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Abstract. We consider problem (P) of Kirchhoff-Carrier type with nonlinear terms con-
taining a finite number of unknown values u(n1,t),...,u(ng,t) with 0 < <72 < ... <
ng < 1. By applying the linearization method together with the Faedo-Galerkin method
and the weak compact method, we first prove the existence and uniqueness of a local weak
solution of problem (P). Next, we consider a specific case (P4) of (P) in which the nonlinear

q
term contains the sum Sg[u?](t) = ¢~ 3 w?((i — 1)/q,t). Under suitable conditions, we
i=1
prove that the solution of (P4) converges to the solution of the corresponding problem (Poso)
as ¢ — oo (in a certain sense), here (Poo) is defined by (Pg) in which Sq[u?](t) is replaced

by fol uZ(y,t) dy. The proof is done by using the compactness lemma of Aubin-Lions and
the method of continuity with a priori estimates. We end the paper with remarks related
to similar problems.
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1. INTRODUCTION

We investigate the Robin-Dirichlet problem for a nonlinear wave equation
Upt — Mgz — p(t, w(0, 1), u(n, 1), . w(ng, t), u(®)]?, uw (t)]]*)tae
t
+/ g(t — S)uge(z,8)ds = f(x,t), O0<z<l, 0<t<T,
0

(1.1)
Uz (0,t) — Cu(0,t) = u(l,t) =

O’
u(z,0) = uo(x), w(x,0) =u (),
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where p, f, g, ug, uy are given functions and A > 0, ¢ > 0, 771,772,...,77q are
given constants with 0 < n; < m2 < ... < 71y < 1 and |[u(®)|* = fo (z,t) dx,
Jua (1)]1* = fo (z,1) .

In the one- d1mens10na1 case, the first equation (1.1); of problem (1.1) is regarded
as a model of nonlinear wave equations of the Kirchhoff-Carrier type with strong
damping and memory terms. It is well known that the mathematical model of
Kirchhoff and Carrier comes from a description of small vibrations of an elastic
stretched string. In [9], Kirchhoff first investigated the nonlinear vibration of an
elastic string

Eh [fou 2
1.2 h :(P —,t‘d) ,
(12) b = (Po+ 57 [ |Gow0] dv)u
where u = u(x, t) is the lateral displacement at the space coordinate = and the time ¢,
o is the mass density, h is the cross-section area, L is the length, F is the Young
modulus, Py is the initial axial tension. Carrier in [3] established a model of the type

L
(13) Ut — (PO + Pl/ u2(y7t) dy) Uy = 0;
0

where Py, P; are given constants, which models vibrations of an elastic string when
changes in tension are not small.

There is a great number of works in this aspect, for during the last decades,
initial-boundary value problems of the Kirchhoff-Carrier model have been studied
extensively providing many interesting results. Among the works of the Kirchhoff-
Carrier type we can cite, for example, Cavalcanti et al. (see [4]-[5]), Larkin (see [10]),
Long et al. (see [13]) , Medeiros (see [14]), Park and Bae (see [21]), Santos (see [23])
and the references given therein. A survey of the results about the mathematical
aspects of Kirchhoff model can be found in Medeiros et al. (see [15], [16]). By using
different methods together with various techniques in functional analysis, several
results concerning the existence/global existence and the properties of solutions such
as blow-up, decay, stability have been established. Especially, in case of the presence
of viscoelastic terms, the reciprocal effects between viscoelastic terms and the source
term can cause the decayed property or the blow-up phenomena of solutions in some
cases, see for example, [7], [8], [11], [17]-[19], [22], [25]-[27].

In [20], Nhan et al. considered the Robin problem for a wave equation with the
source containing nonlocal terms, i.e.,

(1.4)

Ut — Uze = f(x, t,u(z,t), u(n, t),...,u(ng, t), w(z,t)), 0<z<l, 0<t<T,

ug(0,1) — hou(0,t) = ux(1,¢) + hyu(l,t) =0,

u(z,0) = up(x), u(x,0) = uy(x),
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where f, Ug, u; are given functions and hg, b1 = 0, 71,72, ..., 1, are given constants
with ho +h1 > 0,0 < <12 < ... <1y < 1. Here, the authors proved the
existence and uniqueness of a weak solution and established an asymptotic expansion
of high order in a small parameter of a weak solution. However, to the best of our
knowledge, there are relatively few results about such a problem with the source
containing multi-point nonlocal terms.

Motivated by the above-mentioned inspiring works, we investigated problem (1.1)
and we first proved the existence and uniqueness of a local weak solution of this
problem. We further note that, when f has the general form

f= f(amt,u, Uty Ug,s U(O’t)7u(n1’t)v cee 7u(nqat)v ||u(t)||2» ”um(t)HQ)v

the existence and uniqueness of a local weak solution are also valid. This result
can of course be immediately applied to specific cases of problem (1.1), namely,

q
problem (P,) with = u(t, g1 Y u?(i/q,t), ||uL(t)||2>, or problem (P.,) with u =
i=0

w(t, ||u(®)]?, [[uz (t)]?), or some similar specific cases (see remarks in Section 5 below).

Therefore, based on the solvability of them, we then can consider the behavior of
q

solutions. Let us discuss the situation where the sum ¢! > u?((i — 1)/q,t) can be
i=1

considered as a special combination of the discrete family {u(n;,t)}7_; in (1.1)y. It is

clear to see that, if the functions y — u?(y,t) are continuous on [0, 1] with ¢ € [0, T]]
fixed, then

E uQ(Z ,t) — / u2(y,t) dy = ||u(t)H2 as q — 0o,
— q 0

therefore, problem (P,) can have a close relationship (in a certain sense) with prob-
lem (P,) for the equation

t
i = Atgg — palt, a(®)|2 s ()2t + / 9t = e (i, 5)ds = f(w,1),

0<ax<1,0<t<T, associated with the Robin-Dirichlet condition and initial con-
dition (1.1)2 3. We will prove this relationship in this paper to obtain an approximate
solution of the Kirchhoff-Carrier problem (P,). Obviously, similar relationships also
can be discussed and proposed.

This paper consists of five sections. In Section 2, we present some preliminaries.
In Section 3, by applying the linearization method together with the Faedo-Galerkin
method and the weak compact method, we prove the existence and uniqueness of
a local weak solution. In Section 4, we consider the couple of problems (P,), (P)
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and prove that the solution of (P,) converges to the solution of (P) as ¢ — oo
(in the same sense as in Theorem 4.4 below). The proof of this section is obtained
by the compactness lemma of Aubin-Lions and the method of continuity with a priori
estimates. Finally, in Section 5, we remark that the methods used can be applied
again to similar problems to obtain the same results (see Remarks 5.1, 5.2 below).

2. PRELIMINARIES

Put © = (0,1). We omit the definitions of the usual function spaces and denote
them LP = LP(Q), H™ = H™(Q). Let (-,-) be either the scalar product in L?
or the dual pairing of a continuous linear functional and an element of a function
space. The notation ||-|| stands for the norm in L? and we denote by ||:||x the norm
in the Banach space X. We call X’ the dual space of X. We denote LP(0,T; X),
1 < p < oo, the Banach space of real measurable functions u: (0,7) — X such that
[ullr 0, 7,x) < 0o with

T 1/p
(/ lu()|% dt) 1< p< oo,
”uHLP(O,T;X) = 0

esssup ||u(t)| x if p=oc0.
0<t<T

Let u(t), v/'(t) = us(t) = a(t), u”(t) = utt(t) = U(t), ug(t) = vu(t), ug(t) =
Au(t), put u(z,t), 2 5t (z, t), 2 5z (z, t), 2 o (z, t), 2 9.5 (x,t), respectively.

Let T > 0 with u € C*([0, T*] x RIT3), i = pu(t, 21,.. ., 244+3), we take Dy = %’;,
DZ+1M— L withi=1,...,¢+3,and Du = D" .. D?}rﬁﬂ,a—(al,...,aﬁzl) €
29, o] = al +oFagra <k, DO Op = p,

On H', we use the norm

[0l = VIvlI? + vz

We put
(2.1) V={veH" v(1) =0},
1
(2.2) a(u,v) = /0 Uy (z)vg (x) dz + Cu(0)v(0), wu,v € V.

Obviously,V is a closed subspace of H! and on V, the three norms v — ||v||x,
v = ||vg]] and v — ||v||s = \/a(v,v) are equivalent norms. It is well known that the
imbedding H! — C°(Q) is compact satisfying the inequality

||”HCO(§) <V2lvllg; Yve HY.
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Moreover, we have the following lemmas, the proofs of which are straightforward
hence we omit the details.

Lemma 2.1. Let ¢ > 0. Then the imbedding V — C°(Q) is compact and

[ollco@) < vl < llvla,

1
EHvllHl < lvall < llvlla < VI+ ozl < VI ol

veV.

Lemma 2.2. Let ¢ > 0. Then the symmetric bilinear form a(-,-) defined by (2.2)
is continuous on V' x V' and coercive on V.

Lemma 2.3. Let ¢ > 0. Then there exists the Hilbert orthonormal base {w;}
of L* consisting of the eigenfunctions w; corresponding to the eigenvalues \;
such that

O<A<h<... <A<, lim Ay = oo,
J]—0
a(wj,v) = Aj{wj,v) VoeV, j=1L2,...

Furthermore, the sequence {w;/+/\;} is a Hilbert orthonormal base of V with re-
spect to the scalar product a(-,-). On the other hand, we have w; satisfying the
boundary value problem

{ —A’U)j = )\jw]—, jn (0; 1),
w;2(0) = Cw;(0) = w;(1) =0 w; € C>(Q).

The proof of Lemma 2.3 can be found in [24], Theorem 7.7, page 87 with H = L?
and V, a(-,-) are defined by (2.1), (2.2), respectively.

Definition 2.4. A function v = u(z,t) is a weak solution of problem (1.1) if u €
Vr ={v € L>(0,T; H’NV),v" € L>=(0,T; H*NV),v" € L*(0,T; L*)NL(0,T;V)},
and u satisfies the variational equation

(2.3) (u(t),w) + Aau (£), w) + plu] (a(u(t), )
- / gt — s)a(u(s),w) ds + (F(£), w)

for all w € V, a.e. t € (0,T), together with the initial conditions

(24) U(O) = aOa U/(O) = ﬂlv
where
(255) plul(t) = p(t,u(0,8), uln, ), ., w(ng, t), |ul®)]|?, lua(8)]|?).
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3. EXISTENCE AND UNIQUENESS

In this section, we establish the local existence and uniqueness of problem (1.1).
First, we make the following assumptions:
(Hy) @o,uy € VN H?, o (0) — Clio(0) = 0;
(Ha) g€ H'(0,T%);
(H3) p € CY([0,T%] x R7" x R%) such that u(t,21,...,2443) = ps > 0 for all
t € [0,T%], for all (21,...,2441) € RITL, for all (2442, 2443) € RZ;
(Hy) f € L>(0,T%;L?), f' € L?>(0,T*; L?) = L*(Qr+), where Qr- = (0,1) x (0,T*).

For each M > 0 given, we set the constants Kar(u), K5 as

q+4
Ky (p) = HMHcl(AM) = HMHCO(,ZM) + Z HDiMHco(ZMy
i=1
K= fl=©r22) + 1 122Qre)s Nillo(z,, = sup lu(ts 21, -5 2q43)]5

(t,21502q4+3) EAM

where
Ay = [0,T%] x [-M, M9+ % [0, M?)2.
For every T € (0,T*], if we take
Vi ={ve L™, T; H*NV): v € L>(0,T; H*nV),v" € L*(0,T;V)},
then Vr is a Banach space with respect to the norm (see Lions [12])
[vllve = max{||vl| Lo o,1; 1200 10| Lo 0, 7518200), 10| L2 0,75 }-

For every M > 0, we put

W(M,T)=4{veVr: |v|v, <M},
Wi(M,T) ={veW(M,T): v" € L>*(0,T; L*)}.

Note that
Wi(T) = {v € C°[0,T]; V)N CH([0,T]; L*): ' € L*(0,T;V)}
is also a Banach space with respect to the norm
[ollwyry = Ivllcoqo,ryvy + 1V Ilcoqo,ry;z2) + 1V 22 0,73v)-

Now, we establish the recurrent sequence {u,,} defined by choosing the first iter-
ation ug = ug and suppose that

(31) Um—1 € Wl(M,T)
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We associate problem (1.1) with finding u,, € W(M,T), m > 1, such that u,
satisfies the linear variational problem

(ulh (), w) + Aa(u,, (t), w) + pm (t)a(unm(t), w)

(3.2) :/ﬂwwmwwpmm+g@w>vweu
0
U (0) = wo, u,(0) =uy,
where
(3.3)
tn (t) = pltm—1](t)
=ty U —1(0,8), U1 (11,8, -+ s U1 (g 1), 11 (B) ]|, ([ Vg1 (8)[|).

Then, the existence of the sequence {u,,} is verified by the following theorem.

Theorem 3.1. Let (Hy)—(Hy) hold. Then there exist positive constants M and T
such that, for uy = ug, there exists a recurrent sequence {u,,} C W (M,T) defined
by (3.2)—(3.3).

Proof. The proof consists of three steps.

Step 1. The Faedo-Galerkin approximation (introduced by Lions in [12]). Starting

from the basis {w;} defined for L? as in Lemma 2.3, we obtain the approximation
of the data in the form

k
uP () =3 ety
j=1

(k)

where the coefficients c,,;, j = 1,..., k, satisfy the system of linear differential equa-

tions
(i) (1), ;) + Aa(ilh) (1), w5) + o (E)a(uly (£), ;)

(3.4) = [ o= 9 6w s + ) 1< <
u®) (0) = or, 0P (0) = Ty,

where

k
Uop = Y. a§k)wj — Uy strongly in H2 NV,
i=1

(3.5) .
Uip = ), B](-k)wj — 1w, strongly in H2NV.
j=1

Using contraction mapping principle, it is not difficult to show that the system (3.4)
. . (k) 1y
has a unique solution u,’ (t) in [0, T1.
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Step 2. A priori estimates. Set
S (t) = [l (O + 1l (D17 + MAQG @)1 + pm (@) ([l (D117 + [ Aul) ()]])
+ 2/(:(A(||u£j§)(s)||§ + | Aal) (s)I17) + 5 (s)]17) ds
then we deduce from (3.4) that

(3.6)  [S® () < SW(t)
= S (0) + 2( Aok, Atink) + 2(f(0), Atirg) + g(0) ]| Ao ||

+/ (1 (5) = 29(0)) (luly) ()12 + | Auiy) (s)]|*) ds
0

+2/0tg(ts)

% (a(u® (s),u® (1)) + (Aul) (), Al (£) + Aal) (1)) ds

—2/ dT/ (t—29)

% (a(u® (), ul) (1)) + (Au® (), Aul®) () + MGl (7)) ds
t ®)(s) — Au®) (5)) ds Y $). AT (5)) ds

+2/0<f<>, ) (s) — Aal)(s)) d +2/O<f<>,Am<>>d

+2 / 1S ()12 ds — g(0)]| Al ()]

= 20AulF) (t), AP (1)) — 2(f (1), AR (1)),
where i, = min{1, p,, A} and
(3.7)  SE(t) = la )1 + [a @112 + 1AW 01 + [[ulh (#))12 + | Aul) (¢)]?
t
+/0 (ad ()12 + |1 AGH (s)]12 + (| (s)]12) ds

Now, for convenience, we rewrite (3.6) in the form
9
S0 (1) < S (0) + 2(Aiok, Atirg) + 2(f(0), Atink) + g(0)[| Atiok||* + D I

with the terms Iy, ..., Iy defined and estimated as follows.
By (3.3), we first note here that

[ (t) = D1p[tim—1](t) + Doptlttm—1](8)us, —1 (0, +ZDz+2M Unn—1] (8) g, 1 (0, 1)
=1

49D, lt 1)t (8) 18
+ 2Dq+4,u[um—1] (t) <V’U, (t ) VU -1 (t)>a
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SO

1 ()] < Koar (1) (L + (@ + DIVt _y (8)]] + 2t —1 ()10,

+ 2/ V-1 ()| V1 ()])
< Kpr(p) (1 + (g4 1)M + 4M?) = .

Therefore

(3.8) I = /0 (1 (5) = 29 (0) ([l ()17 + 1Auy) (5)[1?) ds

t
< (@ +2g0)) [ 5 ds
0
Applying the Cauchy inequality
2ab < fa’ +5b2 Va,beR, ﬂ— * =3,

we make the following estimation

1D

(3.9) Iy =2 /tg(t = s)(alul) (), ufy) (£)) + (Aul) (s), Aul) (1) + Aaf) (1)) ds
0

2/ l9(t = )I([u () llalluly’ ()la + 12wl (s) 1 Aul (1)

+ | Aufy () 1 AaG (1)) ds

2/ lg(t = $)I(lluf ()12 + 1Al ()1 + 1A (5)]1*)
0

< ([ulf @))12 + |Aul) (@)1 + |aalk) (#)]*)/2 ds
t
<4/ lg(t — s)|\/ S (s)\/ S (t) ds
0

_ 4 t_
<B.3WO + ol / 5 (s) ds

I3:—2/ d’T/ (t—29)

% (alufy) (s),ul) (1) + (Au) (s), Aufy) (1) + Adf) (1)) ds

§4/ dT/ lg' (7 s)|\/§g§)(8)\/%ds

t
<WVTg |20y / 50 (s) ds
0
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=2 [ 45060, 5) — AU ) ds < 2Vl w5
< 2T oy + / 509 (s) ds < 2T + / 509 (5) ds;

=2 [ 47160, 80060 s < 17 [y + [ 50010
<K / S%)(s) ds

t t

=2 [ ads)Pas <2 / 509 (s) ds

I = — g8 07 < 29000 (1870 + 7 t INGICTRS
< 24g0) AT+ 27719(0)] | 5 (s) ds:

I = — 28 (), 80 (1) < B3P + | Au ()]
<B.5H 1) + ;*(HMOW + T /0 t S&’?(s)ds);

I = =20/, 80 (0) < 5580 + 51 0)|
<BIWO + - (O + TS (o, )
<830 + (IO + TR,

It follows from (3.6), (3.8) and (3.9) that

t

(3.10) S0 (1) < S £ TD, () + Da(M) / 50 (5 ds,
0

where

— 1
(1) 54 = o (SW0) + (3l0)] + ) A7)
2
35

Dilf) = 5 (1+ 5 )%

1
= g (4 57+ e 4204 T 9(0)])

2 —
ZIFOI? + K3),

(Ao, ATiyg) + (£(0), Alig)) + %(

<4+B

4
* 35, (E\Ig\lizm,m + \/F||g'||L2(07T*)>,
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By (3.5), it follows from (3.11); that
— 1
(3.12) S < GM* VmkeN,

where M is a constant depending only on p, f, g, Uo, U1, A, ¢, g. We choose T € (0, T%]
such that

(3.13) (%MQ £TD,(f)) exp(TDy(M)) < M

and

(3.14) kp = 3MEK (1) (1+ g+ 4M)\/27 exp(TDy(M)) < 1,
where

~ 1 . 1
Da(M) = (147 +2(l9(0)| + = lglEz(0,2) + VT lg iz )

fix
By using Gronwall’s lemma, we deduce from (3.10), (3.12) and (3.13) that
S (1) < M2 exp(—TDa(M)) exp(tDo(M)) < M? Yt € [0,T] and Vm and k € N.
Therefore, we have
(3.15) ul® € W(M,T) ¥Ym and k € N.

Step 3. Limit procedure. From (3.15), there exists a subsequence of the se-
quence {uﬁ,’f)}, with the elements also denoted by us,’f), such that

u® o, in L°°(0,T; H> N V) weakly*,
itsylf) —ul, in L°°(0,T; H> N V) weakly*,
T in L2(0,T;V) weakly,

U € W(M,T).

(3.16)
Passing to limit in (3.4)—(3.5), we have u,, satisfying (3.2)—(3.3) in L?(0,T) weakly.
Furthermore, (3.2); and (3.16)4 imply that
¢
up = AU, + i (8) Ay, — / g(t — 8)Auy,(s)ds + f € L>=(0,T; L?),
0

so we obtain u,, € Wi (M, T), Theorem 3.1 is proved. O
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Theorem 3.2. Let (Hy)—(Hy4) hold. Then, there exist positive constants M, T
such that the recurrent sequence defined by (3.2)—(3.3) converges strongly to a func-
tion w in Wi(T). Moreover, u € W1(M,T) and u is a local unique weak solution of
problem (1.1) satisfying the estimate

(3.17) lum — ullw, (ry < Crky Vm €N,

where kr € [0,1) and Cr are constants depending only on T, p, f, g, ug, u1, A, ¢, ¢

Proof. (a) Existence of the solution. By Theorem 3.1, there exist positive
constants M, T such that, for ug = uy, there exists the recurrent sequence {u,,} C
W (M, T) defined by (3.2)—(3.3). We prove that {u,,} is a Cauchy sequence in W7 (T).

Let w,, = tmy1 — Um. Then w, satisfies the variational problem
(3.18)

(w, (1), w) + Aa(wp, (t), w) + fme1 (t)a(wm (t), w)

:/0 9(t = s)a(wm(s), w) ds + (pm11(t) = pm () (Bum(t), w) Yw €V,
wm(0) = w),(0) =0.

Taking w = w), in (3.18); and integrating with respect to ¢, we get
(3.19)
t

BT ()< [ as) = 200w ()2 ds+2 g0 = 9l (s). (1) ds
— 2/0 dr /OT g (1 = 8)a(wm(s), wn, (7)) ds
42 [ G (5) = 0 (9) (B (9. (5) s,

where [, = min{1, u., A} and
t
Xon(t) = [Jwr, ()] + llwm ()12 +/0 [[wy,, ()]|2 ds.

With similar estimations as in the proof of Theorem 3.1, we obtain

(3.20) / (11 (5) — 29(0) [0 ()2 ds < (s + 219 (0) / X, (s) ds,
2 / gt — 5)a(wn (), wn (1) ds < 20X (1) + HganwT* / X,
—2/ dT/ (1 — 8)a(wm (8), W (T ))dsSZ\/ZIT*Hg’HLZ(O,T*)/O X,n(s)ds

2/0 (ims1(5) — fim(8)) (Dt (3), 0/ (5)) dis

t
< TR0+ 0+ 4 s [y + [ Fonl) s
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It follows from (3.19) and (3.20) that

t
(3.21) Xon(t) < TDl(M)||wm_1H€V1(T) + 2D2(M)/0 Xm(s)ds,
where

- 9 -
Dy(M) = —M?K3; () (1 +q+4M)?,

*

~ 1 . 1
Da(M) = = (14 7+ 2(lgO)] + = lglEeo.re) + VTN ez )

Using Gronwall’s lemma, (3.21) gives
lwmllw, (1) < krllwm-1llw, )y YmeN,
where k7 € (0,1) is defined as in (3.14). It leads to
(3.22) [ttm = tmpllws () < lluo — wllw, @y (1 — k) ' kF Vm,p € N.

It follows that {u,,} is a Cauchy sequence in W7 (T'). Then there exists u € Wy (T)
such that

(3.23) U — u  strongly in Wi (T).

Because of u,, € W(M,T), there exists a subsequence {uy,, } of {u,,} such that

U, — U in L°°(0,T; H> N V) weakly*,
(3.24) Uy, —> in L>°(0,T; H?> N V) weakly*,

Up, — U in L2(0,T;V) weakly,

ue W(M,T).

On the other hand, we have the estimation

em — plu]ll Lo o,7) < Kar(p)(1+ q + 4M) |ty — ullw, (1)-
Therefore, (3.23) leads to
(3.25) tm — plu]  strongly in L°°(0,T).

Passing to limit in (3.2)—(3.3) as m = m; — oo, it follows from (3.23)—(3.25) that
there exists u € W(M,T) satisfying (2.3)—(2.5). Furthermore, (2.3) and (3.24)4
imply that

' = NAU + plu](t)Au — /t g(t — s)Au(s)ds + f € L>=(0,T; L?),
0

so we obtain u € W1 (M, T). The existence proof is completed. On the other hand,
by (3.22)—(3.24), (3.17) follows.
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(b) Uniqueness of the solution. Let ui,us € W1 (M, T) be two weak solutions of
problem (1.1). Then u = u; — uo satisfies the variational problem

(W (t), w) + Aa(v'(t), w) + p1(t)a(u(t), w)

(3.26) = a(t)(Auz(t),w) = | gt — s)a(u(s),w)ds Yw eV,

(=)

where [i(t) = p1(t) — p2(t), pa(t) = pluil(t), i =1,2.
Taking w = v/(t) in (3.26); and then integrating with respect to ¢, we have
(3.27)

fi X (t) < /0 (i (s) = 29(0)[u(s)||7 ds + 2/0 g(t — s)a(u(s), u(t)) ds
- 2/0 dT/0 9 (1 = s)a(u(s),u(r))ds + 2/0 B(s)(Aus(s),u'(s)) ds,

where ji, = min{1, p., A} and X (t) = ||u’'()||* + |Ju(?)|]? + f; |lu/(s)]|2 ds. Similarly,
we also have the estimate

(3.28) X(t) < Ky /t X (s)ds,

where 5 5
Kir = = (e + 2090) + = lgllEs00-) + 2V g 207

*

4 ~
+ 2 MEy (o)1 +q-+4M0)

Using Gronwall’s lemma, it follows from (3.28) that X (¢) = 0, i.e., u; = uy. Theo-
rem 3.2 is proved. O

4. AN APPROXIMATE SOLUTION OF THE KIRCHHOFF-CARRIER PROBLEM

In this section, we consider the couple of problems (P;), (Px),

192 /i ¢
Upp — AUggr — M| t, — u2(7,t), ug (t z)uer/gtsum x,s)ds
. M u<q§ 1), a0 [ att = nte)
(Pg) = f(z,t), 0<az<l 0<t<T,

ug(0,t) — Cu(0,t) = u(l,t) =0,

u(z,0) = wp(x), u(x,0) = uy(x)
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and
t
gt — Migae — it ()], e ()1 e + / g(t — 8)uge (7, 5) ds
0
:f(x7t)a O<1’<1,O<t<T,
u,(0,1) — Cu(0,t) = u(l,t) =0,

w(z,0) = uo(z), u(z,0) = up(x),

(Poo)

where ¢ > 0, A > 0 are constants and p, f, g, ug, ¥ are given functions.
We first note that, (P,) is a special case of problem (1.1) with

= wlul(®) = (1. Zu(qt) o 01?)

On the other hand, for a.e. t € [0,T], by the fact that the function y — u?(y,t) is

continuous on [0, 1], we have

-1

sl

S,[u?](t) = u2(2,t> S u@)P as g — oo,

=
s
I
(=)

S0 pglu](t) converges to pfu](t) = u(t, |ut)||?, ||us(t)||*) as ¢ — oo in the same sense
as in Lemma 4.3 below.

Under suitable conditions, we next prove that the solution of (P,) converges to the
solution of the Kirchhoff-Carrier problem (P,) as ¢ — co. We make the assumptions:
(H3) pe CY([0,T%] x R2) such that pu(t,y, z) > p. > 0 for all (¢,y,2) € [0,T*] x R%;
(Hy) f € L>(0,T*; L?) such that f’ € L%(0,T*; L?).

For each M > 0 given, we set

3
Ky(p) = HMHcl(ZM) = HMHcO(ZM) + Z HDiMHco(ZM)a
i=1
where H'“HCU(XM) = sup |u(t,y, 2)| with Apr = [0,T%] x [0, M2] x [0, M2].

(t,y,2)EAM

Lemma 4.1. Let (Hy), (Hz), (H3), (H4) hold. Then, there exist positive constants
M, T independent of q such that (P,) has a unique weak solution u, € Wy (M,T)
for all ¢ € N and (P,) has a unique weak solution u., € W1(M,T) .

Proof. By the assumptions (H;), (Hs), (H3), (H4), based on the proof of The-
orem 3.2, there exist positive constants M, T such that the problems (P,) and (P)
have unique weak solutions u, € Wi (M,T) for all ¢ € N and us € Wi (M,T),
respectively.
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It remains to show that, in this specific case, the positive constants M, T can be
chosen independent of ¢g. Indeed, as in (3.1)—(3.3) of linearization approximation,
corresponding to iy, (t) = pig[um—1](t) = p(t, Sqlu2,_11(t), || Vum—1(t)||?), we have

)
P (t) = Dipaltim—1](t) + 2D2ps[um 1] Zum 1( ) Uiy 1<q7t>
+ 2Dt 1] () (Vi1 (¢ ),Vum_1( )-

On the other hand,

[Vum—1t)]? < ZHUm 1||L°°(OTV) M?,

therefore
(4.1)

0] < Basl) (14 Z(uml( )t (20) |+ 21V 0111951 0)1])
< Ru(w(1+2 Z 1Vt (V1 D]+ 2 Va2 (O Vet ()]

= Kt (1) (1 + 4] Vet 1 ()| Vg, (9]) < Kar () (1 + 402%).

Using (4.1), proving the estimates similar to (3.6)—(3.15) for (P,), ?ﬁlf)(t) obtained
satisfies the integral inequality

t
(4.2) SU) (1) < 5B 4 TDy(f) + Do(M) / %) (s) ds,
0

where

(43) 500 = 55 (S00)+ (3190 + )17 )

3B
+ %“Aﬂok,Aalw + (f(0), Aug)) + ﬁ(%“f(())”z N [??)7
Dl(f) - 3;* (1 - ﬁ1*>K27
1 /72, ., *
Do) = 5 (2T + Rag1 + 404%) + 201+ T)lg(0) )
4
3ﬁ ( ||g||L2(0T )+ VT g’ | 220,17~ )
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By (3.5), it follows from (4.3); that
= 1
(4.4) S < M2 ¥m,keN,

where M is a constant independent of ¢ and depending only on p, f, g, ug, u1, A, C.
We choose T € (0, T*] such that

(4.5) ( M? +TDy (M )) exp(TDa(M)) < M2,

kT7121/ M2KM WT exp(TDy(M)) <
where

Do(M) = ,i(l + (1 4+4M*) Ky (p)

*

+ = (191 + 2 lgl 07y + VT Nz ).
By using Gronwall’s lemma, we deduce from (4.2), (4.4) and (4.5) that
S (t) < M? exp(=TDa(M)) exp(tDy(M)) < M?
for all t € [0,7T], for all m,k € N. Obviously, M, T chosen as in (4.4), (4.5) are

independent of q. Lemma 4.1 is proved. O

Because of u, € Wi(M,T) for all ¢ € N, there exists a subsequence of {u,} with
the same symbol, such that

ug—u in L>®(0,T; H* N'V) weakly*,
(4.6) upy — ' in L°°(0,T; H* N V) weakly*,
uy =" in L*(0,T;V) weakly.

Applying the compactness lemma of Aubin-Lions, there exists a subsequence of {u,},

also with the same symbol, such that
u, = u in C([0,T]; V) strongly,
W) { ; (0.75:v)

uy — v’ in C([0,T7; V) strongly.

Because u, is the unique weak solution of (P,), we get
(4.8)

/ (ug (), wye(t) dt+)\/ alug (t), w)e(t) dt+/ f1g[tg] ()a(ug(t), w)p(t) At
0 0 o
T t -
:/0 (/ gt — s)a(ugy(s), )ds> ()dt+/0 (F(£), whe(t) dt

0
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for all w € V, for all ¢ € C°(0,T). By (4.6)3 and (4.7), it leads to

T T
(4.9) / (! (t), wyp (1) dt / (" (t), w)p(t) dt,
T T
/ a(ug(t), w)p(t) dt - / a(u(t), w)p(t) dt,
0 0
T T
A /O alul (£), w)p(t) dt — A /0 ol (), w)p(t) dt,
T t
/0 o(t) di / ot — s)a(ug(s), w) ds

-/ " aug(s), w) ( / "ottt 5) dt) s

o [ ot ([ etvgte - s)ar) as

:/0 o(t) dt/O g(t — s)a(u(s),w) ds.
We have to show that
T T
(4.10) /0 pigluql(t)aluq(t), w)e(t) dt — /0 plul(t)a(u(t), w)e(t) dt.
We use the following lemmas.

Lemma 4.2. The following properties are fulfilled:
(i) [1Sq[ug] = Sqlu?lllcqo,my — 0 as ¢ — oo,

(i) [1Sqle?] = uC)IP132¢0.7) — 0 as ¢ — o0,

(iif) [1Sg[uz] = luC)P 720y — 0 as g — oo.

Proof. (i) Note that we have the estimation
(4.11)

Safe3)(0) = Sy P01 < £ 3 [u(£.6) = (2.8) < I 0) = 0@,

q
< 2Mjug(t) = w(®)|lv < 2M|lug — ullco.ryv)-
Then, by (4.7), we deduce from (4.11) that

1Sq[ul] = Sq[ulllcqom) < 2M|lug — ullcoryv) — 0 as ¢ — oo.

Thus (i) is valid.
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(ii) For all h € C°([0,1]), we have
= Z h / h(y

Since u € L>=(0,T;V) — L>(0,T;C°(Q)), the function y — u?(y,t), a.e. t € [0,T],
belongs to C°(2). Then, as above, we obtain

Sufe?l(0) = - uQ(E,t)%/O Wy, 1) dy = @I as g — oo,

—

sl < L (E ) < Zuuw I <

=0
lu)I* < flus (®)]* < M2,

s}

so we get that
1S, [u?](t) — ||lu(t)|]?| < 2M? VqeN and ae. t € [0,7].

Applying the dominated convergence theorem, we confirm that

2
dt -0 asqg— oo,

1

T
15g[w?] = lluC)I*NZ2 07y :/o Sq[UQ](t)—/O u?(y,t) dy

thus, (ii) holds.
(iii) It follows from (i), (ii) that

1S ug] = ()12l 22 0,7
< 11Sqlug) = Sglu?lllLao,r) + 1S [u?] = ()l L20,7)
< QﬁMHUq —ulleqo, vy + HSq[UQ] - ||U(')H2||L2(0,T) —0 asq—o0.

Hence, (iii) also holds. Therefore, Lemma 4.2 is proved. O
Lemma 4.3. The convergence
| 1q[ug) — p[ulll 20,7y = 0 as g — o0
holds.
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Proof. Dueto

(4.12)  |glug)(t) — ulul(B)] = |t Sq[ug) (t), lluga (OI*) — pa(t, [lu()]1?, [lua (£)]*)]
< Enr (1) (15 [wg) (8) = (O] + [llaga (8)]|* = e (0)]17])
< Ko () (154 [ug) (8) = (@[] + 2M|uga (t) = ue ()])
< Ko () (1S4 [ug)(8) = [u(®)[1P] + 2Mlug = ulleqo,r1:);

it follows from (4.7)1, (4.12) and Lemma 4.2 (iii) that

12q[uq) = plulll20,ry < Knr () 1Sq[ul] = ()12l 20y
+ QﬁMKM(,u)Huq —ulleqo,r;v) — 0 as ¢ — oo.

Thus, Lemma 4.3 is proved. O

Now, we continue the proof of (4.10). By the inequality

T T
‘ / palug](t)alug(t), w)e(t) dt — / plult)a(u(t), w)e(t) dt‘
0 0

<

X

T
[ ala)6) = sl O 0, )0 dt\

#] [ it ) - ute). whete) dt\

< /0 |1qluql(t) — plu) (O)lug (D) llallwllale ()] dE

+/0 pluf(®)llug(t) = u(®)]lallw]lal ()] dt
< Mllwllallel 20, [l g[ug] — plulll20,1)

+ Knr(w)llwllallell L o, lug — ulleqorsy =0 as g — oo,

combining (4.7); and Lemma 4.3, we get (4.10).
Finally, by (4.9) and (4.10), letting ¢ — oo in (4.8), we obtain that v € W(M,T)
satisfies the equation

T T .
/0 (u” (t), w)ep(t) dt+)\/0 a(u'(t), w)e(t) dt+/0 ulu] (Ha(u(t), w)e(t) dt
T t T
:/0 (/0 g(t—S)G(U(S),w)ds><p(t)dt+/0 (f(t), w)p(t) dt

together with the initial conditions u(0) = g, w'(0) = uy.
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Consequently,
(u”(t), w) + Aa(w/(t), w) + plu](t)a(u(t), w)
(4.13) = [ (e s)atuls).w) s+ (f(0).u) YweV.
0
u(O) = ’lAij7 ’U/(O) = ﬂl,

and v € W(M,T). Furthermore, (4.13); implies that

¢
' = Ml + plu)(t)ug, — / g(t — $)uge(s)ds + f € L=(0,T; L2),
0

sou € Wi(M,T), hence u € Wi (M,T) is a solution of (P ). By the uniqueness
of (P), we have u = uo. Further, we note that the sequence {u,} converges to u
in the same sense as in (4.6) and (4.7).

The above result leads to the following theorem.

Theorem 4.4. Let (Hy), (Hz), (H3), (Hy) hold. Then there exist positive con-
stants M, T such that:
(i) (Pso) has the unique weak solution u € W1(M,T).
(ii) The solution sequence {uq} of (P,) converges to the weak solution u of (Pu)

in the sense
u; —u  in L°°(0,T; H> N'V) weakly*,
ug — ' in L*°(0,T; H?NV) weakly*,
uy =" in L?(0,T;V) weakly,
ug —u  in CY([0,T]; V) strongly.

(iii) Furthermore, we have the estimation

< Crl|Sqlugl = luOPllz2or) YaeN,

||Uq - uHWl(T) =X

where Cr is a constant depending only on T, u, f, g, ug, u1, A, C.

Proof. It remains to prove (iii). We set
(4.14) Vg =ty =ty fig(t) = rgluug)(6) = ulul(8),  fig(t) = iglug)(0),
then v, € ‘7T satisfies the variational problem
(w3 (8),10) + Aa(v) (8), w) + i (a(vy(£), )
(4.15) — _f,(Ha /gt—s (s)w)ds YweV,
vg(0) = vy (0) = 0. ’
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Taking w = v (t) in (4.15); and then integrating with respect to ¢, we have
(4.16)
¢

7. X,(1) < / (72, () — 29(0)) [ug(5)]12 s +2 / g(t — s)a(vy(s), vy () ds
_2/0 dT/O g(T—s)a(vq(s),vq(T))ds+2/ fg(8)(Aug(s), vy(s)) ds,

where fi, = min{1, u,, \} and X(t) = |0} (t)[1* + [log(t)||2 + fo [0}, (s)]|2 ds.
Note that

R (1) = Dia(t, S, u2)(0) ot (1))
+ 2Dt 4 u2)(0), g (1))~ Z (Gt (oe)
=0

+ 2D 8 [12)(0) [ntga (O]12) (g (6, 4 ()

< Rong (o) (1 Aluge () (1) < Rong (1) (14 4M2) = i

o O] = ltua) (1) = a0
< Rar () (18a[u2)(6) — () ] + e (O = s (92
)~

(15q[u
<I~(M( )(1S[ug)(®) — lu()[I*] + 2M [[vga (£)]])

) (18a[21(8) = ()l + 2M ) X (1))

Using similar estimations as in the proof of Theorem 3.2, we obtain

//\

@i [ s~ 200Dz ds < G+ 24000 [ Tyl
2 [ ot~ )t (5) v 5 < 2 ol [ X
_gf dTATg/(T—S)a(vq(s),vq(T))dS < Nﬁng HLQ(O’T*)/O X, (s)ds
2 [ o) ua(s) v ) s
< 201K () | " (1Sa0u21(6) — )21+ 20 T (5) ) Tl s
< Raal)Sylu] = 1) Pl o) + 30 Ras ) [ X ()
It follows from (4.16) and (4.17) that
@18 Xy(t) < DD, ) = WO o +2D2(01) [ X, ()45
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where

(4.19) Di(M) = %I?M(u),

1, ~ 2 1
Dy(M) = ,FT(’UM + 3M?K (1)) + [T(|g(0)| +VT*|g" | L2 0.0+) + EHQH%Q(O,T*))'
Using Gronwall’s lemma, it follows from (4.18) that
(4.20) Xy (t) < D1 (M) exp(2TD2(M))|| S ug] — [[uC) Iz (0.7)-

We deduce from (4.20) that

lug = wlly, ory < 3y/D1(M) exp(TD2(M))|Sqlug] — w1l z2(0,)-

Hence, (iii) holds. Therefore, Theorem 4.4 is proved. O

5. REMARKS

In this section, we remark that methods similar to the above ones can be applied
to obtain similar results.

Remark 5.1. When f has the general form

=t uug ug, u(0,),u(m, b), - ulng, ), [u®)|, lua (B)]12),

the existence and uniqueness of a local weak solution of problem (1.1) are also valid.
It means that we also prove a sufficient condition for the solvablility of problem (1.1)
in this case.

Remark 5.2.
(i) The methods used to prove the unique existence of a weak solution for prob-
lem (P,) can be applied to problem (P,) in which S, [u?](¢) is replaced by the sum

Salu)(1) = 1q§u2(if19i,t),

q i=0

where 0; € [0,1), i =0,...,¢— 1, are given constants.
(ii) The arguments used to consider the relationship of (P,) and (P) can be also

applied to the problems (P,), (P), and then, the same results are also given
sy — Migzw — p(t, Sy[u](8), Sq[u2] () e = f(z,t), 0<z<1, 0<t<T,
(Fq) uI(Ovt) - gu(oat) = U(Lt) = 07

u(z,0) = ug(x), w(x,0) =u (),
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where A > 0, ¢ > 0 are given constants, u, f, ug, u; are given functions and

Sylu?)(t) = q; (i + 0:)/,1), Gy[u2](t) = q; W2 ((i + 0:)/g,1), 0; €

[0,1),i=0,...,q— 1 are given constants,

Uty — Ny — ot Ju()]|?, lue () tee = f(z,t), 0<z <1, 0<t<T,
(P) ug(0,t) — Cu(0,t) = u(l,t) =0,
u(z,0) = to(x), u(z,0)=1uy(z),

where [[u(t)||? = [y u*(y,t) dy, Jua(t)]|* = fy u?
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