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Abstract. We consider problem (P) of Kirchhoff-Carrier type with nonlinear terms con-
taining a finite number of unknown values u(η1, t), . . . , u(ηq, t) with 0 6 η1 < η2 < . . . <
ηq < 1. By applying the linearization method together with the Faedo-Galerkin method
and the weak compact method, we first prove the existence and uniqueness of a local weak
solution of problem (P). Next, we consider a specific case (Pq) of (P) in which the nonlinear

term contains the sum Sq[u
2](t) = q−1

q∑

i=1
u2((i− 1)/q, t). Under suitable conditions, we

prove that the solution of (Pq) converges to the solution of the corresponding problem (P∞)
as q → ∞ (in a certain sense), here (P∞) is defined by (Pq) in which Sq[u

2](t) is replaced

by
∫
1

0
u2(y, t) dy. The proof is done by using the compactness lemma of Aubin-Lions and

the method of continuity with a priori estimates. We end the paper with remarks related
to similar problems.
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1. Introduction

We investigate the Robin-Dirichlet problem for a nonlinear wave equation

(1.1)





utt − λutxx − µ(t, u(0, t), u(η1, t), . . . , u(ηq, t), ‖u(t)‖2, ‖ux(t)‖2)uxx

+

∫ t

0

g(t− s)uxx(x, s) ds = f(x, t), 0 < x < 1, 0 < t < T,

ux(0, t)− ζu(0, t) = u(1, t) = 0,

u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),

c© The author(s) 2023. This is an open access article under the CC BY-NC-ND licence cbnd

DOI: 10.21136/MB.2023.0153-21 1

https://creativecommons.org/licenses/by-nc-nd/4.0
http://dx.doi.org/10.21136/MB.2023.0153-21


where µ, f , g, ũ0, ũ1 are given functions and λ > 0, ζ > 0, η1, η2, . . . , ηq are

given constants with 0 6 η1 < η2 < . . . < ηq < 1 and ‖u(t)‖2 =
∫ 1

0
u2(x, t) dx,

‖ux(t)‖2 =
∫ 1

0
u2
x(x, t) dx.

In the one-dimensional case, the first equation (1.1)1 of problem (1.1) is regarded

as a model of nonlinear wave equations of the Kirchhoff-Carrier type with strong

damping and memory terms. It is well known that the mathematical model of

Kirchhoff and Carrier comes from a description of small vibrations of an elastic

stretched string. In [9], Kirchhoff first investigated the nonlinear vibration of an

elastic string

(1.2) ̺hutt =
(
P0 +

Eh

2L

∫ L

0

∣∣∣∂u
∂y

(y, t)
∣∣∣
2

dy
)
uxx,

where u = u(x, t) is the lateral displacement at the space coordinate x and the time t,

̺ is the mass density, h is the cross-section area, L is the length, E is the Young

modulus, P0 is the initial axial tension. Carrier in [3] established a model of the type

(1.3) utt −
(
P0 + P1

∫ L

0

u2(y, t) dy

)
uxx = 0,

where P0, P1 are given constants, which models vibrations of an elastic string when

changes in tension are not small.

There is a great number of works in this aspect, for during the last decades,

initial-boundary value problems of the Kirchhoff-Carrier model have been studied

extensively providing many interesting results. Among the works of the Kirchhoff-

Carrier type we can cite, for example, Cavalcanti et al. (see [4]–[5]), Larkin (see [10]),

Long et al. (see [13]) , Medeiros (see [14]), Park and Bae (see [21]), Santos (see [23])

and the references given therein. A survey of the results about the mathematical

aspects of Kirchhoff model can be found in Medeiros et al. (see [15], [16]). By using

different methods together with various techniques in functional analysis, several

results concerning the existence/global existence and the properties of solutions such

as blow-up, decay, stability have been established. Especially, in case of the presence

of viscoelastic terms, the reciprocal effects between viscoelastic terms and the source

term can cause the decayed property or the blow-up phenomena of solutions in some

cases, see for example, [7], [8], [11], [17]–[19], [22], [25]–[27].

In [20], Nhan et al. considered the Robin problem for a wave equation with the

source containing nonlocal terms, i.e.,

(1.4)



utt − uxx = f(x, t, u(x, t), u(η1, t), . . . , u(ηq, t), ut(x, t)), 0 < x < 1, 0 < t < T,

ux(0, t)− h0u(0, t) = ux(1, t) + h1u(1, t) = 0,

u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),
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where f, ũ0, ũ1 are given functions and h0, h1 > 0, η1, η2, . . . , ηq are given constants

with h0 + h1 > 0, 0 6 η1 < η2 < . . . < ηq 6 1. Here, the authors proved the

existence and uniqueness of a weak solution and established an asymptotic expansion

of high order in a small parameter of a weak solution. However, to the best of our

knowledge, there are relatively few results about such a problem with the source

containing multi-point nonlocal terms.

Motivated by the above-mentioned inspiring works, we investigated problem (1.1)

and we first proved the existence and uniqueness of a local weak solution of this

problem. We further note that, when f has the general form

f ≡ f(x, t, u, ut, ux, u(0, t), u(η1, t), . . . , u(ηq, t), ‖u(t)‖2, ‖ux(t)‖2),

the existence and uniqueness of a local weak solution are also valid. This result

can of course be immediately applied to specific cases of problem (1.1), namely,

problem (Pq) with µ ≡ µ
(
t, q−1

q−1∑
i=0

u2(i/q, t), ‖ux(t)‖2
)
, or problem (P∞) with µ ≡

µ(t, ‖u(t)‖2, ‖ux(t)‖2), or some similar specific cases (see remarks in Section 5 below).
Therefore, based on the solvability of them, we then can consider the behavior of

solutions. Let us discuss the situation where the sum q−1
q∑

i=1

u2((i− 1)/q, t) can be

considered as a special combination of the discrete family {u(ηi, t)}qi=1 in (1.1)1. It is

clear to see that, if the functions y 7→ u2(y, t) are continuous on [0, 1] with t ∈ [0, T ]

fixed, then

1

q

q∑

i=1

u2
( i− 1

q
, t
)
→

∫ 1

0

u2(y, t) dy = ‖u(t)‖2 as q → ∞,

therefore, problem (Pq) can have a close relationship (in a certain sense) with prob-

lem (P∞) for the equation

utt − λutxx − µ(t, ‖u(t)‖2, ‖ux(t)‖2)uxx +

∫ t

0

g(t− s)uxx(x, s) ds = f(x, t),

0 < x < 1, 0 < t < T, associated with the Robin-Dirichlet condition and initial con-

dition (1.1)2,3. We will prove this relationship in this paper to obtain an approximate

solution of the Kirchhoff-Carrier problem (P∞). Obviously, similar relationships also

can be discussed and proposed.

This paper consists of five sections. In Section 2, we present some preliminaries.

In Section 3, by applying the linearization method together with the Faedo-Galerkin

method and the weak compact method, we prove the existence and uniqueness of

a local weak solution. In Section 4, we consider the couple of problems (Pq), (P∞)
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and prove that the solution of (Pq) converges to the solution of (P∞) as q → ∞
(in the same sense as in Theorem 4.4 below). The proof of this section is obtained

by the compactness lemma of Aubin-Lions and the method of continuity with a priori

estimates. Finally, in Section 5, we remark that the methods used can be applied

again to similar problems to obtain the same results (see Remarks 5.1, 5.2 below).

2. Preliminaries

Put Ω = (0, 1). We omit the definitions of the usual function spaces and denote

them Lp = Lp(Ω), Hm = Hm(Ω). Let 〈·, ·〉 be either the scalar product in L2

or the dual pairing of a continuous linear functional and an element of a function

space. The notation ‖·‖ stands for the norm in L2 and we denote by ‖·‖X the norm
in the Banach space X. We call X ′ the dual space of X. We denote Lp(0, T ;X),

1 6 p 6 ∞, the Banach space of real measurable functions u : (0, T ) → X such that

‖u‖Lp(0,T ;X) < ∞ with

‖u‖Lp(0,T ;X) =





(∫ T

0

‖u(t)‖pX dt

)1/p

if 1 6 p < ∞,

ess sup
0<t<T

‖u(t)‖X if p = ∞.

Let u(t), u′(t) = ut(t) = u̇(t), u′′(t) = utt(t) = ü(t), ux(t) = ▽u(t), uxx(t) =

∆u(t), put u(x, t), ∂u
∂t (x, t),

∂2u
∂t2 (x, t),

∂u
∂x (x, t),

∂2u
∂x2 (x, t), respectively.

Let T ∗ > 0 with µ ∈ Ck([0, T ∗]×R
q+3), µ = µ(t, z1, . . . , zq+3), we take D1µ = ∂µ

∂t ,

Di+1µ = ∂µ
∂zi
with i = 1, . . . , q+3, and Dαµ = Dα1

1 . . . D
αq+4

q+4 µ, α = (α1, . . . , αq+4) ∈
Z
q+4
+ , |α| = α1 + . . .+ αq+4 6 k, D(0,...,0)µ = µ.

On H1, we use the norm

‖v‖H1 =
√
‖v‖2 + ‖vx‖2.

We put

V = {v ∈ H1 : v(1) = 0},(2.1)

a(u, v) =

∫ 1

0

ux(x)vx(x) dx+ ζu(0)v(0), u, v ∈ V.(2.2)

Obviously,V is a closed subspace of H1 and on V, the three norms v 7→ ‖v‖H1 ,

v 7→ ‖vx‖ and v 7→ ‖v‖a =
√

a(v, v) are equivalent norms. It is well known that the

imbedding H1 →֒ C0(Ω) is compact satisfying the inequality

‖v‖C0(Ω) 6
√
2‖v‖H1 ∀ v ∈ H1.
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Moreover, we have the following lemmas, the proofs of which are straightforward

hence we omit the details.

Lemma 2.1. Let ζ > 0. Then the imbedding V →֒ C0(Ω) is compact and




‖v‖C0(Ω) 6 ‖vx‖ 6 ‖v‖a,
1√
2
‖v‖H1 6 ‖vx‖ 6 ‖v‖a 6

√
1 + ζ‖vx‖ 6

√
1 + ζ‖v‖H1

∀ v ∈ V.

Lemma 2.2. Let ζ > 0. Then the symmetric bilinear form a(·, ·) defined by (2.2)
is continuous on V × V and coercive on V.

Lemma 2.3. Let ζ > 0. Then there exists the Hilbert orthonormal base {wj}
of L2 consisting of the eigenfunctions wj corresponding to the eigenvalues λj

such that {
0 < λ1 6 λ2 6 . . . 6 λj 6 . . . , lim

j→∞

λj = ∞,

a(wj , v) = λj〈wj , v〉 ∀ v ∈ V, j = 1, 2, . . .

Furthermore, the sequence {wj/
√

λj} is a Hilbert orthonormal base of V with re-
spect to the scalar product a(·, ·). On the other hand, we have wj satisfying the

boundary value problem
{
−∆wj = λjwj , in (0, 1),

wjx(0)− ζwj(0) = wj(1) = 0 wj ∈ C∞(Ω).

The proof of Lemma 2.3 can be found in [24], Theorem 7.7, page 87 with H = L2

and V, a(·, ·) are defined by (2.1), (2.2), respectively.
Definition 2.4. A function u = u(x, t) is a weak solution of problem (1.1) if u ∈

ṼT = {v ∈ L∞(0, T ;H2∩V ), v′ ∈ L∞(0, T ;H2∩V ), v′′ ∈ L∞(0, T ;L2)∩L2(0, T ;V )},
and u satisfies the variational equation

(2.3) 〈u′′(t), w〉+ λa(u′(t), w) + µ[u](t)a(u(t), w)

=

∫ t

0

g(t− s)a(u(s), w) ds+ 〈f(t), w〉

for all w ∈ V, a.e. t ∈ (0, T ), together with the initial conditions

(2.4) u(0) = ũ0, u′(0) = ũ1,

where

(2.5) µ[u](t) = µ(t, u(0, t), u(η1, t), . . . , u(ηq, t), ‖u(t)‖2, ‖ux(t)‖2).
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3. Existence and uniqueness

In this section, we establish the local existence and uniqueness of problem (1.1).

First, we make the following assumptions:

(H1) ũ0, ũ1 ∈ V ∩H2, ũ0x(0)− ζũ0(0) = 0;

(H2) g ∈ H1(0, T ∗);

(H3) µ ∈ C1([0, T ∗] × R
q+1 × R

2
+) such that µ(t, z1, . . . , zq+3) > µ∗ > 0 for all

t ∈ [0, T ∗], for all (z1, . . . , zq+1) ∈ R
q+1, for all (zq+2, zq+3) ∈ R

2
+;

(H4) f ∈ L∞(0, T ∗;L2), f ′ ∈ L2(0, T ∗;L2) = L2(QT∗), where QT∗ = (0, 1)× (0, T ∗).

For each M > 0 given, we set the constants K̃M (µ), Kf as

K̃M (µ) = ‖µ‖C1(ÃM ) = ‖µ‖C0(ÃM ) +

q+4∑

i=1

‖Diµ‖C0(ÃM ),

Kf = ‖f‖L∞(0,T∗;L2) + ‖f ′‖L2(QT∗ ), ‖µ‖C0(ÃM ) = sup
(t,z1,...,zq+3)∈ÃM

|µ(t, z1, . . . , zq+3)|,

where

ÃM = [0, T ∗]× [−M,M ]q+1 × [0,M2]2.

For every T ∈ (0, T ∗], if we take

VT = {v ∈ L∞(0, T ;H2 ∩ V ) : v′ ∈ L∞(0, T ;H2 ∩ V ), v′′ ∈ L2(0, T ;V )},

then VT is a Banach space with respect to the norm (see Lions [12])

‖v‖VT
= max{‖v‖L∞(0,T ;H2∩V ), ‖v′‖L∞(0,T ;H2∩V ), ‖v′′‖L2(0,T ;V )}.

For every M > 0, we put

W (M,T ) = {v ∈ VT : ‖v‖VT
6 M},

W1(M,T ) = {v ∈ W (M,T ) : v′′ ∈ L∞(0, T ;L2)}.

Note that

W1(T ) = {v ∈ C0([0, T ];V ) ∩ C1([0, T ];L2) : v′ ∈ L2(0, T ;V )}

is also a Banach space with respect to the norm

‖v‖W1(T ) = ‖v‖C0([0,T ];V ) + ‖v′‖C0([0,T ];L2) + ‖v′‖L2(0,T ;V ).

Now, we establish the recurrent sequence {um} defined by choosing the first iter-
ation u0 ≡ ũ0 and suppose that

(3.1) um−1 ∈ W1(M,T ).
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We associate problem (1.1) with finding um ∈ W (M,T ), m > 1, such that um

satisfies the linear variational problem

(3.2)





〈u′′

m(t), w〉+ λa(u′

m(t), w) + µm(t)a(um(t), w)

=

∫ t

0

g(t− s)a(um(s), w) ds+ 〈f(t), w〉 ∀w ∈ V,

um(0) = ũ0, u′

m(0) = ũ1,

where

(3.3)

µm(t) = µ[um−1](t)

= µ(t, um−1(0, t), um−1(η1, t), . . . , um−1(ηq, t), ‖um−1(t)‖2, ‖∇um−1(t)‖2).

Then, the existence of the sequence {um} is verified by the following theorem.

Theorem 3.1. Let (H1)–(H4) hold. Then there exist positive constantsM and T

such that, for u0 ≡ ũ0, there exists a recurrent sequence {um} ⊂ W (M,T ) defined

by (3.2)–(3.3).

P r o o f. The proof consists of three steps.

Step 1. The Faedo-Galerkin approximation (introduced by Lions in [12]). Starting

from the basis {wj} defined for L2 as in Lemma 2.3, we obtain the approximation

of the data in the form

u(k)
m (t) =

k∑

j=1

c
(k)
mj(t)wj ,

where the coefficients c
(k)
mj , j = 1, . . . , k, satisfy the system of linear differential equa-

tions

(3.4)





〈ü(k)
m (t), wj〉+ λa(u̇

(k)
m (t), wj) + µm(t)a(u

(k)
m (t), wj)

=

∫ t

0

g(t− s)a(u(k)
m (s), wj) ds+ 〈f(t), wj〉, 1 6 j 6 k,

u
(k)
m (0) = ũ0k, u̇

(k)
m (0) = ũ1k,

where

(3.5)





ũ0k =
k∑

j=1

α
(k)
j wj → ũ0 strongly in H2 ∩ V,

ũ1k =
k∑

j=1

β
(k)
j wj → ũ1 strongly in H2 ∩ V.

Using contraction mapping principle, it is not difficult to show that the system (3.4)

has a unique solution u
(k)
m (t) in [0, T ].
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Step 2. A priori estimates. Set

S(k)
m (t) = ‖u̇(k)

m (t)‖2 + ‖u̇(k)
m (t)‖2a + λ‖∆u̇(k)

m (t)‖2 + µm(t)(‖u(k)
m (t)‖2a + ‖∆u(k)

m (t)‖2)

+ 2

∫ t

0

(λ(‖u̇(k)
m (s)‖2a + ‖∆u̇(k)

m (s)‖2) + ‖ü(k)
m (s)‖2a) ds,

then we deduce from (3.4) that

(3.6) µ̄∗S
(k)
m (t) 6 S(k)

m (t)

= S(k)
m (0) + 2〈∆ũ0k,∆ũ1k〉+ 2〈f(0),∆ũ1k〉+ g(0)‖∆ũ0k‖2

+

∫ t

0

(µ′

m(s)− 2g(0))(‖u(k)
m (s)‖2a + ‖∆u(k)

m (s)‖2) ds

+ 2

∫ t

0

g(t− s)

× (a(u(k)
m (s), u(k)

m (t)) + 〈∆u(k)
m (s),∆u(k)

m (t) + ∆u̇(k)
m (t)〉) ds

− 2

∫ t

0

dτ

∫ τ

0

g′(τ − s)

× (a(u(k)
m (s), u(k)

m (τ)) + 〈∆u(k)
m (s),∆u(k)

m (τ) + ∆u̇(k)
m (τ)〉) ds

+ 2

∫ t

0

〈f(s), u̇(k)
m (s)−∆u̇(k)

m (s)〉 ds+ 2

∫ t

0

〈f ′(s),∆u̇(k)
m (s)〉 ds

+ 2

∫ t

0

‖∆u̇(k)
m (s)‖2 ds− g(0)‖∆u(k)

m (t)‖2

− 2〈∆u(k)
m (t),∆u̇(k)

m (t)〉 − 2〈f(t),∆u̇(k)
m (t)〉,

where µ̄∗ = min{1, µ∗, λ} and

(3.7) S(k)
m (t) = ‖u̇(k)

m (t)‖2 + ‖u̇(k)
m (t)‖2a + ‖∆u̇(k)

m (t)‖2 + ‖u(k)
m (t)‖2a + ‖∆u(k)

m (t)‖2

+

∫ t

0

(‖u̇(k)
m (s)‖2a + ‖∆u̇(k)

m (s)‖2 + ‖ü(k)
m (s)‖2a) ds.

Now, for convenience, we rewrite (3.6) in the form

µ̄∗S
(k)
m (t) 6 S(k)

m (0) + 2〈∆ũ0k,∆ũ1k〉+ 2〈f(0),∆ũ1k〉+ g(0)‖∆ũ0k‖2 +
9∑

j=1

Ij

with the terms I1, . . . , I9 defined and estimated as follows.

By (3.3), we first note here that

µ′

m(t) = D1µ[um−1](t) +D2µ[um−1](t)u
′

m−1(0, t) +

q∑

i=1

Di+2µ[um−1](t)u
′

m−1(ηi, t)

+ 2Dq+3µ[um−1](t)〈um−1(t), u
′

m−1(t)〉
+ 2Dq+4µ[um−1](t)〈∇um−1(t),∇u′

m−1(t)〉,
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so

|µ′

m(t)| 6 K̃M (µ)(1 + (q + 1)‖∇u′

m−1(t)‖+ 2‖um−1(t)‖‖u′

m−1(t)‖
+ 2‖∇um−1(t)‖‖∇u′

m−1(t)‖)
6 K̃M (µ)(1 + (q + 1)M + 4M2) ≡ η̂M .

Therefore

(3.8) I1 =

∫ t

0

(µ′

m(s)− 2g(0))(‖u(k)
m (s)‖2a + ‖∆u(k)

m (s)‖2) ds

6 (η̂M + 2|g(0)|)
∫ t

0

S(k)
m (s) ds.

Applying the Cauchy inequality

2ab 6 βa2 +
1

β
b2 ∀ a, b ∈ R, β =

µ̄∗

6
≡ β∗,

we make the following estimation

I2 = 2

∫ t

0

g(t− s)(a(u(k)
m (s), u(k)

m (t)) + 〈∆u(k)
m (s),∆u(k)

m (t) + ∆u̇(k)
m (t)〉) ds(3.9)

6 2

∫ t

0

|g(t− s)|(‖u(k)
m (s)‖a‖u(k)

m (t)‖a + ‖∆u(k)
m (s)‖‖∆u(k)

m (t)‖

+ ‖∆u(k)
m (s)‖‖∆u̇(k)

m (t)‖) ds

6 2

∫ t

0

|g(t− s)|(‖u(k)
m (s)‖2a + ‖∆u(k)

m (s)‖2 + ‖∆u(k)
m (s)‖2)1/2

× (‖u(k)
m (t)‖2a + ‖∆u(k)

m (t)‖2 + ‖∆u̇(k)
m (t)‖2)1/2 ds

6 4

∫ t

0

|g(t− s)|
√

S
(k)
m (s)

√
S
(k)
m (t) ds

6 β∗S
(k)
m (t) +

4

β∗

‖g‖2L2(0,T∗)

∫ t

0

S(k)
m (s) ds;

I3 = − 2

∫ t

0

dτ

∫ τ

0

g′(τ − s)

× (a(u(k)
m (s), u(k)

m (τ)) + 〈∆u(k)
m (s),∆u(k)

m (τ) + ∆u̇(k)
m (τ)〉) ds

6 4

∫ t

0

dτ

∫ τ

0

|g′(τ − s)|
√
S
(k)
m (s)

√
S
(k)
m (τ) ds

6 4
√
T ∗‖g′‖L2(0,T∗)

∫ t

0

S(k)
m (s) ds;
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I4 = 2

∫ t

0

〈f(s), u̇(k)
m (s)−∆u̇(k)

m (s)〉 ds 6 2
√
2‖f‖L∞(0,T∗;L2)

∫ t

0

√
S
(k)
m (s) ds

6 2T‖f‖2L∞(0,T∗;L2) +

∫ t

0

S(k)
m (s) ds 6 2TK2

f +

∫ t

0

S(k)
m (s) ds;

I5 = 2

∫ t

0

〈f ′(s),∆u̇(k)
m (s)〉 ds 6 ‖f ′‖2L2(QT∗ ) +

∫ t

0

S(k)
m (s) ds

6 K2
f +

∫ t

0

S(k)
m (s) ds;

I6 = 2

∫ t

0

‖∆u̇(k)
m (s)‖2 ds 6 2

∫ t

0

S(k)
m (s) ds;

I7 = − g(0)‖∆u(k)
m (t)‖2 6 2|g(0)|

(
‖∆ũ0k‖2 + T ∗

∫ t

0

‖∆u̇(k)
m (s)‖2 ds

)

6 2|g(0)|‖∆ũ0k‖2 + 2T ∗|g(0)|
∫ t

0

S(k)
m (s) ds;

I8 = − 2〈∆u(k)
m (t),∆u̇(k)

m (t)〉 6 β∗S
(k)
m (t) +

1

β∗

‖∆u(k)
m (t)‖2

6 β∗S
(k)
m (t) +

2

β∗

(
‖∆ũ0k‖2 + T ∗

∫ t

0

S(k)
m (s) ds

)
;

I9 = − 2〈f(t),∆u̇(k)
m (t)〉 6 βS(k)

m (t) +
1

β
‖f(t)‖2

6 β∗S
(k)
m (t) +

2

β∗

(‖f(0)‖2 + T‖f ′‖2L2(QT∗ ))

6 β∗S
(k)
m (t) +

2

β∗

(‖f(0)‖2 + TK2
f ).

It follows from (3.6), (3.8) and (3.9) that

(3.10) S(k)
m (t) 6 S

(k)
0m + TD1(f) +D2(M)

∫ t

0

S(k)
m (s) ds,

where

(3.11) S
(k)
0m =

1

3β∗

(
S(k)
m (0) +

(
3|g(0)|+ 2

β∗

)
‖∆ũ0k‖2

)

+
2

3β∗

(〈∆ũ0k,∆ũ1k〉+ 〈f(0),∆ũ1k〉) +
1

3β∗

( 2

β∗

‖f(0)‖2 +K2
f

)
,

D1(f) =
2

3β∗

(
1 +

1

β∗

)
K2

f ,

D2(M) =
1

3β∗

(
4 +

2

β∗

T ∗ + η̂M + 2(1 + T ∗)|g(0)|
)

+
4

3β∗

( 1

β∗

‖g‖2L2(0,T∗) +
√
T ∗‖g′‖L2(0,T∗)

)
.
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By (3.5), it follows from (3.11)1 that

(3.12) S
(k)
0m 6

1

2
M2 ∀m, k ∈ N,

whereM is a constant depending only on µ, f, g, ũ0, ũ1, λ, ζ, q.We choose T ∈ (0, T ∗]

such that

(3.13)
(1
2
M2 + TD1(f)

)
exp(TD2(M)) 6 M2

and

(3.14) kT = 3MK̃M (µ)(1 + q + 4M)

√
2T

µ̄∗

exp(TD̃2(M)) < 1,

where

D̃2(M) =
1

µ̄∗

(
1 + η̂M + 2

(
|g(0)|+ 1

µ̄∗

‖g‖2L2(0,T∗) +
√
T ∗‖g′‖L2(0,T∗)

))
.

By using Gronwall’s lemma, we deduce from (3.10), (3.12) and (3.13) that

S(k)
m (t) 6 M2 exp(−TD2(M)) exp(tD2(M)) 6 M2 ∀ t ∈ [0, T ] and ∀m and k ∈ N.

Therefore, we have

(3.15) u(k)
m ∈ W (M,T ) ∀m and k ∈ N.

Step 3. Limit procedure. From (3.15), there exists a subsequence of the se-

quence {u(k)
m }, with the elements also denoted by u(k)

m , such that

(3.16)





u
(k)
m → um in L∞(0, T ;H2 ∩ V ) weakly*,

u̇
(k)
m → u′

m in L∞(0, T ;H2 ∩ V ) weakly*,

ü
(k)
m → u′′

m in L2(0, T ;V ) weakly,

um ∈ W (M,T ).

Passing to limit in (3.4)–(3.5), we have um satisfying (3.2)–(3.3) in L2(0, T ) weakly.

Furthermore, (3.2)1 and (3.16)4 imply that

u′′

m = λ∆u′

m + µm(t)∆um −
∫ t

0

g(t− s)∆um(s) ds+ f ∈ L∞(0, T ;L2),

so we obtain um ∈ W1(M,T ), Theorem 3.1 is proved. �
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Theorem 3.2. Let (H1)–(H4) hold. Then, there exist positive constants M, T

such that the recurrent sequence defined by (3.2)–(3.3) converges strongly to a func-

tion u in W1(T ). Moreover, u ∈ W1(M,T ) and u is a local unique weak solution of

problem (1.1) satisfying the estimate

(3.17) ‖um − u‖W1(T ) 6 CT k
m
T ∀m ∈ N,

where kT ∈ [0, 1) and CT are constants depending only on T, µ, f, g, ũ0, ũ1, λ, ζ, q.

P r o o f. (a) Existence of the solution. By Theorem 3.1, there exist positive

constants M, T such that, for u0 ≡ ũ0, there exists the recurrent sequence {um} ⊂
W (M,T ) defined by (3.2)–(3.3). We prove that {um} is a Cauchy sequence inW1(T ).

Let wm = um+1 − um. Then wm satisfies the variational problem

(3.18)



〈w′′

m(t), w〉+ λa(w′

m(t), w) + µm+1(t)a(wm(t), w)

=

∫ t

0

g(t− s)a(wm(s), w) ds+ (µm+1(t)− µm(t))〈∆um(t), w〉 ∀w ∈ V,

wm(0) = w′

m(0) = 0.

Taking w = w′

m in (3.18)1 and integrating with respect to t, we get

(3.19)

µ̄∗Xm(t) 6

∫ t

0

(µ′

m+1(s)− 2g(0))‖wm(s)‖2a ds+ 2

∫ t

0

g(t− s)a(wm(s), wm(t)) ds

− 2

∫ t

0

dτ

∫ τ

0

g′(τ − s)a(wm(s), wm(τ)) ds

+ 2

∫ t

0

(µm+1(s)− µm(s))〈∆um(s), w′

m(s)〉 ds,

where µ̄∗ = min{1, µ∗, λ} and

Xm(t) = ‖w′

m(t)‖2 + ‖wm(t)‖2a +
∫ t

0

‖w′

m(s)‖2a ds.

With similar estimations as in the proof of Theorem 3.1, we obtain
∫ t

0

(µ′

m+1(s)− 2g(0))‖wm(s)‖2a ds 6 (η̂M + 2|g(0)|)
∫ t

0

Xm(s) ds,(3.20)

2

∫ t

0

g(t− s)a(wm(s), wm(t)) ds 6
µ̄∗

2
Xm(t) +

2

µ̄∗

‖g‖2L2(0,T∗)

∫ t

0

Xm(s) ds,

−2

∫ t

0

dτ

∫ τ

0

g′(τ − s)a(wm(s), wm(τ)) ds 6 2
√
T ∗‖g′‖L2(0,T∗)

∫ t

0

Xm(s) ds,

2

∫ t

0

(µm+1(s)− µm(s))〈∆um(s), w′

m(s)〉 ds

6 TM2K̃2
M (µ)(1 + q + 4M)2‖wm−1‖2W1(T ) +

∫ t

0

Xm(s) ds.
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It follows from (3.19) and (3.20) that

(3.21) Xm(t) 6 TD̃1(M)‖wm−1‖2W1(T ) + 2D̃2(M)

∫ t

0

Xm(s) ds,

where

D̃1(M) =
2

µ̄∗

M2K̃2
M (µ)(1 + q + 4M)2,

D̃2(M) =
1

µ̄∗

(
1 + η̂M + 2

(
|g(0)|+ 1

µ̄∗

‖g‖2L2(0,T∗) +
√
T ∗‖g′‖L2(0,T∗)

))
.

Using Gronwall’s lemma, (3.21) gives

‖wm‖W1(T ) 6 kT ‖wm−1‖W1(T ) ∀m ∈ N,

where kT ∈ (0, 1) is defined as in (3.14). It leads to

(3.22) ‖um − um+p‖W1(T ) 6 ‖u0 − u1‖W1(T )(1− kT )
−1kmT ∀m, p ∈ N.

It follows that {um} is a Cauchy sequence in W1(T ). Then there exists u ∈ W1(T )

such that

(3.23) um → u strongly in W1(T ).

Because of um ∈ W (M,T ), there exists a subsequence {umj
} of {um} such that

(3.24)





umj
→ u in L∞(0, T ;H2 ∩ V ) weakly*,

u′

mj
→ u′ in L∞(0, T ;H2 ∩ V ) weakly*,

u′′

mj
→ u′′ in L2(0, T ;V ) weakly,

u ∈ W (M,T ).

On the other hand, we have the estimation

‖µm − µ[u]‖L∞(0,T ) 6 K̃M (µ)(1 + q + 4M)‖um−1 − u‖W1(T ).

Therefore, (3.23) leads to

(3.25) µm → µ[u] strongly in L∞(0, T ).

Passing to limit in (3.2)–(3.3) as m = mj → ∞, it follows from (3.23)–(3.25) that

there exists u ∈ W (M,T ) satisfying (2.3)–(2.5). Furthermore, (2.3) and (3.24)4
imply that

u′′ = λ∆u′ + µ[u](t)∆u−
∫ t

0

g(t− s)∆u(s) ds+ f ∈ L∞(0, T ;L2),

so we obtain u ∈ W1(M,T ). The existence proof is completed. On the other hand,

by (3.22)–(3.24), (3.17) follows.
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(b) Uniqueness of the solution. Let u1, u2 ∈ W1(M,T ) be two weak solutions of

problem (1.1). Then u = u1 − u2 satisfies the variational problem

(3.26)





〈u′′(t), w〉+ λa(u′(t), w) + µ1(t)a(u(t), w)

= µ̄(t)〈∆u2(t), w〉 =
∫ t

0

g(t− s)a(u(s), w) ds ∀w ∈ V,

u(0) = u′(0) = 0,

where µ̄(t) = µ1(t)− µ2(t), µi(t) = µ[ui](t), i = 1, 2.

Taking w = u′(t) in (3.26)1 and then integrating with respect to t, we have

(3.27)

µ̄∗X(t) 6

∫ t

0

(µ′

1(s)− 2g(0))‖u(s)‖2a ds+ 2

∫ t

0

g(t− s)a(u(s), u(t)) ds

− 2

∫ t

0

dτ

∫ τ

0

g′(τ − s)a(u(s), u(τ)) ds+ 2

∫ t

0

µ̄(s)〈∆u2(s), u
′(s)〉 ds,

where µ̄∗ = min{1, µ∗, λ} and X(t) = ‖u′(t)‖2 + ‖u(t)‖2a +
∫ t

0
‖u′(s)‖2a ds. Similarly,

we also have the estimate

(3.28) X(t) 6 K∗

M

∫ t

0

X(s) ds,

where

K∗

M =
2

µ̄∗

(
η̂M + 2|g(0)|+ 2

µ̄∗

‖g‖2L2(0,T∗) + 2
√
T ∗‖g′‖L2(0,T∗)

)

+
4

µ̄∗

MK̃M (µ)(1 + q + 4M).

Using Gronwall’s lemma, it follows from (3.28) that X(t) ≡ 0, i.e., u1 ≡ u2. Theo-

rem 3.2 is proved. �

4. An approximate solution of the Kirchhoff-Carrier problem

In this section, we consider the couple of problems (Pq), (P∞),

(Pq)





utt − λutxx − µ

(
t,
1

q

q−1∑

i=0

u2
( i

q
, t
)
, ‖ux(t)‖2

)
uxx +

∫ t

0

g(t− s)uxx(x, s) ds

= f(x, t), 0 < x < 1, 0 < t < T,

ux(0, t)− ζu(0, t) = u(1, t) = 0,

u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x)
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and

(P∞)





utt − λutxx − µ(t, ‖u(t)‖2, ‖ux(t)‖2)uxx +

∫ t

0

g(t− s)uxx(x, s) ds

= f(x, t), 0 < x < 1, 0 < t < T,

ux(0, t)− ζu(0, t) = u(1, t) = 0,

u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),

where ζ > 0, λ > 0 are constants and µ, f, g, ũ0, ũ1 are given functions.

We first note that, (Pq) is a special case of problem (1.1) with

µ ≡ µq[u](t) = µ

(
t,
1

q

q−1∑

i=0

u2
( i

q
, t
)
, ‖ux(t)‖2

)
.

On the other hand, for a.e. t ∈ [0, T ], by the fact that the function y 7→ u2(y, t) is

continuous on [0, 1], we have

Sq[u
2](t) ≡ 1

q

q−1∑

i=0

u2
( i

q
, t
)
→ ‖u(t)‖2 as q → ∞,

so µq[u](t) converges to µ[u](t) ≡ µ(t, ‖u(t)‖2, ‖ux(t)‖2) as q → ∞ in the same sense
as in Lemma 4.3 below.

Under suitable conditions, we next prove that the solution of (Pq) converges to the

solution of the Kirchhoff-Carrier problem (P∞) as q → ∞. We make the assumptions:
(H3) µ ∈ C1([0, T ∗]×R

2
+) such that µ(t, y, z) > µ∗ > 0 for all (t, y, z) ∈ [0, T ∗]×R

2
+;

(H4) f ∈ L∞(0, T ∗;L2) such that f ′ ∈ L2(0, T ∗;L2).

For each M > 0 given, we set

K̃M (µ) = ‖µ‖C1(ÃM ) = ‖µ‖C0(ÃM ) +
3∑

i=1

‖Diµ‖C0(ÃM ),

where ‖µ‖C0(ÃM ) = sup
(t,y,z)∈ÃM

|µ(t, y, z)| with ÃM = [0, T ∗]× [0,M2]× [0,M2].

Lemma 4.1. Let (H1), (H2), (H3), (H4) hold. Then, there exist positive constants

M, T independent of q such that (Pq) has a unique weak solution uq ∈ W1(M,T )

for all q ∈ N and (P∞) has a unique weak solution u∞ ∈ W1(M,T ) .

P r o o f. By the assumptions (H1), (H2), (H3), (H4), based on the proof of The-

orem 3.2, there exist positive constants M, T such that the problems (Pq) and (P∞)

have unique weak solutions uq ∈ W1(M,T ) for all q ∈ N and u∞ ∈ W1(M,T ),

respectively.
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It remains to show that, in this specific case, the positive constants M, T can be

chosen independent of q. Indeed, as in (3.1)–(3.3) of linearization approximation,

corresponding to µm(t) = µq[um−1](t) = µ(t, Sq[u
2
m−1](t), ‖∇um−1(t)‖2), we have

µ′

m(t) = D1µ[um−1](t) + 2D2µ[um−1](t)
1

q

q−1∑

i=0

um−1

( i

q
, t
)
u′

m−1

( i

q
, t
)

+ 2D3µ[um−1](t)〈∇um−1(t),∇u′

m−1(t)〉.

On the other hand,

Sq[u
2
m−1](t) =

1

q

q−1∑

i=0

u2
m−1

( i

q
, t
)

6
1

q

q−1∑

i=0

‖∇um−1(t)‖2 6
1

q

q−1∑

i=0

‖um−1‖2L∞(0,T ;V ) 6 M2,

therefore

(4.1)

|µ′

m(t)| 6 K̃M (µ)
(
1 +

2

q

q−1∑

i=0

∣∣∣um−1

( i

q
, t
)
u′

m−1

( i

q
, t
)∣∣∣+ 2‖∇um−1(t)‖‖∇u′

m−1(t)‖
)

6 K̃M (µ)
(
1 +

2

q

q−1∑

i=0

‖∇um−1(t)‖‖∇u′

m−1(t)‖+ 2‖∇um−1(t)‖‖∇u′

m−1(t)‖
)

= K̃M (µ)(1 + 4‖∇um−1(t)‖‖∇u′

m−1(t)‖) 6 K̃M (µ)(1 + 4M2).

Using (4.1), proving the estimates similar to (3.6)–(3.15) for (Pq), S
(k)
m (t) obtained

satisfies the integral inequality

(4.2) S(k)
m (t) 6 S

(k)
0m + TD1(f) +D2(M)

∫ t

0

S(k)
m (s) ds,

where

(4.3) S
(k)
0m =

1

3β∗

(
S(k)
m (0) +

(
3|g(0)|+ 2

β∗

)
‖∆ũ0k‖2

)

+
2

3β∗

(〈∆ũ0k,∆ũ1k〉+ 〈f(0),∆ũ1k〉) +
1

3β∗

( 2

β∗

‖f(0)‖2 +K2
f

)
,

D1(f) =
2

3β∗

(
1 +

1

β∗

)
K2

f ,

D2(M) =
1

3β∗

( 2

β∗

T ∗ + K̃M (µ)(1 + 4M2) + 2(1 + T ∗)|g(0)|
)

+
4

3β∗

(
1 +

1

β∗

‖g‖2L2(0,T∗) +
√
T ∗‖g′‖L2(0,T∗)

)
.
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By (3.5), it follows from (4.3)1 that

(4.4) S
(k)
0m 6

1

2
M2 ∀m, k ∈ N,

where M is a constant independent of q and depending only on µ, f, g, ũ0, ũ1, λ, ζ.

We choose T ∈ (0, T ∗] such that

(1
2
M2 + TD1(M)

)
exp(TD2(M)) 6 M2,(4.5)

kT = 12

√
2

µ̄∗

M2K̃M (µ)
√
T exp(TD̃2(M)) < 1,

where

D̃2(M) =
1

µ̄∗

(1 + (1 + 4M2)K̃M (µ))

+
2

µ̄∗

(
|g(0)|+ 1

µ̄∗

‖g‖2L2(0,T∗) +
√
T ∗‖g′‖L2(0,T∗)

)
.

By using Gronwall’s lemma, we deduce from (4.2), (4.4) and (4.5) that

S(k)
m (t) 6 M2 exp(−TD2(M)) exp(tD2(M)) 6 M2

for all t ∈ [0, T ], for all m, k ∈ N. Obviously, M, T chosen as in (4.4), (4.5) are

independent of q. Lemma 4.1 is proved. �

Because of uq ∈ W1(M,T ) for all q ∈ N, there exists a subsequence of {uq} with
the same symbol, such that

(4.6)





uq → u in L∞(0, T ;H2 ∩ V ) weakly*,

u′

q → u′ in L∞(0, T ;H2 ∩ V ) weakly*,

u′′

q → u′′ in L2(0, T ;V ) weakly.

Applying the compactness lemma of Aubin-Lions, there exists a subsequence of {uq},
also with the same symbol, such that

(4.7)

{
uq → u in C([0, T ];V ) strongly,

u′

q → u′ in C([0, T ];V ) strongly.

Because uq is the unique weak solution of (Pq), we get

(4.8)∫ T

0

〈u′′

q (t), w〉ϕ(t) dt+ λ

∫ T

0

a(u′

q(t), w)ϕ(t) dt+

∫ T

0

µq[uq](t)a(uq(t), w)ϕ(t) dt

=

∫ T

0

(∫ t

0

g(t− s)a(uq(s), w) ds

)
ϕ(t) dt+

∫ T

0

〈f(t), w〉ϕ(t) dt
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for all w ∈ V , for all ϕ ∈ C∞

c (0, T ). By (4.6)3 and (4.7), it leads to

(4.9)

∫ T

0

〈u′′

q (t), w〉ϕ(t) dt →
∫ T

0

〈u′′(t), w〉ϕ(t) dt,
∫ T

0

a(uq(t), w)ϕ(t) dt →
∫ T

0

a(u(t), w)ϕ(t) dt,

λ

∫ T

0

a(u′

q(t), w)ϕ(t) dt → λ

∫ T

0

a(u′(t), w)ϕ(t) dt,

∫ T

0

ϕ(t) dt

∫ t

0

g(t− s)a(uq(s), w) ds

=

∫ T

0

a(uq(s), w)

(∫ T

s

ϕ(t)g(t− s) dt

)
ds

→
∫ T

0

a(u(s), w)

(∫ T

s

ϕ(t)g(t− s) dt

)
ds

=

∫ T

0

ϕ(t) dt

∫ t

0

g(t− s)a(u(s), w) ds.

We have to show that

(4.10)

∫ T

0

µq[uq](t)a(uq(t), w)ϕ(t) dt →
∫ T

0

µ[u](t)a(u(t), w)ϕ(t) dt.

We use the following lemmas.

Lemma 4.2. The following properties are fulfilled:

(i) ‖Sq[u
2
q]− Sq[u

2]‖C([0,T ]) → 0 as q → ∞,

(ii) ‖Sq[u
2]− ‖u(·)‖2‖2L2(0,T ) → 0 as q → ∞,

(iii) ‖Sq[u
2
q]− ‖u(·)‖2‖2L2(0,T ) → 0 as q → ∞.

P r o o f. (i) Note that we have the estimation

(4.11)

|Sq[u
2
q](t)− Sq[u

2](t)| 6 1

q

q−1∑

i=0

∣∣∣u2
q

( i

q
, t
)
− u2

( i

q
, t
)∣∣∣6 ‖u2

q(t)− u2(t)‖
C0([0,1])

6 2M‖uq(t)− u(t)‖V 6 2M‖uq − u‖C([0,T ];V ).

Then, by (4.7), we deduce from (4.11) that

‖Sq[u
2
q]− Sq[u

2]‖C([0,T ]) 6 2M‖uq − u‖C([0,T ];V ) → 0 as q → ∞.

Thus (i) is valid.
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(ii) For all h ∈ C0([0, 1]), we have

1

q

q−1∑

i=0

h
( i

q

)
→

∫ 1

0

h(y) dy.

Since u ∈ L∞(0, T ;V ) →֒ L∞(0, T ;C0(Ω)), the function y 7→ u2(y, t), a.e. t ∈ [0, T ],

belongs to C0(Ω). Then, as above, we obtain

Sq[u
2](t) =

1

q

q−1∑

i=0

u2
( i

q
, t
)
→

∫ 1

0

u2(y, t) dy = ‖u(t)‖2 as q → ∞.

Additionally,

|Sq[u
2](t)| 6 1

q

q−1∑

i=0

u2
( i

q
, t
)
6

1

q

q∑

i=1

‖ux(t)‖2 6 M2,

‖u(t)‖2 6 ‖ux(t)‖2 6 M2,

so we get that

|Sq[u
2](t)− ‖u(t)‖2| 6 2M2 ∀ q ∈ N and a.e. t ∈ [0, T ].

Applying the dominated convergence theorem, we confirm that

‖Sq[u
2]− ‖u(·)‖2‖2L2(0,T ) =

∫ T

0

∣∣∣∣Sq[u
2](t)−

∫ 1

0

u2(y, t) dy

∣∣∣∣
2

dt → 0 as q → ∞,

thus, (ii) holds.

(iii) It follows from (i), (ii) that

‖Sq[u
2
q]− ‖u(·)‖2‖L2(0,T )

6 ‖Sq[u
2
q]− Sq[u

2]‖L2(0,T ) + ‖Sq[u
2]− ‖u(·)‖2‖L2(0,T )

6 2
√
TM‖uq − u‖C([0,T ];V ) + ‖Sq[u

2]− ‖u(·)‖2‖L2(0,T ) → 0 as q → ∞.

Hence, (iii) also holds. Therefore, Lemma 4.2 is proved. �

Lemma 4.3. The convergence

‖µq[uq]− µ[u]‖L2(0,T ) → 0 as q → ∞

holds.
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P r o o f. Due to

(4.12) |µq[uq](t)− µ[u](t)| = |µ(t, Sq[u
2
q](t), ‖uqx(t)‖2)− µ(t, ‖u(t)‖2, ‖ux(t)‖2)|

6 K̃M (µ)(|Sq[u
2
q](t)− ‖u(t)‖2|+ |‖uqx(t)‖2 − ‖ux(t)‖2|)

6 K̃M (µ)(|Sq[u
2
q](t)− ‖u(t)‖2|+ 2M‖uqx(t)− ux(t)‖)

6 K̃M (µ)(|Sq[u
2
q](t)− ‖u(t)‖2|+ 2M‖uq − u‖C([0,T ];V )),

it follows from (4.7)1, (4.12) and Lemma 4.2 (iii) that

‖µq[uq]− µ[u]‖L2(0,T ) 6 K̃M (µ)‖Sq[u
2
q]− ‖u(·)‖2‖L2(0,T )

+ 2
√
TMK̃M (µ)‖uq − u‖C([0,T ];V ) → 0 as q → ∞.

Thus, Lemma 4.3 is proved. �

Now, we continue the proof of (4.10). By the inequality

∣∣∣∣
∫ T

0

µq[uq](t)a(uq(t), w)ϕ(t) dt−
∫ T

0

µ[u](t)a(u(t), w)ϕ(t) dt

∣∣∣∣

6

∣∣∣∣
∫ T

0

[µq[uq](t)− µ[u](t)]a(uq(t), w)ϕ(t) dt

∣∣∣∣

+

∣∣∣∣
∫ T

0

µ[u](t)a(uq(t)− u(t), w)ϕ(t) dt

∣∣∣∣

6

∫ T

0

|µq[uq](t)− µ[u](t)|‖uq(t)‖a‖w‖a|ϕ(t)| dt

+

∫ T

0

µ[u](t)‖uq(t)− u(t)‖a‖w‖a|ϕ(t)| dt

6 M‖w‖a‖ϕ‖L2(0,T )‖µq[uq]− µ[u]‖L2(0,T )

+ K̃M (µ)‖w‖a‖ϕ‖L1(0,T )‖uq − u‖C([0,T ];V ) → 0 as q → ∞,

combining (4.7)1 and Lemma 4.3, we get (4.10).

Finally, by (4.9) and (4.10), letting q → ∞ in (4.8), we obtain that u ∈ W (M,T )

satisfies the equation

∫ T

0

〈u′′(t), w〉ϕ(t) dt+ λ

∫ T

0

a(u′(t), w)ϕ(t) dt+

∫ T

0

µ[u](t)a(u(t), w)ϕ(t) dt

=

∫ T

0

(∫ t

0

g(t− s)a(u(s), w) ds

)
ϕ(t) dt+

∫ T

0

〈f(t), w〉ϕ(t) dt

together with the initial conditions u(0) = ũ0, u
′(0) = ũ1.
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Consequently,

(4.13)





〈u′′(t), w〉+ λa(u′(t), w) + µ[u](t)a(u(t), w)

=

∫ t

0

g(t− s)a(u(s), w) ds+ 〈f(t), w〉 ∀w ∈ V,

u(0) = ũ0, u′(0) = ũ1,

and u ∈ W (M,T ). Furthermore, (4.13)1 implies that

u′′ = λu′

xx + µ[u](t)uxx −
∫ t

0

g(t− s)uxx(s) ds+ f ∈ L∞(0, T ;L2),

so u ∈ W1(M,T ), hence u ∈ W1(M,T ) is a solution of (P∞). By the uniqueness

of (P∞), we have u = u∞. Further, we note that the sequence {uq} converges to u
in the same sense as in (4.6) and (4.7).

The above result leads to the following theorem.

Theorem 4.4. Let (H1), (H2), (H3), (H4) hold. Then there exist positive con-

stants M, T such that:

(i) (P∞) has the unique weak solution u ∈ W1(M,T ).

(ii) The solution sequence {uq} of (Pq) converges to the weak solution u of (P∞)

in the sense




uq → u in L∞(0, T ;H2 ∩ V ) weakly*,

u′

q → u′ in L∞(0, T ;H2 ∩ V ) weakly*,

u′′

q → u′′ in L2(0, T ;V ) weakly,

uq → u in C1([0, T ];V ) strongly.

(iii) Furthermore, we have the estimation

‖uq − u‖
W1(T )

6 CT ‖Sq[u
2
q]− ‖u(·)‖2‖L2(0,T ) ∀ q ∈ N,

where CT is a constant depending only on T, µ, f, g, ũ0, ũ1, λ, ζ.

P r o o f. It remains to prove (iii). We set

(4.14) vq = uq − u, µ̄q(t) = µq[uq](t)− µ[u](t), µ̃q(t) = µq[uq](t),

then vq ∈ ṼT satisfies the variational problem

(4.15)





〈v′′q (t), w〉+ λa(v′q(t), w) + µ̃q(t)a(vq(t), w)

= −µ̄q(t)a(u(t), w) +

∫ t

0

g(t− s)a(vq(s), w) ds ∀w ∈ V,

vq(0) = v′q(0) = 0.
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Taking w = v′q(t) in (4.15)1 and then integrating with respect to t, we have

(4.16)

µ̄∗Xq(t) 6

∫ t

0

(µ̃′

q(s)− 2g(0))‖vq(s)‖2a ds+ 2

∫ t

0

g(t− s)a(vq(s), vq(t)) ds

− 2

∫ t

0

dτ

∫ τ

0

g′(τ − s)a(vq(s), vq(τ)) ds+ 2

∫ t

0

µ̄q(s)〈∆uq(s), v
′

q(s)〉 ds,

where µ̄∗ = min{1, µ∗, λ} and Xq(t) = ‖v′q(t)‖2 + ‖vq(t)‖2a +
∫ t

0
‖v′q(s)‖2a ds.

Note that

µ̃′

q(t) = D1µ(t, Sq[u
2
q](t), ‖uqx(t)‖2)

+ 2D2µ(t, Sq[u
2
q](t), ‖uqx(t)‖2)

1

q

q−1∑

i=0

u
( i

q
, t
)
u′

( i

q
, t
)

+ 2D3µ(t, Sq[u
2
q](t), ‖uqx(t)‖2)〈uqx(t), u

′

qx(t)〉
6 K̃M (µ)(1 + 4‖uqx(t)‖‖u′

qx(t)‖) 6 K̃M (µ)(1 + 4M2) ≡ µ̃M ;

|µ̄q(t)| = |µq[uq](t)− µ[u](t)|
6 K̃M (µ)(|Sq[u

2
q](t)− ‖u(t)‖2|+ |‖uqx(t)‖2 − ‖ux(t)‖2|)

6 K̃M (µ)(|Sq[u
2
q](t)− ‖u(t)‖2|+ 2M‖vqx(t)‖)

6 K̃M (µ)
(
|Sq[u

2
q](t)− ‖u(t)‖2|+ 2M

√
Xq(t)

)
.

Using similar estimations as in the proof of Theorem 3.2, we obtain

(4.17)

∫ t

0

(µ̃′

q(s)− 2g(0))‖vq(s)‖2a ds 6 (µ̃M + 2|g(0)|)
∫ t

0

Xq(s) ds;

2

∫ t

0

g(t− s)a(vq(s), vq(t)) ds 6
µ̄∗

2
Xq(t) +

2

µ̄∗

‖g‖2L2(0,T∗)

∫ t

0

Xq(s) ds;

−2

∫ t

0

dτ

∫ τ

0

g′(τ − s)a(vq(s), vq(τ)) ds 6 2
√
T ∗‖g′‖L2(0,T∗)

∫ t

0

Xq(s) ds;

2

∫ t

0

µ̄q(s)〈∆uq(s), v
′

q(s)〉 ds

6 2MK̃M (µ)

∫ t

0

(
|Sq[u

2
q](s)− ‖u(s)‖2|+ 2M

√
Xq(s)

)√
Xq(s) ds

6 K̃M (µ)‖Sq[u
2
q]− ‖u(·)‖2‖2L2(0,T ) + 3M2K̃M (µ)

∫ t

0

Xq(s) ds.

It follows from (4.16) and (4.17) that

(4.18) Xq(t) 6 D1(M)‖Sq[u
2
q]− ‖u(·)‖2‖2L2(0,T ) + 2D2(M)

∫ t

0

Xq(s) ds,
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where

D1(M) =
2

µ̄∗

K̃M (µ),(4.19)

D2(M) =
1

µ̄∗

(µ̃M + 3M2K̃M (µ)) +
2

µ̄∗

(
|g(0)|+

√
T ∗‖g′‖L2(0,T∗) +

1

µ̄∗

‖g‖2L2(0,T∗)

)
.

Using Gronwall’s lemma, it follows from (4.18) that

(4.20) Xq(t) 6 D1(M) exp(2TD2(M))‖Sq[u
2
q]− ‖u(·)‖2‖2L2(0,T ).

We deduce from (4.20) that

‖uq − u‖
W1(T )

6 3
√

D1(M) exp(TD2(M))‖Sq[u
2
q]− ‖u(·)‖2‖L2(0,T ).

Hence, (iii) holds. Therefore, Theorem 4.4 is proved. �

5. Remarks

In this section, we remark that methods similar to the above ones can be applied

to obtain similar results.

R e m a r k 5.1. When f has the general form

f ≡ f(x, t, u, ut, ux, u(0, t), u(η1, t), . . . , u(ηq, t), ‖u(t)‖2, ‖ux(t)‖2),

the existence and uniqueness of a local weak solution of problem (1.1) are also valid.

It means that we also prove a sufficient condition for the solvablility of problem (1.1)

in this case.

R e m a r k 5.2.

(i) The methods used to prove the unique existence of a weak solution for prob-

lem (Pq) can be applied to problem (P̃q) in which Sq[u
2](t) is replaced by the sum

S̃q[u
2](t) =

1

q

q−1∑

i=0

u2
( i+ θi

q
, t
)
,

where θi ∈ [0, 1), i = 0, . . . , q − 1, are given constants.

(ii) The arguments used to consider the relationship of (Pq) and (P∞) can be also

applied to the problems (Pq), (P), and then, the same results are also given

(Pq)





utt − λutxx − µ(t, S̃q[u
2](t), S̃q[u

2
x](t))uxx = f(x, t), 0 < x < 1, 0 < t < T,

ux(0, t)− ζu(0, t) = u(1, t) = 0,

u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),
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where λ > 0, ζ > 0 are given constants, µ, f, ũ0, ũ1 are given functions and

S̃q[u
2](t) = q−1

q−1∑
i=0

u2((i+ θi)/q, t), S̃q[u
2
x](t) = q−1

q−1∑
i=0

u2
x((i+ θi)/q, t), θi ∈

[0, 1), i = 0, . . . , q − 1 are given constants,

(P)





utt − λutxx − µ(t, ‖u(t)‖2, ‖ux(t)‖2)uxx = f(x, t), 0 < x < 1, 0 < t < T,

ux(0, t)− ζu(0, t) = u(1, t) = 0,

u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),

where ‖u(t)‖2 =
∫ 1

0
u2(y, t) dy, ‖ux(t)‖2 =

∫ 1

0
u2
x(y, t) dy.

A c k n ow l e d g m e n t. The authors wish to express their sincere thanks to the

editor and the referees for their valuable comments and important remarks for the

improvement of the paper.
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