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Abstract. We study totally contact umbilical screen-slant lightlike submanifolds and to-
tally contact umbilical screen-transversal lightlike submanifolds of an indefinite Kenmotsu
manifold. We prove a characterization theorem of totally contact umbilical screen-slant
lightlike submanifolds of an indefinite Kenmotsu manifold. We further prove some results
on a totally contact umbilical radical screen-transversal lightlike submanifold of an indefinite
Kenmotsu manifold, such as the necessary and sufficient conditions for the screen distribu-
tion S(TM) to be integrable and for the induced connection ∇ to be a metric connection.
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1. Introduction

The general theory of lightlike submanifolds of a semi-Riemannian manifold was

developed by Duggal and Bejancu in 1996 (see [3]). Later, Sahin characterized light-

like submanifolds in many ways. In 2006, he introduced the notion of transversal

lightlike submanifolds and studied some differential geometric properties of those

submanifolds (see [11]). In 2008, he initiated the study of screen transversal lightlike

submanifolds (see [12]). Gupta introduced the notions of slant and screen slant sub-

manifolds in indefinite Kenmotsu manifolds, respectively, in 2011 with Sharfuddin
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(see [7]) and in 2010 with Upadhyay (see [8]). Gupta and Sharfuddin also concep-

tualised screen transversal lightlike submanifolds in the context of indefinite cosym-

plectic manifolds in 2010 (see [5]) and later in the context of indefinite Kenmotsu

manifolds in 2011 (see [6]). In 2012, Haider et al. in [10] studied totally contact umbil-

ical screen transversal lightlike submanifolds of an indefinite Sasakian manifold and

recently, in 2021, Yadav et al. investigated the existence of totally contact umbilical

screen-slant lightlike submanifolds of indefinite Sasakian manifolds (see [13]).

Motivated by the works mentioned above, in this paper we study totally contact

umbilical screen-slant lightlike submanifolds and totally contact umbilical screen-

transversal lightlike submanifolds of indefinite Kenmotsu manifold. This paper is

divided into five sections. After introduction (first section) and preliminaries (second

section), in the third section, we prove some results regarding screen-slant lightlike

submanifolds of an indefinite Kenmotsu manifold. In the fourth section, we prove

a characterization theorem of totally contact umbilical screen-slant lightlike sub-

manifolds of an indefinite Kenmotsu manifold. In the last, i.e., the fifth section, we

further prove some results on a totally contact umbilical radical screen-transversal

lightlike submanifold of an indefinite Kenmotsu manifold, such as the necessary and

sufficient conditions for the screen distribution S(TM) to be integrable and for the

induced connection ∇ to be a metric connection.

2. Preliminaries

A submanifold (Mm, g) which is immersed in a proper semi-Riemannian manifold

(M̃m+n, g̃) is called a lightlike submanifold (see [3]) if the metric g induced from g̃ is

degenerate and the radical distribution Rad(TM) = TM ∩ TM⊥ is of rank r such

that 1 6 r 6 m. Let S(TM) be a screen distribution which is a semi-Riemannian

complementary distribution of Rad(TM) in TM , i.e.,

TM = Rad(TM)⊕orth S(TM).

Let us consider a screen transversal vector bundle S(TM⊥), which is a semi-

Riemannian complementary vector bundle of Rad(TM) in TM⊥, i.e.,

TM⊥ = Rad(TM)⊕orth S(TM⊥).

Since for any local basis {ξi} of Rad(TM), there exists a local null frame {Ni} of

sections with values in the orthogonal complement of S(TM⊥) in S(TM)⊥ such that

g̃(ξi, Nj) = δij and g̃(Ni, Nj) = 0, it follows that there exists a lightlike transversal
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vector bundle ltr(TM) locally spanned by {Ni}. Let tr(TM) be the complemen-

tary (not orthogonal) vector bundle to TM in TM̃ . Now we have the following

decompositions (see [3]):

TM̃ |M = TM ⊕ tr(TM), tr(TM) = S(TM⊥)⊕orth ltr(TM),

T M̃ |M = S(TM)⊕orth [Rad(TM)⊕ ltr(TM)]⊕orth S(TM⊥).

A submanifold (M, g, S(TM), S(TM⊥)) of M̃ is called

⊲ r-lightlike if r < min{m,n},

⊲ co-isotropic if r = n < m, S(TM⊥) = {0},

⊲ isotropic if r = m < n, S(TM) = {0},

⊲ totally lightlike if r = m = n, S(TM) = {0} = S(TM⊥).

An odd dimensional semi-Riemannian manifold (M̃, g̃) is called an indefinite al-

most contact metric manifold (see [1]) if it admits an indefinite almost contact struc-

ture (ϕ, ξ, η), where ϕ is a tensor field of type (1, 1), ξ is a vector field and η is a

1-form satisfying for all X,Y ∈ χ(M̃)

g̃(ϕX,ϕY ) = g̃(X,Y )− εη(X)η(Y ), g̃(ξ, ξ) = ε = ±1,(2.1)

ϕ2X = −X + η(X)ξ, g̃(X, ξ) = εη(X),(2.2)

g̃(X,ϕY ) = −g̃(ϕX, Y ),(2.3)

η ◦ ϕ = 0, ϕξ = 0, η(ξ) = 1.(2.4)

De and Sarkar in [2] introduced the notion of ε-Kenmotsu manifolds with indefi-

nite metric. An indefinite Kenmotsu manifold M̃(ϕ, ξ, η, g̃) satisfies the following

structure equations for all X,Y ∈ χ(M̃):

(∇̃Xϕ)Y = g̃(ϕX, Y )ξ − εη(Y )ϕX,(2.5)

∇̃Xξ = ε[X − η(X)ξ],(2.6)

where ∇̃ is the Levi-Civita connection for the semi-Riemannian metric g̃.

A lightlike submanifold M of an indefinite Kenmotsu manifold M̃ , with the struc-

ture vector field ξ tangent to M , is called a totally contact umbilical lightlike sub-

manifold (see [14]) if for a vector field α transversal toM and for all X,Y ∈ Γ(TM),

(2.7) h(X,Y ) = [g(X,Y )− η(X)η(Y )]α+ η(X)h(Y, ξ) + η(Y )h(X, ξ),

where h is a symmetric bilinear form on Γ(TM) with values in Γ(tr(TM)) known as

the second fundamental form. If α = 0, then M is called a totally contact geodesic

lightlike submanifold.
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Now, equating components of (2.7) belonging to ltr(TM) and S(TM⊥), respec-

tively, we have (see [4])

hl(X,Y ) = [g(X,Y )− η(X)η(Y )]αl + η(X)hl(Y, ξ) + η(Y )hl(X, ξ),(2.8)

hs(X,Y ) = [g(X,Y )− η(X)η(Y )]αs + η(X)hs(Y, ξ) + η(Y )hs(X, ξ),(2.9)

where hl(X,Y ) = L(h(X,Y )), hs(X,Y ) = S(h(X,Y )) (L, S are the projection

morphisms of tr(TM) on ltr(TM), S(TM⊥), respectively) and αl ∈ Γ(ltr(TM)),

αs ∈ Γ(S(TM⊥)). hl and hs are called the lightlike second fundamental form and

the screen second fundamental form of M , respectively.

LetM be a lightlike submanifold of an indefinite Kenmotsu manifold M̃ and ∇, ∇̃

be the Levi-Civita connections on M , M̃ , respectively. The Gauss and Weingarten

formulae are given by:

∇̃XY = ∇XY + h(X,Y ) ∀X,Y ∈ Γ(TM),(2.10)

∇̃XV = −AV X +∇t
XV ∀X ∈ Γ(TM), V ∈ Γ(tr(TM)),(2.11)

where ∇XY , AV X ∈ Γ(TM) and h(X,Y ), ∇t
XV ∈ Γ(tr(TM)). Here A is a linear

operator on TM known as the shape operator and ∇t is a linear connection on

tr(TM) known as the transversal linear connection on M .

Now, the equations (2.10) and (2.11) further reduce to

∇̃XY = ∇XY + hl(X,Y ) + hs(X,Y ) ∀X,Y ∈ Γ(TM),(2.12)

∇̃XV = −AV X +Dl(X,V ) +Ds(X,V ) ∀X ∈ Γ(TM), V ∈ Γ(tr(TM)),

where Dl(X,V ) = L(∇t
XV ), Ds(X,V ) = S(∇t

XV ).

In particular, we have

∇̃XU = −AUX +∇l
XU +Ds(X,U) ∀U ∈ Γ(ltr(TM)),(2.13)

∇̃XW = −AWX +∇s
XW +Dl(X,W ) ∀W ∈ Γ(S(TM⊥)),(2.14)

where ∇l and ∇s are linear connections on ltr(TM) and S(TM⊥) called the lightlike

transversal connection and the screen transversal connection on M , respectively.

Again, from (2.12)–(2.14) we get

g̃(hs(X,Y ),W ) + g̃(Y,Dl(X,W )) = g(AWX,Y ),(2.15)

g̃(Ds(X,U),W ) = g̃(U,AWX).(2.16)
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Let P be the projection morphism of TM on S(TM), then we have for all X,Y ∈

Γ(TM), V ∈ Γ(Rad(TM)),

∇XPY = ∇∗

XPY + h∗(X,PY ),(2.17)

∇XV = −A∗

V X +∇∗t
XV,(2.18)

where h∗ is the local second fundamental form on S(TM) and A∗ is the shape opera-

tor of Rad(TM), ∇∗

XPY,A∗

V X ∈ Γ(S(TM)) and h∗(X,PY ),∇∗t
XV ∈ Γ(Rad(TM)).

Here ∇∗ and ∇∗t are induced connections on S(TM) and Rad(TM), respectively.

3. Screen-slant lightlike submanifolds

In this section, we prove some results regarding screen-slant lightlike submanifolds

of an indefinite Kenmotsu manifold.

Let M be a 2q-lightlike submanifold of an indefinite Kenmotsu manifold M̃ of

index 2q such that 2q < dim(M) with structure vector field ξ tangent to M , then M

is called a screen-slant lightlike submanifold of M̃ if the following conditions are

satisfied (see [8]):

(i) Rad(TM) is invariant with respect to ϕ, i.e., ϕ(Rad(TM)) ⊆ Rad(TM),

(ii) for any nonzero vector field Y tangent to S(TM) = D ⊕orth 〈ξ〉 at y ∈ M , the

angle θ(Y ) (known as the slant angle) between ϕY and S(TM) is constant,

where D is the complementary distribution to 〈ξ〉 in S(TM) and Y , ξ are

linearly independent.

M is called proper if D 6= {0}, θ 6= 0, 1
2π, and is called a screen real lightlike

submanifold if θ = 1
2π. Then we have the decomposition

TM = Rad(TM)⊕orth D ⊕orth 〈ξ〉 .

Let P , Q be the projection morphisms of TM on Rad(TM), D, respectively, then

for any X ∈ Γ(TM), we have

(3.1) X = PX +QX + η(X)ξ,

where PX ∈ Γ(Rad(TM)), QX ∈ Γ(D).

Again, for any X ∈ Γ(TM), we have

(3.2) ϕX = TX + ωX,

where TX ∈ Γ(TM) and ωX ∈ Γ(tr(TM)) are the tangential and transversal com-

ponents of ϕX, respectively.

Now, applying ϕ on (3.1) we get

(3.3) ϕX = TPX + TQX + ωQX.
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S(TM⊥) can be decomposed as

S(TM⊥) = ωQ(S(TM))⊕orth µ,

where µ is an invariant subspace of TM̃ . Then for any W ∈ Γ(S(TM⊥)), we have

(3.4) ϕW = BW + CW,

where BW ∈ Γ(S(TM)), CW ∈ Γ(S(TM⊥)).

Also, for any N ∈ Γ(ltr(TM)),

(3.5) ϕN = CN,

where CN ∈ Γ(ltr(TM)).

Now, we state and prove some results.

Theorem 3.1. Let M be a 2q-lightlike submanifold of an indefinite Kenmotsu

manifold M̃ with constant index 2q < dim(M), then M is a screen-slant lightlike

submanifold if and only if there exists a constant λ ∈ [−1, 0] such that for all X ∈

Γ(S(TM)),

(3.6) (P ◦ T )2X = λ[−X + η(X)ξ],

where λ = cos2 θ|S(TM).

P r o o f. The proof follows from Theorem 3.1 in [9]. �

Corollary 3.2. Let (M, g) be a screen-slant lightlike submanifold of an indefinite

Kenmotsu manifold (M̃, g̃), then for all X,Y ∈ Γ(TM),

g(TQX, TQY ) = cos2 θ|S(TM)[g(X,Y )− εη(X)η(Y )],(3.7)

g̃(ωQX,ωQY ) = sin2 θ|S(TM)[g(X,Y )− εη(X)η(Y )].(3.8)

P r o o f. The proof follows from Corollary 3.2 in [9]. �

Theorem 3.3. Let (M, g) be a screen-slant lightlike submanifold of an indefinite

Kenmotsu manifold (M̃, g̃), then for all X,Y ∈ Γ(TM),

(∇XT )Y = AωY X +Bhs(X,Y ) + g̃(ϕX, Y )ξ − εη(Y )TX,(3.9)

(∇Xω)Y = Chs(X,Y ) + Chl(X,Y )− hs(X,TY )− hl(X,TY )(3.10)

−Dl(X,ωY )− εη(Y )ωX,

where (∇XT )Y = ∇XTY − T (∇XY ) and (∇Xω)Y = ∇s
XωY − ω(∇XY ).
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P r o o f. From (2.5) we get

(3.11) ∇̃XϕY = ϕ∇̃XY + g̃(ϕX, Y )ξ − εη(Y )ϕX.

Applying (3.2) on (3.11) we obtain

∇̃X(TY + ωY ) = ϕ∇̃XY + g̃(ϕX, Y )ξ − εη(Y )(TX + ωX),

on which applying (2.12), (2.14), (3.2), (3.4), (3.5), we get

(3.12) ∇XTY + hl(X,TY ) + hs(X,TY )−AωY X +∇s
XωY +Dl(X,ωY )

= T∇XY + ω∇XY + Chl(X,Y ) +Bhs(X,Y ) + Chs(X,Y )

+ g̃(ϕX, Y )ξ − εη(Y )(TX + ωX).

Equating tangential and transversal components of (3.12) we obtain (3.9) and (3.10),

respectively. �

4. Totally contact umbilical screen-slant lightlike submanifolds

In this section, we prove the following characterization theorem of totally contact

umbilical screen-slant lightlike submanifolds of an indefinite Kenmotsu manifold.

Theorem 4.1. Let (M, g) be a totally contact umbilical screen-slant lightlike

submanifold of an indefinite Kenmotsu manifold (M̃, g̃), then at least one of the

following statements is true:

(i) M is a screen real lightlike submanifold,

(ii) D = {0},

(iii) if M is a proper screen-slant lightlike submanifold, then αs ∈ Γ(µ).

P r o o f. For any Y = QY ∈ Γ(D), from (2.7) we have

h(TQY, TQY ) = g(TQY, TQY )α,

on which applying (2.3), (2.5), (2.10), (2.12), (2.14), (3.1), (3.2), (3.7), we get

ϕ(∇TQY QY + hl(TQY,QY ) + hs(TQY,QY )) +AωQY TQY −∇s
TQY ωQY

−Dl(TQY, ωQY )−∇TQY TQY − g(TQY, TQY )ξ = cos2 θg(Y, Y )α,
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which (by the help of (2.8), (2.9), (3.2)) reduces to

(4.1) T∇TQY QY + ω∇TQY QY +AωQY TQY −∇s
TQY ωQY −Dl(TQY, ωQY )

−∇TQY TQY − g(TQY, TQY )ξ = cos2 θg(Y, Y )α,

since g(TQY,QY ) = g̃(ϕY, Y ) = −g̃(Y, ϕY ) = −g(TQY,QY ) ⇒ g(TQY,QY ) = 0.

Equating transversal components of (4.1) we obtain

(4.2) ω∇TQY QY −∇s
TQY ωQY −Dl(TQY, ωQY ) = cos2 θg(Y, Y )α.

Now, taking covariant derivative of (3.8) with respect to TQY we get

(4.3) g̃(∇s
TQY ωQY, ωQY ) = sin2 θg(∇s

TQY Y, Y ).

Again, from (3.8) we have

(4.4) g̃(ω∇TQY QY, ωQY ) = sin2 θg(∇s
TQY Y, Y ).

Now, taking inner product of (4.2) with ωQY we obtain

g̃(ω∇TQY QY, ωQY )− g̃(∇s
TQY ωQY, ωQY ) = cos2 θg(Y, Y )g̃(αs, ωQY )

⇒ cos2 θg(Y, Y )g̃(αs, ωQY ) = 0 (by (4.3), (4.4))

⇒ θ =
π

2
or Y = 0 or αs ∈ Γ(µ),

which gives that either M is a screen real lightlike submanifold or D = {0} or

αs ∈ Γ(µ) if M is proper. This completes the proof. �

5. Totally contact umbilical radical screen-transversal

lightlike submanifolds

In this section, we prove some results on a totally contact umbilical radical screen-

transversal lightlike submanifold M of an indefinite Kenmotsu manifold M̃ , such

as the necessary and sufficient conditions for the screen distribution S(TM) to be

integrable and for the induced connection ∇ to be a metric connection.

First we state the following definitions from [12].

⊲ An r-lightlike submanifold M of an indefinite Kenmotsu manifold M̃ is called a

screen-transversal lightlike submanifold if ϕ(Rad(TM)) ⊆ S(TM⊥).

⊲ A screen-transversal lightlike submanifold M of an indefinite Kenmotsu mani-

fold M̃ is called a radical screen-transversal lightlike submanifold if S(TM) is

invariant with respect to ϕ, i.e., ϕ(S(TM)) ⊆ S(TM).
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Next, we prove the following results.

Theorem 5.1. Let (M, g) be a totally contact umbilical radical screen-transversal

lightlike submanifold of an indefinite Kenmotsu manifold (M̃, g̃), then S(TM) is

integrable if and only if αs has no component in ϕ(Rad(TM)).

P r o o f. For any X,Y ∈ Γ(S(TM)) and N ∈ Γ(Rad(TM)), using (2.1), (2.3),

(2.5), (2.9), (2.12) we get

g̃([X,Y ], N) = g̃(hs(X,ϕY )− hs(Y, ϕX), ϕN) = 2g(X,ϕY )g̃(αs, ϕN),

which implies that [X,Y ] ∈ Γ(S(TM)) for all X,Y ∈ Γ(S(TM)) if and only if

g̃(αs, ϕN) = 0 for all N ∈ Γ(Rad(TM)).

This completes the proof. �

Theorem 5.2. Let (M, g) be a totally contact umbilical radical screen-transversal

lightlike submanifold of an indefinite Kenmotsu manifold (M̃, g̃), then h∗ = 0 if and

only if αs has no component in ϕ(Rad(TM)).

P r o o f. For any X,Y ∈ Γ(S(TM)), using (2.5), (2.12) we have

(5.1) ∇XϕY + hl(X,ϕY ) + hs(X,ϕY )

= g̃(ϕX, Y )ξ − εη(Y )ϕX + ϕ(∇XY + hl(X,Y ) + hs(X,Y )).

Taking inner product of (5.1) with ϕN for any N ∈ Γ(Rad(TM)), we obtain

(5.2) g̃(hs(X,ϕY ), ϕN) = g̃(ϕ∇XY, ϕN).

Now, using (2.1), (2.9), (2.17) in (5.2) we get

g̃(αs, ϕN)g(X,ϕY ) = g̃(h∗(X,Y ), N),

which implies our assertion. �

Theorem 5.3. Let (M, g) be a totally contact umbilical radical screen-transversal

lightlike submanifold of an indefinite Kenmotsu manifold (M̃, g̃), then the induced

connection ∇ on M is a metric connection if and only if αs has no component

in ϕ(Rad(TM)).

Online first 9



P r o o f. For any X ∈ Γ(TM) and N ∈ Γ(Rad(TM)), using (2.5) we get

∇̃XϕN − ϕ(∇̃XN) = g̃(ϕX,N)ξ,

on which applying ϕ and then using (2.2), (2.4), we obtain

(5.3) ∇̃XN = −ϕ(∇̃XϕN).

Using (2.12), (2.14) in (5.3) and then taking inner product with Y ∈ Γ(S(TM)) and

then using (2.3) we get

g(∇XN,Y ) = −g(AϕNX,ϕY ) + g̃(∇s
XϕN,ϕY ) + g̃(Dl(X,ϕN), ϕY ),

in which using (2.9), (2.15), we obtain

g(∇XN,Y ) = −g(X,ϕY )g̃(αs, ϕN).

Therefore, ∇ is a metric connection on M if and only if Rad(TM) is parallel if and

only if ∇XN ∈ Γ(Rad(TM)) for all X ∈ Γ(TM), N ∈ Γ(Rad(TM)) if and only if

g̃(αs, ϕN) = 0 for all N ∈ Γ(Rad(TM)). This completes the proof. �

Theorem 5.4. Let (M, g) be a totally contact umbilical radical screen-transversal

lightlike submanifold of an indefinite Kenmotsu manifold (M̃, g̃), then

(i) AϕNX = [X − εη(X)ξ]g̃(αs, ϕN) + εη(X)ϕN + Dl(X,ϕN) for all X ∈

Γ(S(TM)), N ∈ Γ(ltr(TM)),

(ii) AϕNX = Xg̃(αs, ϕN)+Dl(X,ϕN) for all X ∈ Γ(Rad(TM)), N ∈ Γ(ltr(TM)).

P r o o f. Replacing W by ϕN in (2.15) we have

g(AϕNX,Y ) = g̃(hs(X,Y ), ϕN) + g̃(Y,Dl(X,ϕN)),

on which applying (2.6), (2.9), (2.12), we get

g(AϕNX,Y ) = [g(X,Y )− η(X)η(Y )]g̃(αs, ϕN) + εη(X)g̃(Y, ϕN)

+ εη(Y )g̃(X,ϕN) + g̃(Y,Dl(X,ϕN)),

which gives

(5.4) AϕNX = [X − εη(X)ξ]g̃(αs, ϕN) + εη(X)ϕN + g̃(X,ϕN)ξ +Dl(X,ϕN).

Then (i) and (ii) immediately follow from (5.4) restricting X to S(TM) and

Rad(TM), respectively. �
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