5), we can choose d2 > 0 such that
(1.4) (VF(t,z),z) — pF(t,z) > olz|* Va € RV, |z| > d; and for a.e. t € [0,T].

Let d3 := max{dy, d2}, taking account of (1.3), (1.4) and (H1) (or (F1)), we infer that

1 1
1 1
M|z|" > F(t,z) = A E(VF(t’ sx),sx)ds + F(¢,0) > /0 ;(g|sz|“ + pF(t,sx))ds

1
> —olz|* VazeRY, |z| > ds and for a.e. t € [0,T),
I

which implies that p < r.

Step 2. We claim that (H4) and (H5) are special cases of (F4) and (F5), respec-
tively, when (H1) (or (F1)) holds. We only need to take p(t) = p > 1, h(s) = s",
01(s) = ps* and M, large enough, where o > 0, 7 > p, p > r — p. In fact, we
can check that slggo h(s)/01(s)s? = slggo sTTHP/p =0 by p > r — p. Furthermore,
61(s)/h(s) = os*~" is non-increasing in s for all s € R™ by Step 1. Therefore, h(s)
and 604 (s) satisfy all conditions of (F4) and (F5).

(3) There exist functions F'(¢, z) satisfying Theorem 1.4 and not fulfilling the result
of Theorem 1.1. The detailed example will be given in Section 5.

(4) Last but not the least, from the discussions of (1)—(3) we see that Theorem 1.4
significantly extends and improves Theorem 1.1.
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Remark 1.6. In [23], the first author and Zhang are concerned with the exis-
tence of periodic solutions for the following damped vibration problem

(1.5) {W) +q(t)i+ VF(t,u(t) =0 ae. t€0,T],

u(0) — u(T) = u(0) — w(T) = 0,

where ¢ € L*(0,T;R) fo dt = 0. Theorem 1.1, the main result of [23], has
introduced the followmg new non-quadratic conditions:

(F4*) limsup e F(t,z)/|z|” < M < oo uniformly for some M > 0 and a.e. t €

|z|—00

[0,T], where Q(t) fo s)ds, r > 2;
(F5*) there exist M7 > O, > r— 2 and k; € C(RT,RT) with lim ki(s)sht27" = o0,

hm k /”( )s? = oo and k1 (s) is non-increasing in s for all s € R such that

PWO(VF(t,x),z) — 2F(t,x)) = k1 (|z])|z|* VaeRY, |z| > M
and for a.e. t € [0, 7.

From [23] we have known that (F4*) and (F5*) are more general than (H4) and (H5)
when (H1) (or (F1)) holds. Here, if ¢(t) = 0 and g < r, we emphasize that
these new non-quadratic conditions (F4*) and (F5*) are also special cases of as-
sumptions (F4) and (F5), respectively. Indeed, set p(t) = p = 2, h(s) = s",
01(s) = ki(s)s*. Using the properties of ki(s) and p < r, a direct computa-
tion shows that Shﬁr{)lO h(s)/601(s)s* = slggo 1/k1(s)s#T27" = 0; moreover, we have
g(s) := 01(s)/h(s) = k1(s)s*~" is non-increasing in s for all s € R since g(s)/g(t) =
(k1(s)/k1(t))(s/t)*~" = 1 for all s < t by u < r. Therefore, in some sense, Theo-
rem 1.4 also generalizes Theorem 1.1 with ¢(¢) = 0 of [23].

Theorem 1.7. Suppose that conditions (HO), (P) hold, F satisfies (F1)—(F3) and
the following condition:

(F6) there exist My > 0, 7 > 1, s € C(RT,R") with lim 8”*/9;/7(3) = 0 and

02(5)/SP+T is non-increasing in s for all s € R, where p* := p™ — p~ such that

(VF(ta).2) = p F(t.2) > ) (S22Y v e RY, (o] > M,

jz [P

and for a.e. t € [0,T].

Then problem (1.1) has a sequence of distinct periodic solutions with period k;T
satisfying k; € N and k; — 0o as j — oo.
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Remark 1.8. We assert that (H1) (or (F1)), (H4) and (H5) could imply (F6)
with p(t) = p > 1. As a matter of fact, in view of (H4) and (H5), for all z € RV
and My large enough we have

F(t,x)

jxfp

|=[”
[P

(VE(tx).2) ~ pF (1) > olalp 7~ 0 5 £ pren=r
Select p(t) = p, 7 = 1, O3(s) = 0s**P~" /M, noticing p > r —p, then vllm 1/02(s) =0
and 0(s)/s? = ps*~" /M is non-increasing in s for all s € RT by Remark 1.5 (2),

Step 1. So, (F6) holds. Therefore, Theorem 1.7 greatly unifies and generalizes
Theorem 1.1.

Theorem 1.9. Suppose that conditions (HO), (P) hold, F satisfies (F1)—(F3) and
the following condition:

(F7) there exist M3 > 0,0 > p~/(p~ — 1), 03 € C(R+,RT) with lim s /63/ (s) =0
5—> 00
and 03 (s)/s(ﬁ_l)" is non-increasing in s for all s € R™, such that

IVE(t, x)]

P

(VE(t,2),2) = p* F(t,2) > b5(]al) ) VzeRY, |al > My

and for a.e. t € [0,T.

Then problem (1.1) has a sequence of distinct periodic solutions with period k;T
satisfying k; € N and k; — oo as j — oo.

Remark 1.10. When p(t) = p = 2, 0 > 1, condition (F7) was originally due
to [24].

Next, turning our attention to the asymptotic-p™ growth case, from Theorem 1.4,
Theorem 1.7 and Theorem 1.9, we can easily get the following results.

Corollary 1.11. Suppose that conditions (HO), (P) hold, F satisfies (F1)—(F3)
and the following conditions:

(F4') limsup F(t,z)/|z|P" < M < oo uniformly for some M > 0 and a.e. t € [0,T);

(F5') there exist My > 0, §; € C(RT,R™") with lim sP"/61(s) = 0 and 0y(s)/s?" is

non-increasing in s for all s € Rt such that
(VF(t,x),z) —pTF(t,x) > 0:(|z]) Va RN, |z| > M; and for a.e. t € [0,T).

Then problem (1.1) has a sequence of distinct periodic solutions with period k;T
satisfying k; € N and k; — 0o as j — oo.
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Remark 1.12. Corollary 1.11 seems like a new result. When p(t) = p, in
contrast to Theorem 1.2, Corollary 1.11 removes the assumption (H6) completely
although it uses a few stronger condition (F5’) instead of (HT).

Corollary 1.13. Suppose that conditions (HO), (P) hold, F' satisfies (F1)—(F3)
and (F4') and the following condition:

(F5") there exist My > 0, 6, € C(R*,R*) with lim s?" /6(s) = 0 and 6;(s)/sP" is
§—00

non-increasing in s for all s € R* such that

(VF(t,x),z) —ptF(t,x) < —0,(|z]) Va € RY, |z| > M, and for a.e. t € [0,T].

Then problem (1.1) has a sequence of distinct periodic solutions with period k;T
satisfying k; € N and k; — oo as j — oo.

Corollary 1.14. Suppose that conditions (HO), (P) hold, F satisfies (F1)—(F3)
and (F4’) and the following condition:

(F6') there exist My > 0, 7 > 1, 6 € C(RT,R") with lim sp*/Q;/T(s) = 0 and
§— 00

05(s)/sP ™ is non-increasing in s for all s € R such that
(VF(t,z),x) —pTF(t,z) > 02(]z|) Va € RY,|x| > M, and for a.e. t € [0,T).

Then problem (1.1) has a sequence of distinct periodic solutions with period k;T
satisfying k; € N and k; — oo as j — oo.

Corollary 1.15. Suppose that conditions (HO), (P) hold, F satisfies (F1)—(F3)
and (F4') and the following condition:

(F6") there exist My > 0, 7 > 1, 6, € C(R*,RT) with lim s?" /63" (s) = 0 and
S§—00

02(s)/ sP'7 is non-increasing in s for all s € R+ such that

(VF(t,z),x) —pTF(t,z) < —02(|z]) Va € RV, |z| > My and for a.e. t € [0,T].

Then problem (1.1) has a sequence of distinct periodic solutions with period k;T
satisfying k; € N and k; — 0o as j — oo.

Corollary 1.16. Suppose that conditions (HO), (P) hold, F satisfies (F1)—(F3)
and the following conditions:

(F4") limsup |[VF(t, z)|/|z|P" ' < M < oo uniformly for a.e. t € [0,T);

|z|— 00
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(F7') there exist M3 > 0, 0 > p~/(p~ —1), 03 € C(R*,R*) with lim s? /
§— 00

9§/J (s) =0 and 5(s)/s® =17 is non-increasing in s for all s € RT such that

(VE(t,x),z) —pTF(t,x) > 03(]z]) Va RV, |z| > My and for a.e. t € [0,T].

Then problem (1.1) has a sequence of distinct periodic solutions with period k;T
satisfying k; € N and k; — oo as j — oc.

Corollary 1.17. Suppose that conditions (HO), (P) hold, F' satisfies (F1), (F2)
and (F4") and the following conditions:

(F3') liminf (VF(t,z),)/|z[?" > 0 uniformly for a.e. t € [0, T);

|z|—o00

(F7") there exist M3 > 0, o > p~/(p~ —1), 5 € C(Rt,Rt) with lim s/
§— 00

03/7(s) = 0 and 63(s)/s®" ~1) is non-increasing in s for all s € R+ such that

(VF(t,x),2) —pTF(t,x) < —03(|z]) Va € RY, |z| > M3 and for a.e. t € [0,T).

Then problem (1.1) has a sequence of distinct periodic solutions with period k;T
satisfying k; € N and k; — 0o as j — oo.

Remark 1.18. Without loss of generality, we may assume that function b in
assumption (HO) is T-periodic.

Finally, the rest of this paper is organized as follows. In Section 2, we set up the
functional analytic framework needed to study problem (1.1) from the variational
point of view. In Section 3, we find that all (C) sequences (see Definition 3.2 below) of
the energy functional associated with systems (1.1) are bounded (see Lemmas 3.3-3.5
below), then we prove all the compact conditions (C) (see Definition 3.2 below) hold.
In Section 4, we adopt the same ideas developed by Ma and Zhang in [11] to show
our main results by generalized mountain pass theorem in [12]. At last, in Section 5,
we give an example to illustrate our results are new even in the case p(t) = p = 2.

2. PRELIMINARIES

In this section, we first give some necessary background knowledge and proposi-
tions concerning the generalized Lebesgue-Sobolev spaces. We can refer the reader
to [3] for more information.

Let k be a positive integer and p(t) satisfy condition (P). Define

kT
LPO(0,kT; RY) = {u € L'(0,kT; RY): / ufP® dt < OO}
0
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with the norm

kT u |P(t)
|U‘Lp(t) = |u|p(t) = inf{)\ >0: / ‘X‘ dt < 1}.
0

O = C(R; RY) := {u € C®(R; RV): w is kT-periodic}.
For u € L'(0,kT;RY), if there exists v € L*(0, kT; RV) satisfying

kT kT
/ ucpdt:—/ wp'dt Ve Cpg,
0 0

then v is called the kT-weak derivative of u and is denoted by u’. Define

Define

Wkli?(t) (0, KT RN) ={ue e (0, kT RN); u' e PO (0, kT [RN)}
with the norm
lallyap0r = lull = by + 1 ey

For u € WP (0, kT; RV), let

=/
and o
W@ (0, kT RY) = {u e W0, kT RY): / u(t)dt = o},
0
then
wLPD (0, kT; RNy = WEPD (0, kT; RY) @ RV

For the sake of convenience, in the following we use LP®), Wqu? ® Wki? ® to
denote LP® (0, kT3 RY), WLPD (0, kT; RN), WEPH (0, kT; RY), respectively.

Proposition 2.1 ([4]). For u € L) one has
(1) Julpey <1 (=1;>1) < [ |u()\1’(t)dt<1 (=1;>1);
@) fulpy > 1 = [ully < fi @Ot < July, Jule < 1= |ul?, <
Wuwmtww

(3) Julpe —>O(:>f0 w(t) [P dt — 0, | (1) —>oo<i>f u(t)[P® dt — oco.

Proposition 2.2 ([4]). The space LP*) and Wklj? ) are separable and reflexive
Banach spaces when p~ > 1.

Proposition 2.3 ([4]). There is a continuous embedding Wklif)(t) — C(0,kT; RY);
when p~ > 1, it is a compact embedding.
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Proposition 2.4 ([4]). For every u € W,if,?(t)

lulloe < cxlt'lpqy, where [lullo i= max [u(®)]

, there exists ¢ > 0 such that

Proposition 2.5 ([4]). Let u =1+ u(t) € W,:;’Tp(t). Then the norm [u’|,) is an
. 117 L.p(t)
equivalent norm on W, ."".
Proposition 2.6 ([22]). Let Ji(u) := OkT [/ (£) [P /p(t) dt for u € Wkl’Tp(t). Then
(Th(w),0) = [ (|Ju/ () PO=20/ (£), 0/ (t)) dt for all u,0 € WY, and Jj, is a mapping
of type (Sy), ie., if u,, = w and limsup(J} (u,) — J'(u), u, —u) <0, then {u,} has

n—oo

. 1p(t
a convergent subsequence in WM? ®,

By assumption (HO), the functional

kT 1 kT
(2.1) o) = /O S @ = [ p( ) ar

is continuously differentiable, and

kT

kT
(22)  (gh(w),v) = / (1) PO (1), v/ (1)) dt — / (VE(t,u(t)), (b)) dt

0

for all u,v € Wkl’p(t) (see [22]).
We say that u € Wlep ) is a weak solution of problem (1.1) if it satisfies

(o) (u),v) =0 for any v € W}iva(t).

Hence, the kT-solutions of problem (1.1) correspond to the critical points of the func-
tional ¢k. In the whole paper, we denote various positive constants as C;, 1 = 1,2, ...

3. COMPACT CONDITIONS

Let us recall the following compact concepts, which can be found in [2], [12], [16].

Definition 3.1. Let E be a real Banach space. We say that {u,} in E is a Palais-
Smale sequence ((PS) sequence) for ¢y if ¢r(u,) is bounded and ¢ (u,) — 0 as
n — oo. The functional ¢, € C1(E,R) satisfies the Palais-Smale condition ((PS)
condition) if any Palais-Smale sequence contains a convergent subsequence.

Definition 3.2. Let E be a real Banach space. We say that {u,,} in E is a Cerami
sequence ((C) sequence) for @y, if @y (uy,) is bounded and ¢} (u,)(1 + |Junl|) — 0 as
n — 0o. The functional ), € C!(E, R) satisfies the Cerami condition ((C) condition)
if any Cerami sequence contains a convergent subsequence.
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In this section, we observe that although the energy functional of problem (1.1)
may possess unbounded (PS) sequence, we can prove that all (C) sequences of this
functional are bounded. Concretely speaking, we have

Lemma 3.3. Assume that (HO), (P), (F1), (F3)—(F5) hold, then the functional ¢y,
satisfies condition (C).

Proof. Let E:= Wkl’Tp(t). Suppose that {u,} C Wqu’?(t) is a (C) sequence of ¢y,
then one has

(3.1) o (un)l < C1, (L [[unlD Ik (un)| 2+ < C

for all n € N, where E* is the dual space of F.
In the first place, by (F4), there exists My > 0 such that

F(t,z) < Mh(|z|)
for all |z| > M, and a.e. t € [0, T, which together with assumption (HO0) yields
(3.2) F(t,x) < Mh(|]) + ()

for all x € RY and a.e. t € [0,kT), where hi(t) := max a(|z|)b(t) = 0. It follows

from (2.1), (3.1) and (3.2) that |2l < Ma
KT kT
(33)  Cr>wulun) = /0 mlu@@)l”(” dt — /0 F(t,un(t)) dt
1 kT T

kT
> [ L pna- M h(|un|)dt—/ ha () dt.
P Jo 0 0

On the other hand, by (F5), one has

(3.4) (VE(t,z),z) —pTF(t,z) > 6,(|z|)
for all || > M; and ae. t € [0,7]. Let Q, = {t € [0,kT]: |u,(¢)] = M1},
OF,, = {t € [0,kT]: |u,(t)] < My} and ha(t) := (p* + M;7) max a(|z|)b(t) = 0. It

follows from (2.1), (2.2), (3.1) and (3.4) that st

(3.5)

kT
(p+ +1)Cy = p+90k(un) - <<P;€(Un),un> > /) (VFE(t,un), un) — p+F(t, uy,)) dt

kT
> [ o= [ s
an 0

for all n € N. Hence, we have

kT
(3.6) 01(\un|)dt:/ 91(|un|)dt+/ 01 (Jun]) dt < Cy Vn € N.
0 an Q?n

Online first 11



Next, from assumption (P) and Proposition 2.3, there exists d > 0 such that
3.7) l[ulloc < dl|ul|

for all u € W,iq’f)(t). By virtue of (3.3), (3.6), (3.7), and noticing that h(s)/60:1(s) is
non-decreasing in s for all s € R*, we obtain that

(3.8)
q>mw>>i/’| P 4t - M/Mh D g e — [ iy
" pt 0 01 | n|) i 0
LT W) [T
> — ul (8)|P® dt — MC nileo hy(t) dt
p Jo ) 25 (funlloe) Sy ™M

LT Wdla]) [T
> — u;Ltp(t)dt—MC’in—/ hy(t)dt.
o Jo ) 25wy Jo ™MW

Finally, we claim {u,} is bounded, otherwise, going if necessary to a subsequence,
we assume that ||u, || — co asn — oo, Set vy, 1= up/||un|| = Tn/||tn || +2n (8)/||un| =
Uy, + 0 (t), then {v,} is bounded in Wk (") Hence, there exists a subsequence, again
denoted by {v,}, such that

(3.9) vp, — v weakly in Wkli,f'(t),
(3.10) vn — vy strongly in C(0,kT;RY).

Then, by (3.10), one has

- 1 kT 1 kT B
(3.11) Un =17 ; v (t) dt — W, vo(t)dt =79 asn — oco.

Dividing both sides of (3.8) by |lu,||? , in light of the properties of 61 (s) and condi-
tion (P), we can find that

R N ) O 1 o ) I M TG L
_ = + p— 29 d p— P
lunllP= = p* Jo  [lunll (]|l |

1%l (1) p® h(d||un, My (t) dt

S L TR0 e )y
pt o ual? 01 (dl|unl)dP[[un|[? [[unl®
1 [ h(d||un My (t) dt

= — [ (P dt - MCyd?~ (@unl) ___ Jo_ M1t :
T Jo O1(d[wnl))dP~ [lun[? [[wn

which implies that
kT
(3.12) / [l ()P® dt — 0 as n — oco.
0
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Then, by Proposition 2.1 (3), one has |v],(t)|,) — 0 as n — oo, which together with
Proposition 2.4 and (3.10) yield

(3.13) Up = Tg =Vg as m — 00.
Consequently, we get vy € RV and vy # 0, which implies that
(3.14) |un(t)] = 00 as m — oo uniformly for a.e. t € [0, kT

So, from (F1), (F3), (3.14) and Fatou’s lemma, we get

on ()P dt

- I B (t, un(t)) dt KT F(t,un(t))
(3.15)  liminf >/O minf =S 1Y

n—00 ||un||17Jr
lim inf E(t, un (1)

kT
_/O un (1) =00 |ty (t)[PF

However, by (2.1), (3.1) and (3.12), we have

lo(#)[P" dt > 0.

Jy " Pt un(0)dt /kT L a0 pu(un)

[[un P p(t) ||’un||”+ [l [P
/kT )P 4 _ rlun)
P

= /kT )P ® qt — Pr(un)

[

which means that T
lim inf —fo Bt un) dt

n—00 ||un||PJr

<0,

which contradicts (3.15). Thus, {u,} is bounded in Wqu’?(t).
By Proposition 2.2 and Proposition 2.3, {u,} has a subsequence, again denoted
by {un}, such that

(3.16) up, = u weakly in Wqu’?(t),

(3.17) u, — u strongly in C(0,kT;RY).

Now, we show that {u,} has a subsequence convergent strongly to u in W;Tp ®,
From Proposition 2.6, it suffices to prove that limsup(J} (uy) — J},(u), u, — u) < 0.
It follows from (3.7) that e

(3.18) lun(t)] < C5 Wt € [0, KT,
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From (3.17), (3.18), (HO) and Remark 1.18, we get

kT

kT
(3.19) /0 (VF(t,un(t)),un(t)—u(t))dt‘</0 IV (t, wn (£))|un(t) — u(t)] dt

kT
< letn — ullos / i (£) (1) dt
kT
< Culfun — uuoo/ b(t) dt.
0

Thus, from (3.17), we obtain

T
(3.20) /O (VE(t un (1)), un () — u(t)) dt‘ 0 asn— .

By (3.1) and (3.18), we also have
(3.21) (0f (Un)yup —u)y — 0 asn — oo.

Then it follows from (3.20) and (3.21) that
(3.22)

kT
(i (n), un — u) = /0 (Jurn ()17 2uy, (8), i, (1) — /(1)) dt

kT
= (@} (Un), up, — u) —l—/o (VE(t,un(t)), un(t) —u(t))dt — 0

as n — co. Moreover, since J(u) € (W;if)(t))*, by (3.16), one has
(3.23) (J.(u),un —u) — 0 asmn — oo,
which combined with (3.22) implies that

lim (J}, (uy,) — Jj(u), up, — u) = 0.

n—oo

Hence, from Proposition 2.6, {u,} has a subsequence convergent strongly to u in
Wklf(t). This concludes the proof of Lemma 3.3. (]

Lemma 3.4. Assume that (H0), (P), (F1), (F3) and (F6) hold. Then the func-
tional @y, satisfies condition (C).
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Proof. From the arguments of Lemma 3.3, we only need to prove that {u,} is
bounded in Wqu? ) It follows from assumptions (F6) and (HO) that

(3.24) (VE(,2),2) — pF(2) > ) (T2 Y

[P

for all || > My and ae. ¢t € [0,kT]. Let Qo, := {t € [0,kT]: |un(t)] = Ma}.
By (2.1), (2.2), (3.1), (3.7), (3.24), (F1) and the properties of 65(s), we obtain

(3.25) (" +1)C1 = pT or(un) — (£ (un), un)
kT
>/ (VE(E wn), un(t)) — p* F(t, u)) dt
0
F(t,un)\" kT
= 92(|un|)( i ) di= [ halt)de
F7(t,up -
> [ bl T g [ hyat
Qan w5 0

F7(t,u, kT
> [ ) e e~ [ gty

Qo P |y, [P 0

where h3(t) := (p™ + My) | r|n<a1§ a(|x])b(t) = 0. Hence, we see that
T M2

(3.26) /kT F (b un(8) dt < —C5{Jun [T + €,
' 0 o = Oa(dllual) " °

for all n € N. Furthermore, by (F1), (3.1), (3.26) and Hélder’s inequality, one derives

kT kT
1
(3.27) C1 = op(un) = / —— |ul, (£)|P®) dt — / F(t, un(t))dt
o p(t) 0
1 k?T k?T 1/7’
> — !, (£)[PD dt — C ( / FT(t, un(t))dt>
pPT Jo 0
1 kT , C + /T
> — u, ()PP dt — Cf (2 ||un|[P T + C
ol (gl + Go)
1 kT
> — |u!, (£)[P®) dt — %Hunﬂﬁ —Cy VYneN.
P Jo 05" (dlluall)

Now, we claim {u,} is bounded, otherwise, going if necessary to a subsequence,
we can assume that ||u,|| — oo as n — co. With the same manner of Lemma 3.3,
dividing both sides of (3.27) by |lu,||P , using the properties of 02(s), we conclude
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that |u,(t)] — oo as n — oo uniformly for a.e. ¢ € [0,kT]. From (F1), (F3) and
Fatou’s lemma, we get

lim inf lvo[P" dt > 0.

|y | =00 |”U,n|er

(3.28) lim inf

n—00 ||un||PJr

ST F(t,u,) dt N /kT F(t,u,)
0

On the other hand, noting that (3.1) and (3.12), we know that

kT
F(t dt
lim inf —fo (¢, un)

n—00 ||un||P+

<0,

which contradicts (3.28). Therefore, {uy} is bounded in Wklj? ) and then ¢y, satisfies
condition (C). O

Lemma 3.5. Assume that (H0), (P), (F1), (F3) and (F7) hold. Then the func-
tional ¢y, satisfies condition (C).

Proof. Let Qs, := {t € [0,kT]: |un(t)] = Ms}. It follows from (3.1), (3.7),
(HO), (F7) and the properties of 03(s) that

(3.29) (pjL +1)Cy > p+90k(un) - <90;f(un)7un>

kT
> / (VE(ttn),tn) — p* Pt u)) dt
0

|[VE(t,u,)|” KT
2 on, 93(|Un|)Wdt— A h4(t) dt
|[VE(t,u,)|” M

P07 [, 707 O f, halDdE

> 03 (d||uy,
[ b

for all n € N, where hy(t) := (p* + Ms) rlnax a(|z])b(t) = 0. As a consequence, we

have IS M
kT Clo (+ 1)
3.30 VEF(t u)|” dt < —2 |, |-V 4 ¢

foralln e N. Let 1/o0+1/0’ =1, since 0 = p~ /(p~ — 1), by simple computation, we
get p~ > o’. So, there exists continuous embedding L? (0, kT;R) — Lo (0,kT; R),
where L7(0, kT'; R) is the usual L7 space, v = p~, o’. What is more, it is not difficult
to see that there exists continuous embedding LP(®) < LP™ (0, kT; R), which together
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with (3.1), (3.30) and Holder’s inequality yields that
(3.31)

/ B L P kT
Cr = {pk(un) un) = [ Ju, [V dt (VE(t, un), un) dt
0 0

kT ET 1/o kT , 1/c’
/ |u!,|P® dt — / |VE(t, u,)|° dt) </ |un|® dt)
0 0 0

kT kT
Cho +_ 1/o _
> w PO dt — (= [Jun||P VT + Oy ) Cha / lun|P” dt
[ (! ) )
1/o
(s lunl 797 4+ 1 ) Ca i

WV

1/p~

kT “
> ul, [P dt —
/o i 03(

[ o |7 +-Cn)
= Uy, = llun e 11 12| Un
: Ga{dlual)

o " Cis .
> lu, |P* de — SV T—— lunll? — Cigllun]] ¥VneN.
0 05" (dl[uall)

[unl)

Q =Q

Finally, we claim {u,,} is bounded, otherwise, going if necessary to a subsequence,
we assume that ||u, || — co as n — co. In the same way as in the proof of Lemma 3.3,
multiplying both sides of (3.31) by |lu,| ™ , we can obtain that |u,(t)] — oo as
n — oo uniformly for a.e. t € [0, k7], and then from (F1), (F3) and Fatou’s lemma,
we obtain that

T
(3.32) lim inf M

n—00 ||un||PJr

> 0.

On the other hand, note that (3.1) and (3.12) imply that

T
lim inf M <

n— 00 ||un||19Jr =

which contradicts (3.32). Thus, {u,} is bounded in Wklj? () Using the same argu-
ments as in Lemma 3.3, we know that ¢, satisfies condition (C). O

4. PROOFS OF MAIN RESULTS

In this section, we shall use the following generalized mountain pass theorem to
prove our results.

Theorem 4.1 ([16]). Let E be a real Banach space with E =V & X, where V is
finite dimensional. Suppose i € C*(E, R) satisfies the (PS) condition, and
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(i) there exist gy, o > 0 such that x|op, nx > o, where B,, := {u € E: |[u]| < ox},
0B,, denotes the boundary of B, ;

(i) there exist e, € 9B1 N X and sg > o) such that if Qi := (Bs, N V) @ {sex: 0 <
s < so}, then ¢|ag, < 0.

Then ¢ possesses a critical value ¢ > o which can be characterized as

:= inf h
¢ = Inf max ok (h(u)),

where I' := {h € C(Q,,, E): h =id on dQy}; here, id denotes the identity operator.

Remark 4.2. Tt is well known that Theorem 4.1 holds based on the deformation
lemma (see [12] or [16]). As shown in [1], the deformation lemma can be proved with
the weaker condition (C) replacing the usual (PS) condition, and it turns out that

the generalized mountain pass theorem holds true under condition (C).

Now we prove our main results. We only give the proofs of Theorem 1.4, The-
orem 1.7, Theorem 1.9, Corollary 1.11, Corollary 1.14, Corollary 1.16 and Corol-
lary 1.17. The other results can be proved similarly.

Proof of Theorem 1.4. Let X := W,::’,?(t), V := RV, recalling £ = Wkl’Tp(t), then
E=V®X and dimV < co. From Lemma 3.3, we see that ¢y, satisfies condition (C).
By virtue of Theorem 4.1 and Remark 4.2, we only need to verify the assertions:

(a) inf pp(u) > 0;

(b) sup pr(u) < oo, sup ¢(u) <0,
UEQk u€OQk

where S := W,CI’TP(Q NOB,,, Qr := {ser: 0 < s < Ry,e(t) € W,iﬁf)(t)} ® {z € RV:

|z] < R} and gx < R;. Firstly, by (F2) and (HO), we know that for any positive
+

constant &1 < min{cy, 1/pTkTc] }, there exists 6 € (0,&1) such that

(4.1) F(t,z) < £1|x\p+ Vx| < ¢ and a.e. t € [0, kT).

Let oy, € (0,6/cx) and by Proposition 2.5 set S = {u € ,V\[/:,iif’(t): |t/ [ty = or} for all
u € S, by Proposition 2.4, we get |u(t)| < cx|u'|,) = cror < 0. Since 0 < g < 1,
then it follows from Proposition 2.1(2), (4.1) and Proposition 2.4 that

kT 1 @ kT
o) = [ PO - [ R u) ai
o bt 0
1 kT kT .
> L[ wwp©ar -« / u(t)|P” dt
0 0
1 + + + 1 n +
> il — kT 'l = (E LA
=a>0 Vues.

This establishes (a). Next, we check (b).
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Let f(t) := |llim F(t,z)/|z[P", Eo:={te[0,T): f(t) =0}, then by (F3),
meas (Ep) = 0 and f(¢t) > 0 on [0,T]\ Ey. Let E,, := {t € [0,T]: f(t) = 1/m},

m € N, then [0,T)\ Eo = U Em, meas( U Em) =T and lim meas(E,,) =T.
m=1 m=1 m—00

Therefore, for any e > 0, there exist a small number 5 = £2(¢) > 0 (which is
independent of k) and a subset E. C |J E,, C [0,T] such that

T—e<meas(FE.)<T and f(t) > 2e2 on E..

k»7
Let EF .= |J (E. + jT), where E. + jT := {t + jT: t € E.}, j =0,1,...,k — L.
Then j=0
kT — ke < meas (Ef) < kT,

hence,
(4.2) meas ([0, kT \ EF) < ke.
Furthermore, by the periodicity of F'(¢,x) in ¢, we get

f(t) =2, on EF.

€

Again, by (F3) and (HO), there exists Ms = Mj5(¢) > 0 such that
F(t,x) >a€2|:c|p+ V|z| > Ms and t € EF.
Therefore, for all z € RV and ¢ € E¥ we have

F(t,x) > ealal” — 52M§+,

which combining with (F1) implies that for all u € W, . Lp(),

kT

(4.3) F(t,u)dt > /

0 EF

kT
=y / ufP” dt — e MP KT — &y / lulP" dt.
0 [0,kT)\ E¥

Choose ey, = (sin(k~twt),0,...,0) € Wk’p(t), where w := 21/T. Let W,lﬁ’;f(t) =

RN @ span{ey}. Since dim(WTJ)(t)) n+ 1, one has

T 1/pt T 1/2 ®
(4.4) (/ fuf? dt) 2015(/ |u|2dt> Vu e ar®,
0 0
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Let |s? := max{|s|?",|s|P"}, wP := max{wP ,wP }, A := (1/p )P fOT 1x
|cos wt[P(®) dt. Bearing in mind that Qj = {sex: 0 < s < Ry} ® {z € RV: |z| < Ry}

with R; > 1 > g and Ry > 0 being specified below, observe that by (4.3), (4.4), (P)

)

and Holder inequality, for = + sej € Wqu? (¢ , one has

le

kT
(45) oule + sex) = / s PO dt — / F(t,z+ se) dt
0

o p(t)
kT

1 kT
S kTP WP |3|p/ lcos k™ wt [P dt — 52/ |z + sek|p+ dt
p 0 0

+52M§'+k:T+62/ |9c+sek|1”+ dt
(0,kT)\EF

1 _ . _ T
< —kP P |s|p/ |cos wt|P®) dt+52M§’+kT
0

p

T
—52k/ \sr:—l—sel|p+ dt+2p+€2/ (|oc|p+ +|S|p+)dt
0 [0,ETI\EE

B T pt/2
< AE™P 5P — Egk‘Cf; (/ |z + seq|? dt)
0
+ eaMP KT + 27" eoke(jzP” +|sP")
~ T pt/2
<A P = okl ([ (o 4 sl )
0
teaMP KT + 27 eoke(RY + RY)
< AEP 5P — e0kChglalP’ — exkCuglsP” + e MP kT
+ 27 eoke(RY + RY).
If k > (2A/£2C16)'/P", then we have
(4.6) k_lgak(a: + se) < Ak™P |S|17 - !32016|S|pJr + €2M5p+T + 2p+525(R11]+ + R12)+)
1 ~ + +
< 552016|s|” — 526’16|s|p+ +eoM?P T+ 2p+EgE(R1f + R12’+)
and
(47) kK op(z + sex) < AP |s|P — eaCiglzP" + eaME T + 27 ene(RY + RY')

1 5 + + + + +
<§€2016|5|p*€2016‘$|p +€2M§ T + 2P €2€(R11) +R§ )

Without loss of generality, we assume & < C16/2p++3 and M; = Ms(e) >
(C16/AT)YP". Then
AT \1/p*
Ri=M(—) =1
"\ Cig
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Put Ry = Ry = R. Then for all x + Rie;, € 0Qy, note |s|P = |s|p+ for |s|] = 1. It
follows from (4.6) that

1 1 1 +
ponle+ Biey) < —5016Rp+ FMP T2 R e < —chRP* +MPT =0,
and for all © + sey, € 0Qy with |z| = Ry it follows from (4.7) that

1 1 . + + + +
627@]@(5U+R16k) < 5016‘5‘p7016|1'|p +M§ T+2p+€(R€ +Rg )

1 1
< —5CiR” + MPTT 4 2P Fleprt < —CiR" + MPT = 0.

kT

It follows from (F1) that ¢ (z) = — [ F(t,x)dt <0 for all z € RV. Hence, we get

or(x +ser) <0 Va+ se € 0Qy,

which implies that (b) holds.
Furthermore, for all  + se;, € Q, by (F1) and (P), we have

T
p(t)

1 kT
< —k7P WP |s|p/ |cos k™ Lt [P dt
p 0

k kT
k(@ + sex) = / jsel PO dt — / Ptz + sep) dt
0 0

I _ AT NPt P
< AE™P Y s|P < AlsfP < Amax{Mg,(—) ,1} .
C1e
Thus, for any positive integer k > (24/e5C16)"/P ", ¢} has at least one critical
. . 1,p(t)

point u in W, and

AT \1/p" NP
(4.8) ok (ug) < Amax {Mg,(c—) ,1}

16

For k1 > (2A/52C’16)1/p7 we obtain a k; T-periodic solution wug,. We claim that there
exists a positive integer ko > ky such that ugg, 7# ug, for all kky > ka. Otherwise,
Okl Uk, ) = kr, (ug,) — 00 as k — oo, which contradicts (4.8). Repeating this
process, we obtain a sequence {uy, } of distinct nontrivial periodic solutions of prob-
lem (1.1). This completes the proof of Theorem 1.4. d

Proof of Theorem 1.7. From Lemma 3.4, using the same arguments of Theo-
rem 1.4, we see that problem (1.1) has a sequence of distinct periodic solutions with
period k;1" satisfying k; € N and k; — oo as j — oo. O

Proof of Theorem 1.9. Clearly, with the aid of Lemma 3.5 and the arguments of
Theorem 1.4, we can easily see that problem (1.1) has a sequence of distinct periodic
solutions with period k;T satisfying k; € N and k; — oo as j — oo. O
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Proof of Corollary 1.11.  Taking h(s) = sp+, by Theorem 1.4, we can obtain
that problem (1.1) has a sequence of distinct periodic solutions with period k;T
satisfying k; € N and k; — oo as j — oo immediately. O

Proof of Corollary 1.14.  From (F3) and (F4') we conclude that F(¢,z) is
positive and asymptotic-p™ for all |z| large enough and a.e. t € [0,7], thus, (F6)
is equivalent to (F6’). By Theorem 1.7, problem (1.1) has a sequence of distinct
periodic solutions with period k;T satisfying k; € N and k; — oo as j — oo. O

Proof of Corollary 1.16. Applying (F3), (F4”) and (F7’), we have

[VE(t, z)]| < (VF(t,z),z) < ptF(t, x)

et =t T et T Jafpt

(4.9) M > >0

for |z| large enough and a.e. t € [0, 7. From (4.9), we deduce that |VF(t, z)| is pos-
itive and asymptotic-p™ for all |z| large enough and a.e. ¢ € [0, T], which means (F7)
and (F7’) are equivalent. Then, by Theorem 1.9, problem (1.1) has a sequence of dis-
tinct periodic solutions with period k;7" satisfying k; € N and k; — coas j — co. [

Proof of Corollary 1.17. By (F3') and (F7”), one has

F(t,x) S (VF(t,x),x)

2t 2 gt

for |z| large enough and a.e. ¢ € [0, T], which implies (F3) holds. Moreover, utilizing
(F3') and (F4”), we have

_ V()| _ (VE(t,2),2)

O

> 0.

Therefore, we know that |V F(t, )| is also positive and asymptotic-p™ for all |z| large
enough and a.e. t € [0,7]. From Corollary 1.16, we can deduce that problem (1.1)
has a sequence of distinct periodic solutions with period k;T" satisfying k; € N and
k;j — 00 as j — oo. O

5. EXAMPLE

In this section, we give an example to illustrate that our results are new even in
the case p(t) =p = 2.

Example 5.1. Let

. sin(2n/T)t, t € [0, 57,
alt) = 0, te[iT,T),
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and D(t) := 12 — a(t)(4In(e + 4) + sin4 — In*(e +4)) > 0. Consider

pm = 1 <2
7_’1/‘ =
a(t)(|z|* In(e + |z|?) + sin |z|? — lnz(e +|z?) + |z|? + D(t), |x| > 2.

It is easy to check that F(t,x) is superquadratic at infinity when ¢ € [0, %T] and
asymptotically quadratic at infinity when ¢ € [%T ,T]. Then, Theorem 1.2, The-
orem 1.3 and the conclusions of [5]-[7], [13]-[15], [17]-]20], [29], [32] cannot treat
this case. Furthermore, by simple computation, one has limjnf((VF (t,x),x) —

||
2F(t,z))|z|~ = 0 uniformly for a.e. t € [0, 7] and all A > 0, which implies that

F(t,z) does not satisfy the results of Theorem 1.1. However for all s > 0, select
h(s) = s*In(e + s?), 01(s) = In?(e + 52), a direct computation shows that F(t, )
satisfies all conditions of Theorem 1.4 with p(t) = p = 2. Hence, problem (1.1) with
p(t) = p = 2 has a sequence of distinct periodic solutions with period k;T" satisfying
k; €N and kj — oo as j — oo.
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